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1. INTRODUCTION

The fixed point theory plays an important role in nonlinear functional analysis and is a very useful tool
in various fields. In particular, fixed point theorem has been applied in many branches of sciences.
For a recent trend of fixed point problem, one of the most interesting problems is the combination of
fixed point theory and graph theory. In the past few years, many researchers have studied fixed point

theorems in a metric space endowed with a graphs; see [1-4] and references cited therein.

Let (X,d) be a metric space. A mapping 7' : X — X is said to be contraction if there is
0 < k < 1 such that

d(Tz,Ty) < kd(z,y) forall z,y € X.
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The set of all fixed points of a mapping 7" is denoted by F'(T'), i.e., z € F(T) if and only if

z="Tzx.

Let G = (V(G), E(G)) be a directed graph where V' (G) is a set of vertices of graph and E(G) be
a set of its edges, assume that G has no parallel edges, we denote G ! as the directed graph obtained

from G by reversing the direction of edges. That is,

E(G™Y) ={(z,) : (y,2) € E(G)}.

If x and y are vertices in G, then a path in G from z to y of length n € N U {0} is a sequence
{z;}?_, of n + 1 vertices such that xg = z, z,, = y, (zi_1,2;) € E(G) fori =1,2,...,n. A graph
G is connected if there is a (directed) path between any two vertices of G.

For studying contractive-type mappings, the Banach contraction mapping principle, which was
firstly introduced by Banach [5] in 1922, has been an important source for solving existence problems
in fixed point theory. Some of the contractive-type mapping were studied in many directions, see [6,
7]. In 2008, Jachymski [8] combined the concept of fixed point theory and graph theory in a metric
space to generalized Banach contraction mapping principle in a metric space endowed with a directed

graph. He also introduced a contractive-type mapping with a directed graph as follows.

Definition 1.1 — [8]. Let (X, d) be a metric space and let G = (V(G), E(G)) be a directed graph
such that V(G) = X and E(G) contains all loops, i.e., A = {(z,z) : z € X} C E(G).

We say that a mapping f : X — X is a G-contraction if f preserves edges of G, i.e.,

z,y € X, (v,y) € E(G) = (f(2), f(y)) € E(G)

and there exists o € (0, 1) such that for any z,y € X,

(z,y) € E(G) = d(f(z), f(y)) < ad(z,y).

In the past few years, many authors have studied a concept of G-contraction in order to im-
prove and extend the above definition, see for instance [9-12] and references cited therein. Let C'
be a nonempty convex subset of a Banach space, G = (V(G), E(G)) be a directed graph such that
V(G)=CandT : C — C, then T is said to be G-nonexpansive if the following conditions hold:

(1) T is edge-preserving, i.e., for any x,y € C such that (z,y) € E(G) = (Tz,Ty) € E(G);
) [Tz — Ty|| < ||z —y|| , whenever (z,y) € E(G) forany z,y € C.

This mapping was introduced by Tiammee et al. [13] in 2015.
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We know that Halpern iteration process is an important tool in fixed point problem and it can
generate a strongly convergent sequence provided that the underlying space is smooth enough. So, in
order to prove a strong convergence of the Halpern iteration process in a Hilbert space endowed with
a directed graph , Tiammee et al. [13] introduced Property GG and proved strong convergence of the
Halpern iteration process for finding the set of fixed point of G-nonexpansive mappings in a Hilbert

space endowed with a directed graph as the following theorem.

Theorem 1.2 — Let C' be a nonempty closed convex subset of a Hilbert space H and let G =
(V(G), E(G)) be a directed graph such that V (G) = C, E(G) is convex and G is transitive. Suppose
C has Property G. Let T : C' — C be a G-nonexpansive mapping. Assume that there exists xq € C
such that (xo, Txg) € E(G). Suppose that F(T) # 0 and F(T) x F(T) C E(G). Let {x,} be a

sequence satisfying
xo € Cyxpy1 = apu~+ (1 — ay)Tzp,n > 0. €))

Let {x,,} be a sequence defined by Halpern iteration, where w = xq. If {x,} is dominated by Px
and {x,} dominates x(, then {x,} converges strongly to Pxq, where P is the metric projection on
F(T).

One of the most interesting iteration processes is the viscosity approximation method introduced
by Moudafi [15]. In 2004, Xu [14] studied the such method for a nonexpansive mapping in a Hilbert
space and introduced an iterative scheme for finding the set of fixed points of a nonexpansive mapping

in a Hilbert space as follows:
ZTo € C7 Tn+1 = anf(xn) + (1 - O‘n)Txnvn > 07 (2)

where 7' : C' — C'is a nonexpansive mapping with F(T') # 0, f : C — C is a contraction, and
{an} C (0,1). Then, they proved a strong convergence theorem under suitable conditions of the

parameters {a, }.

In this paper, motivated by [13] and [14], we prove a strong convergence theorem for finding the
set of fixed point of G-nonexpansive mapping in a Hilbert space endowed with a directed graph. By

using our main result, we give a numerical expample to approximate the value of 7.

2. PRELIMINARIES

In this paper, we denote ® weak and strong convergence ” by notations ® —” and ® —”, respectively.

Recall that the (nearest point) projection Pc from H onto C' assigns to each x € H, there exists the
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unique point Pox € C satisfying the property

— Poz|| = min ||z — y].
= = Pea = min o — ]

In a real Hilbert space H, it is well known that H satisfies Opial’s condition [19], i.e., for any
sequence {x, } with x,, — x, the inequality
lim inf ||z, — 2| < lim inf ||z, —y|,
n—oo n—oo
holds for every y € H with y # x.
The following lemmas are needed to prove the main theorem.

Definition 2.1 — A sequence {x,,} in a Hilbert space H is said to converge weakly to xz € H if

(xn,y) — (z,y) forall y € H. In this case, we write x,, — x.

Theorem 2.2 — [16]. Let X be a Banach space. Then X is reflexive if and only if every closed
convex bounded subset C' of X is weakly compact, i.e., every bounded sequence in C' has a weakly

convergent subsequence.

Lemma 2.3 — [17]. Let {s,} be a sequence of nonnegative real numbers satisfying
Sn+1 < (]- - an)Sn + 5navn > Ou

where «, is a sequence in (0, 1) and {J,,} is a sequence such that
[e.e]
(1) > ap = oo,
n=1

On =
(2) :limsup— < Oor » [6,] < oo.

n—oo On "0

Then, lim s, = 0.
n—oo

Lemma 2.4 — [18]. Given x € H and y € C. Then, Pcx = y if and only if there holds the

inequality
(x —y,y—2z) >0,Vz € C.
Lemma 2.5 — Let H be a real Hilbert space. Then
lz + I < llzl* + 2{y, = + y),

forall x,y € H.
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Property GG : [13]. Let C be a nonempty subset of a normed space X and let G = (V(G), E(G)),
where V' (G) = C, be a directed graph. Then C'is said to have Property G if every sequence {z;,} in
C converging weakly to x € C, there is a subsequence {x,,, } of {x,} such that (z,, ,x) € E(G) for
allk e N.

The following basic definitions of domination in graphs [20, 21] are needed to prove the main

theorem.

Let G = (V(G), E(Q)) be a directed graph. A set X C V(G) is called a dominating set if every
z € V(G) \ X there exists z € X such that (z,z) € E(G) and we say that = dominates z or z is
dominated by z. Let z € V, aset X C V is dominated by z if (z,z) € E(G) for any z € X and we
say that X dominates z if (z,2) € E(G) for all x € X. In this paper, we always assume that F(G)

contains all loops.

Theorem 2.6 — [13]. Let X be a normed space and G = (V(G), E(G)) a directed graph with
V(G) = X. Suppose T : X — X is a G-nonexpansive mapping. If X has a Property G, then T is

continuous.

Theorem 2.7 — [13]. Let X be a Hilbert space and C' be a subset of X having Property G.
Let G = (V(G), E(Q)) be a directed graph such that V(G) = C and E(G) is convex. Suppose
T : C — Cis a G-nonexpansive mapping and F(T) x F(T) C E(G). Then F(T) is closed and

convex.
Definition 2.8 — [13]. Let G = (V(G), E(G)) be a directed graph. A graph G is called transitive
if for any x,y, z € V(G) such that (z,y) and (y, ) are in E(G), then (x, z) € E(G).

3. MAIN RESULT

In this section, we prove a strong convergence theorem of viscosity approximation methods for

G-nonexpansive mapping in Hilbert spaces endowed with a directed graph.
The following Proposition is needed to prove the main theorem.

Proposition 3.1 — Let C be a convex subset of a vector space X and G = (V(G), E(G)) a
directed graph such that V(G) = C and E(G) is convex. Let G be transitive, ' : C — C be
edge-preserving, and f : C' — C be a G-contraction mapping. Let {z,,} be a sequence defined by

xg € C,

Tnt1 = anf(xn) + (1 — ap)Tay,n >0,
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where (f(xo), Txo) and (zo, f(x0)) are in E(G). If {x,} dominates x¢, then (z,, Tn+1), (z0, ZTn),
(xo,Txy), and (2, Txy,) are in E(G) for all n € N.

PROOF : We prove by induction. By transitivity of G and since (o, f(xo)) and (f(xo), Txo) are
in E(G), we have (zg, Tzg) € E(G). Since E(G) is convex, (xo, f(z0)) and (zo, T'zo) are in E(G),

we obtain

(Ozo.’L‘o + (1 — Ozo).%g, Ctof(l'o) + (1 — Oéo)Tm'()) = (:L'(),.’L'l) S E(G)

Since T'is edge-preserving, f is G-contraction mapping and (xg, 1) € E(G), then (Txg, Tz1) €
E(G) and ((f(=zo), f(z1))) € E(G), respectively. By transitivity of G and since (z9,Tzg) and
(T'zo, Tz1) are in E(G), we obtain (xg, Tx1) € E(G). By assumption, (z1,x9) € E(G). Then, by
transitivity of G and (zo,Tz1) € E(G), we get (x1,Tx1) € E(G). By transitivity of G and since
(f(x0),Txo) and (Txo, Tx1) are in E(G), we obtain (f(zg),Tz1) € E(G). Since E(G) is convex,
(f(z0),Tx1) and (f(xp), f(z1)) are in E(G), we obtain

(a1 f(wo) + (1 —a1) f(wo), a1 f(x1) + (1 — a1)Tz1) = (f(20),72) € E(G).

By transitivity of G and since (z1,z¢) and (zo, f(zo)) are in E(G), we obtain (x1, f(xo)) €
E(G). Again, by transitivity of G and since (x1, f(z¢)) and (f(zo),x2) are in E(G), we obtain
(xl,{lfg) < E(G)

Next, assume that (g, xg+1), (%0, 2k), (x0,Txy), and (zg, Txy) are in E(G). Since T is
edge-preserving and (zy, zk+1) € E(G), then (T'xy, Txr11) € E(G). By transitivity of G, and
(xo, Txy), (Txg, Txps1) are in E(G), we have (zg, Tzr41) € E(G). Since {x,} dominates xg,
we have (zi4+1,70) € E(G). By transitivity of G, and (zj41, o), (0, Txr+1) are in E(G), we
have (zy11,Trr11) € E(G). By transitivity of G, and (xq, xg), (xg, xx+1) are in E(G), we get
(xo,zk1+1) € E(G). Since T is edge-preserving, f is G-contraction mapping, and (zg, xp11) €
E(G), we have (T'zo, Twi+11), (f(x0), f(zry1)) are in E(G) , respectively. By transitivity of G and
since (f(zg),Tzo) and (T'xg, Txg4+1) are in E(G), we obtain (f(zo), Tzxr+1) € E(G). Since E(G)
is convex, (f(zo), Tzk+1) and (f(zo), f(xk+1)) are in E(G), we obtain

(aps1f(mo) + (1 — apy1) f(20), a1 f(@ppr) + (1 — 1) TTpi1)
= (f(z0),zr12) € E(G).

By transitivity of G and since (21, z¢) and (zo, f(xo)) are in E(G), we obtain (zx11, f(z0)) €
E(G). Again, by transitivity of G and since (xx+1, f(x0)) and (f(zo), xx+2) are in E(G), we obtain
(Tht1, Th12) € E(G).
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So, by induction, we can conclude that (x,,, Zp+1), (%0, Tn), and (2, T'zy,) are in E(G) for any
n € N. O

Theorem 3.2 — Let C be a nonempty closed convex subset of a real Hilbert space H and let
G = (V(G), E(Q)) be a directed graph such that V(G) = C, E(G) is convex and G is transitive.
Suppose C' has Property G. Let T : C' — C be a G-nonexpansive mapping. Let f : C — C be
a G-contraction mapping with coefficient o € (0,1). Assume that there exists xqg € C' such that
(f(xo), Txo) and (xo, f(x0)) are in E(G). Suppose that F(T) # ) and F(T) x F(T) C E(G). Let

{zyn} be a sequence generated by

xg € C
3)
Tnt1 = anf(zn) + (1 - an)T$n7n > 0,

where {a, } C (0, 1) satisfies
[e.9] [e.9]
() lim_ap =0, (D)) an =00, (D)) _ |ant1 — an| < cc.
n=0 n=0
If {z,} dominates P\ f(x0) and {x,,} dominates xo, then the sequence {x, } converge strongly to
zo = Pr(7) f(20).
PROOF : We divide the proof into five steps:
Step 1 : We show that the sequence {x,} is bounded. Let z* = Pp () f(x0). From Proposition 3.1,

(Tn, Tnt1) € E(G) forall n € N. Since 2* € F(T) and 2* = Pp(r) f(z0) is dominated by {z,},

we have (z,,, z*) € E(G). From the definition of z,,, we get

[2ni1 — 2| < anlf(zn) — 27| + (1 — o) | Tzn — 27|
< ol f(zn) — 27| + (1 = o) [lzn — 27
< an|[f(zn) = f(@) | + anllf(27) — 2" + (1 — on) |2 — 27|
< anallzn — 2% + (1 — an)llzn — 27| + aal[ f(2") — 27|

= (1= an(l = a))|zn — 2" + an f(27) — 27]].

By mathematical induction, we obtain that

o

|lxn — 2™ < max{”xo —x .

},VnEN.

Therefore, {x,,} is bounded and so are {T'x,,} and { f(z,)}.
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Step 2 : We will show that lim,, .~ ||Zn+1 — @y|| = 0. From the definition of x,, and (zy,, Tp+1) €
E(G), we have

201 = znll = llanf(zn) + (1 — an) T2y — an-1f(zn-1)

— (1= ap—1)Txp_1]

= [lanf(zn) — anf(zn-1) + anf(zn-1) — an—1f(zn-1)
+ (1—a)Tzy, — (1 —ap)Tzp—1+ (1 —an)Trp1
— (1 —ap—1)Tzp1||

= llan(f(zn) = flzn-1)) + (n — 1) f(zn-1)
+ (1 —apn)(Taxy —Trp—1) + (ap_1 — an)Txp_1]]

< ol f(zn) = fan-1)| + lom — an-a ||| f(zn-1)
+ (1= an)|Ten = Ton || + on — ana|[|Tzn |

< anallzn — znall + lan — analll f(zn-1)]]
+ (1= an)l|zn — zp-1ll + [an — an—1|[[T2p-1]|

=1 —an(l=a))lzn — zpall + lan — anall[f(@n-1)]l
+ oy — an—a|[|[Tzn-1]|- 4)

Applying Lemma 2.3, (4), and the conditions (i), (ii), (iii), we have
lim ||zp41 — xn|| = 0. (5)
n—oo

Step 3 : We show that lim,,_, ||z, — Tz, || = 0. For each n € N, we have
|20 — Tanl| < lzn — Tpga | + |21 — Ty
< lan = ol + anl[ f(@n) — Tapll.
Because {T'z,, } and { f(x, )} are bounded, from the condition (i), (ii), and (5), we have

lim |z, — Tz,| = 0. (6)

Step 4 : We show that lim sup (f(z0) — 20, Zn — 20) < 0 where 20 = Pp(r)f(20). To show
n—oo

this, choose a subsequence {zy, } of {x,} such that

limsup (f(20) — 20, zn — 20) = lim (f(20) — 20, Zn, — 20) - 7

n—00 k—o0
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Because all the {z,, } lie in the weakly compact set C' and C' has Property G, we may assume
without loss of generality that {x,, } — w for some w € C and (zp,,w) € E(G). Suppose w ¢
F(T), then w # Tw. By G-nonexpansiveness of T, (6), and the Opial’s condition, we have

liminf ||z, —w| < liminf ||z, — Tw||
k—o0 k—o0

IN

tim inf ([, — Tan, | + | T2, — T

IN

liminf ||z, —w|.
k—o0

This is a contradiction. Then w € F(T). Since x,,, — was k — oo and w € F(T'). By (7) and

Lemma 2.4, we have

limsup (f(z0) — 20, Tn — 20) = kh_{& (f(20) — 20, Tn, — 20)

= (f(20) — z0,w — 20)
<0. &)

Step S : Finally, we show that lim z,, = 2o, where 2o = Pp(r)f (z0). By G-nonexpansiveness

n—oo

of T and (29, z,,) € E(G), and Lemma 2.5, we have

2041 = 20l* = [lan(f(2n) — 20) + (1 = an)(Txn — 20)|1?
< (1 = an)(Tzn = 20) 1> + 200 (f (24) — 20, Tnt1 — 20)
< (1= ap)?[lzn — 20 + 200 (f (2n) = 20, Tns1 — 20)
= (1= an)?[lzn — 20/ + 24 (f(xn) — f(20), Znt1 — 20)
+ 2an(f(20) — 20, Tnt1 — 20)
< (1= an)?[lzn — 20l1% + 20| f (xn) — £ (20) 011 — 20
+ 2a,(f(20) — 20, Tnt1 — 20)
< (1= an)*[zn — 20|* + 2anallz, — zoll|Znt1 — 2o
+ 2a,(f(20) — 20, Tnt1 — 20)
< (1= an)?|zn — 20|* + anallzn — 20l* + anallzni — 20|

+ 20, (f(20) — 20, Tnt1 — 20)-

It implies that

1—apn)? + a,a 2cv
A Zon) Fan) o 20

1— oo 1— aya <f(zO) — 20, T+l — ZO)

|Znt1 — 20| <
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200, (1 — @) 9 20p(1—a) an, 9
= (1-nn Y - TS
( 1—a,a ) lzn = 20" + 1—apa \2(1—a) lzn = 2ol

+ ﬁ(f(zo) — 20, Tyl — Zo>>-

From the conditions (i), (ii), (8), and Lemma 2.3, we can conclude that the sequence {z,,} con-

verges strongly to 2o = Pp(r) f(20). This completes the proof. O

4. NUMERICAL RESULTS

The purpose of this section we give a numerical example to support our some result. The following

example is given for supporting Theorem 3.2.
Example 4.1 : Let H = R and C' = [0, 1] with the usual norm ||z — y|| = |z — y| and let

G = (V(G),E(G))be suchthat V(G) = C, E(G) = {(z,y) : z,y € [0, 2] such that |z —y| < $}.

Let f : C — C be defined by f(z) = §, forall z € [0, 1]. Define T': C — C by

- +a ifxe(0,1),
xr =

5 ifz=1

Solution : We observe that F(T) = {0}. Choose zo = £ , then (¢, Two) € E(G). Itis easy to
see that E(G) is convex. Let (z,y) € E(G). Thenz,y € [0, 2] and |z — y| < % . It implies that

1 1
Te—Tyl < —lz—y| <|z—vy| < =.
Tz m_l&x y| < |z m_5

Then, we have (T'z, Ty) € E(G) and ||Tx — Ty|| < ||z — y||. Thus 7" is G-nonexpansive. For

everyn € N, ay, = m We rewrite (3) as follows:

= (o) ) (55 )

Since zg = % € [0, %] from (9), we have

w= (5) () + (- 50) ().
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By the convexity, we have 21 € [0, 1] . Since 1 € [0, 1] and (9), we have
1 ) 1 1)
- (a5) G5+ (- ) )
2 (2(2)> (9 )+ < 2(2)) 10
By the convexity, we have z9 € [0, %] . By continuing in this way, we have x,, € [0, %], foralln €
N. It implies that z,, < & for all n € N. It follows that (z,, Pp(r) f(70)) = (7,,0) € E(G). That

is. Pp(7)f(wo) is dominated by {x,}. It can be observed that parameters satisfy all the conditions of

Theorem 3.2 and C' = [0, 1] satisfy Property G. Hence, the sequence {x,,} converges strongly to 0.

Next, we show that 7" is not a nonexpansive mapping. Choose x = 1 and y = % , we have

3 8 3 2 3
T -T(=)|=|l-—=|==>=-=|1—-—|.
5 5 50 50 5 5
Mathematicians know that the number 7 is an important mathematical constant. For the previous
decades, many researcher have been trying to approximate the value of 7; see [22, 23] and the refer-
ences therein. By using our main result, we introduce the new method to approximate the value of 7

as shown in the following example.

Example 42 : Let H = R and C = [3,4] with the usual norm ||z — y|| = |z — y| and let G =
(V(G), E(G)) be such that V(G) = (G) = {(z,y) : 2,y € [3,28] suchthat |z —y| < 8}
Let f : C — C be defined by f(z) = ta + % (w), forall @ € [3,4]. Define T : C — C by

iz +2(m) ifz € [3,4),

56 : _
35 if x = 4.

Tr =

Solution : We observe that F(T) = {r}. Choose zo = 1 , then (z¢, To) € E(G). Itis easy to
see that E(G) is convex. Let (z,y) € E(G). Thenz,y € [3, 2] and |z — y| < 1. It implies that

1 2 1 2 1 16
Tx - T ——y—= <lz—yl <]z —y| < —.
Tz —Ty| = ‘x+3() 3Y 3(7T)_3!w y| < |z yl_5

Then, we have (T:L‘ Ty) € E(G) and | T'x — T'y|| < || — y||. Thus T" is G-nonexpansive. For every

neN, a, = Ik We rewrite (3) as follows:

(
=) () (o) (). oo

% 3, ] from (10), we have

S
v = am) (o 50) + (- am) (g 300)

Since xy =

165
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By the convexity, we have 1 € [3, 18]. Since 21 € [3, %] and (10), we have

= (35) (40 ) ()

By the convexity, we have x2 € (3, %] . By continuing in this way, we have z,, € [3, %], for all
n € N. It implies that 3 < x,, < % for all n € N. Then |x,, — 7| < % for all n € N. It follows that
(zn, Pperyf(m)) = (w5, 7) € E(G). Thatis. Pp(ryf(w) is dominated by {z,}. It can be observed
that parameters satisfy all the conditions of Theorem 3.2 and C' = [3, 4] satisfy Property GG. Since
F(T) # 0, then the sequence {x,} converges strongly to 7.

Next, we show that 7" is not a nonexpansive mapping. Choose x = 4 and y = %, we have

ro-1(3)| =5~ (5)+im)
~5-GE)5E)
2
5
-1

Using the algorithm (10) and choosing x¢ = % with n = 20 and n = 30, we have the numerical

result to approximate the value of 7 as shown in Table 1 and Figure 1.

n
edges

n
edges

(A) n=20 (B) n=30

Figure 1: The convergence of {x,,} with initial values z¢ = 1—56.
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n = 20 n = 30
n Tn n Tn
0 3.200000000000000 0 3.200000000000000
1 3.157167945965848 1 3.157167945965848
2 3.146265241302610 2 3.146265241302610
3 3.143046347544892 3 3.143046347544892
4 3.142052990008907 4 3.142052990008907
10 3.141593185425522 15 3.141592659742157
16 3.141592654255843 26  3.141592653589803
17 3.141592653809197 27  3.141592653589797
18 3.141592653662115 28  3.141592653589794
19 3.141592653613647 29  3.141592653589793
20 3.141592653597665 30 3.141592653589793

Table 1: The values of the sequences {z,,} with initial value ¢ =

In this work, we introduce a viscosity approximation method of G-nonexpansive mapping defined on a Hilbert
space endowed with a directed graph. We obtain a strong convergence theorem for the sequence generated by

the proposed method under suitable conditions. However, we should like remark the following:

1. In Theorem 3.2, we use the concept of a viscosity approximation method and our result is proved with

an assumption on a directed graph, which is a different result from Xu [14].
2. From Theorem 3.2, we can conclude that the sequence {z,, }, in Example 4.2, converges to 7.
3. In Example 4.2, the sequence {x,} converges to 7 as shown in the Table 1 and Figure 1.

4. In order to gain more accuracy of m, the iterative approximation is depended on the number of n as

shown in the Table 1.

The first author would like to thank the RMUTT Research Grant for New Scholar (NSF62D0601) for financial
support. The second author would like to thank the Research and Innovation Services of KingMongkut’s Insti-
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Abstract—In this paper, we present a new viscosity iterative
algorithm to solve the problem of finding zeros of the sum of
finite families of m- accretive operators and finite families of ¢ -
inverse strongly accretive operators in a real ¢-uniformly
smooth and strictly convex Banach spaces. Strong convergence
theorems are established, which extend the corresponding works
given by many others.

Keywords—accretive operators, o- inverse strongly accretive
operators, zero point, q- uniformly smooth Banach space.

L
Let E be a real Banach space. Let 4: £ — E be a single-

INTRODUCTION

valued nonlinear mapping and B:E —2° be a set-valued
mapping. We consider the following problem: find u € E such
that

0€ Au+ Bu
(1.1)

Many practical problems can reduced to the problem (1.1)
and it is well-known that this problem provides a convenient
framework for the unified study of optimal solutions in many
optimization related areas including variational inequalities,
complementarity, mathematical programming, mathematical
economics, optimal control, equilibria, game theory, etc.

The classical method for solving problem (1.1) is the
forward-backward splitting algorithm, which were proposed
by Lions and Mercier [1], by Passty [2], and, in a dual form
for convex programming, by Han and Lou [3]. The classical
forward-backward splitting algorithm is given in the following
way: x, € £ and

X, = +r,B)" (I-r,A)x nx1. (1.2)

We see that for each step of iterate involves only with 4

as the forward step and B as the backward step, but not the
sum of B and based on iterative algorithm (1.2) much work has

been done for finding x € H such that x € (4+ B)™'0, where

n oo

A and B are «-inversely strongly monotone mapping and

978-1-4673-7670-9/15/$31.00 ©2015 IEEE
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maximal monotone operator defined in the Hilbert space 1,

respectively. However, most of the existing work are under
taken in the frame of Hilbert spaces; see [1-6], etc

Recently, Qin et al., [7] introduced the following iterative
algorithm in ¢ — uniformly smooth Banach spaces E :

x, € C and
X =@, f(x)+ B, +1,B) " [(I-r,A)x, +e,]+7,/,, (1.3)
for all n>0, where C is closed convex subset of E, {en} is

the error sequence, f is contraction, 4 and B are a-
inverse-strongly accretive operator and m-accretive operator,
respectively. Then they proved that the sequence {x,}

generated by (1.3) converges strongly to a zero point of the
sum of A4 and B under some appropriate conditions.

Motivated and inspired by Qin et al. [7] and the research
going on in this direction, in this paper, we introduce a new
viscosity iterative algorithm (3.1) to solve the problem of
finding zeros of the sum of finite families of m-accretive
operators and finite families of «- inverse strongly accretive
operators in a real g-uniformly smooth and strictly convex
Banach spaces. Under suitable conditions, some strong
convergence theorems are proved. Our results extend and
improve some corresponding results in the literature.

1I. PRELIMINARIES

Let E be a real Banach space with norm ” . ” and let E

denote the dual space of E. Let <,> denote the pairing

between Eand E°. A Banach space E is said to be strictly
[+

2
x#y. Itis also called uniformly convex if lim|x, - y,[=0

convex if <1 forall x,ye E with ||x|| = ||y|| =1 and



for any two sequences {x”},{ yn} in Esuch that
. x, T+
x| =»[1=1 and lim "2y” =1 Let

S(E):{er:"x":l}. A Banach space E is said to be

Gateaux differentiable if the limit

X+ ty||—||x
lirgw exists for all x,y € S(E). In this case E is
1= t
smooth. Let p, :[0,00) — [0,0) be the modulus of smoothness

of E defined by
1
p (1) = sup {E(HH s -1:x e SEL b < t}

A Banach space E
Pr(®)

t
uniformly smooth if there exists ¢ >0 such that p,(t) <ct?.

is said to be uniformly smooth if

—>0 as t—0. Let ¢>1 then E is said to be g¢-

It is easy to see that if £ is g-uniformly smooth, then g <2
and E is uniformly smooth. Recall that the generalized
duality mapping J, : £ — 2£" is denoted by

*

Jq(x)z{x* eE :<x,x*> =||x||q L Ix

=[]}, wxeE.

In particular, J =J, is called the normalized duality
mapping and J, (x) =|x|"” J,(x) for x=0. If E:=H isa
real Hilbert space, then J =1/ where [ is the identity
mapping. It is well known that if £ is smooth, then J  is
single-valued, which is denoted by j, .

Let C be a nonempty closed convex subset of £ . Then C
is called a retract of £ if there is a continuous mapping QO

from E onto Csuch that Ox =ux,for all x € C. We call such
Qa retraction of E onto C. It follows that if Qis a retraction,
then Qy =y, for all yin the range of Q. A retraction Qis
said to be sunny if Q(Qx+t(x—Qx))=0x, for all xe E and
t 2 0. If a sunny retraction Qis also nonexpansive, then C is

said to be sunny nonexpansive retract of E. Let T be a
mapping of C into itself. We denote by F(T') the set of fixed

F(T)={xeC|Tx=x}. A mapping
T:C — C of C is said to be nonexpansive if
[7x - Ty| < |x - y], forall x,yeC.

points of T, ie.

A mapping f:C— C is said to be a contraction if there

exists a constant f € (0,1) such that

|/ )= f()| < Blx—y| forall x,yeC.
Let A:E — 2° be a set-valued mapping. We denote D(A4) by
domain of 4, that is D(A4) = {x eE:Ax# @} and also denote
R(A) by the range of 4, that is R(4)=uU{dx:xeD(A4)}. A

set-valued mapping A4:D(A) — 2" is said to be accretive if
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for each x,y e D(A) there exists j (x-y)eJ, (x—y) such
that

<u—v,jq(x—y)> >0 forall ue Axand ve 4y
An operator 4 is called m-accretive if it is accretive and
R(I+rA)=FE forall »>0. Let a >0,an accretive operator
Ais called a- inverse-strongly if for
x,y € D(A) there exists j (x—y)eJ (x—y) such that

<u—v,jq(x—y)>2a||u—v||q
for all 4 e dxand ve Ay. We denote by J! (forr>0)the

accretive each

resolvent of accretive operator 4, thatis, J! = (I +r4)™", and
also denote A'Oby the set of zeros ofA, that is
A'0={xeD(A):Ax=0}. It is well-known that J' is
nonexpansive and F(J')=A47'0.

In order to prove our main results, we need the
following lemmas.

Lemma 2.1 [8] Let E be a real q-uniformly smooth Banach

space, then there exists a constant C, > 0 such that

||x+y||q < ||x||q +q<y,jqx>+Cq ||y||q ,forall x,yeE.

Lemma 2.2 [9] Let g > 1, then the following inequality holds:
1

q_lbqfl

ab<s—a' +—
q q

for any positive real numbers a,b.

Lemma 2.3 [10] Let E be a Banach space and let A be an
m-accretive operator. For A >0, >0 and x € E, we have

Jox=J ﬁx+[l—ﬁ]Jix,
“\ 2 P

where J, =(I+2A)" and J, = (I +uAd)™.

Lemma 2.4 [11] Let E be a real Banach space and let C be a
nonempty closed and convex subset of E. Let A:C — E bea

single-valued operator, and let B: E — 2° be an m- accretive
operator. Then

F(J,(I-rd))=(4+B)"0,
where J (I —rA) is the resolvent of B for r>0.

Lemma 2.5 [12] Let {x,} and {y,} be bounded sequences in a
Banach space E , and { ,Bn} be a sequence in (0,1) with
0 <liminf B, <limsup 8, < 1.Suppose that

= n—w

x,.,, =0-p)y, +B.x,, forall n>1 and
) <0. Then lim”yn -X, || =0.

n—0

hmsup(”ynH _yn - xn+| _xn
n—w



Lemma 2.6 [13] Assume that

nonnegative numbers such that
a,,<(-t)a,+b,, forall n>0,

{a,}is a sequence of

n+l

n

b
til

where t, is a sequence in in (0,1)such that ijotn =00 and

{bn} is a sequence in [ such that limsup JS 0or
n—00

anl

Lemma 2.7 [14] Let C be a nonempty closed convex subset of
a real uniformly smooth Banach space E . Let f:C — C be

bﬂ

<oo. Then lima, =0.

n—»o0

a contractive mapping, and let T : C — C be a nonexpansive
mapping. For each t € (0,1), let x, be the unique solution of

the equation x=1tf (x)+(1-0)Tx. Then {x}
strongly to a fixed point X = Q. f(X).

converges

Lemma 2.8 Let E be a real strictly convex and q-uniformly
smooth Banach space with constant C, . Let C be a nonempty
closed and convex subset of E. Fori=1,23,.,N, let
A :E — 2" be m-accretive operator such that TA,) cC
and let B, :C — E be «a-inverse strongly accretive operator

such that 1Y (4, +B)'02Q. Let a,,a,...a,be real

N
numbers in (0,1) such that Zai =1 and
i=0

r B

i ). where J;f[, = +r A) " and

n,i*7i

N
W,=a+Y aJ" (I-
i=1 !

1

q-1
0<rw.£[qc—aj for all i=1,2,3,..,N.and n>1. Then
q
W,.C—Cis nonexpansive and F(W,)=1" (4, +B,)"'0,
forall n>1.

Proof. First, we will show that ¥ is nonexpansive for all
n>1. Let x,yeC. Then fori=1,2,3,..., N, it follows from
Lemma 2.1 that

"(I_Vn,iBi )x_(l_rn,iBi )y”‘l

<= +ar,, (Bx-By,Jj,(x-»)

+C,r! |Bx-By|'
<|x-y|" -gr,.a|Bx-By| +Cr |Bx-By|
=|x=y|" = (ag-C,rr,, |Bx =By
<flef

Thus (I -r,.B,) is nonexpansive for all i =1,2,3,..,N .
Since J" and (I —r,,B,) are nonexpansive for all

i=1,2,3,..., N, we get that
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7,2 =w.|

N
<a s+ e
i=1

<a, ||x—y||+2ai "(1_

n,i i

Jr/:,’; - .B.)x—J,:lf‘ (I_Vn,iBi)yH

r. .B)x—(-r B

n,i i ni i

)y||

N
<ape-y]+ 2afx-5|
i=1

<[e=y-
Thus W, is nonexpansive for all n>1. Next, we will show
that F(W,)=1",(4,+B,)"'0, for all n>1. It is obvious that
I17,(4+B)'0cFW,. So, we are left to show that
FW)c1?, (4 +B)"0. Let ue F(W,). Then Wu=u and
forall vel”, (4 +B,)"'0< F(W,), we have

J:_‘l (=1, ,B)u —VH+...

"u —v" <a, "u - v” +a,

+ay|

Ay
Jr,,:’\w (1 - rn,NBN )u - V“
<(a,+a +...+aN71)||u —v"
Ay
+a, ”Jﬁfw (=1, By —v”

< (1—aN)||u—v||+aN

T =1, By
<]
Therefore

B

Ju-sl=-auv]va,

JrANV (=1, Bu—v

which implies that

= =7 (2=, By~ v“ Similarly,
"u - v" = J;j"l (—-r, Bu— v” =L = J,f:“;“ =7y By u— v“
Then

Ju—v] = N"—I(J,;‘}‘ (1=, B)u-v)
ai
i=1
+:—2(J::fz ({—r,,B,)u —v) +...

24

i=1

aN
N

Zai
i=1

By the strictly convex city of E, we have that

+

(JrA”V (L =1, yByu —v) .

u—v= J:fl (I—rnJBl)u—v:Jrfz2 (-7, B)u—v
=L =J0 (T =r, By
Then J* (I-r, B)u=uforall i=1,2,3,. ,N.



Thus uel (4, +B,)"0, andso F(W,) 1, (4, +B,)"0.
Which complete the proof. .

III.  MAIN RESULTS

Theorem 3.1 Let E be a real strictly convex and q- uniformly
smooth Banach space with constant C, . Let C be a nonempty
closed and convex subset of E.Let f :C — C be a contractive
mapping with the constant € (0,1). Let A4, :C — 2" be m-
accretive operator and let B, :C — E be - inverse strongly
fori=1,2,3,...,N. Assume that
Q=1 (4 +B)"0is nonempty. Let {x,|be a sequence

accretive operator,

generated by the following algorithm:
x €k
yv,=a,f(x)+(1-a,)x,;
N (3.1
xn+1:ﬂnx)1+(1_ﬁ;1)|:a0yn+zaJA (1+rn/Bt)yn:|: '

forall n=1, where J' =(I+r,,4)" for i=123,.,N, and

0<a,<l, for m=0,1,2.3,..,N, {an}, {ﬂ }are real
number sequences in (0,1)and { }c (0,0). Suppose that

the above control sequences satisfy the following conditions:
(i) lima, =0, Zan = o0;

(i) 0 < hm 1nfﬂ <limsup g, <1;

n—>m
1

=
(iii) 0<b<r, g{‘é‘”] and Z
q

forn>1and i=1,2,3,...,N; where b and c are real
numbers.
Then {x,} converges strongly to a point X eQ,where

n+l i n i |

x=0,f(x)and Q,is the unique sunny nonexpansive
retraction of C onto Q

Proof We divide the proof into several step. First, we will
show that {xn} is bounded. Let p e Q.

Put Wn=a01+iaJ (I-r,,B)and u,, =(I-r, B)y, for
all i=1,2,3,.. ,]l\:/1 and n>1. Then we get that
2= ol = e s (x, +a a,)x, - 1|
<al/( o
pl+a|f»-p]. G2

By Lemma 2.8, we have W, is nonexpansive and for all n>1.
Then it follows from (3.1) and (3.2) that
X, = Pl=[B,x, + A= B,y - 1

<B,|x, , -7
pl+a- -7
P 7
+(1-8,)e, || f ()~ 1|
<(1- 7
Smax{ 7, "f(p) p"} (3.3)

By using the inductive method, we can easily get the following

result from (3.3) that
! I/ (p) pll}
y .

—p" < max {"xl —p|

Thus the sequence {xn} is bounded, and so are { f(x, )} and

{yn}. Since
i=1,2,3,..,N and for all n>1,

I-r,;Band J!" are nonexpansive for all
we get that {u, } and
{J}iun,i} are bounded for all i =1,2,3,..., N and so {Wnyn} is

also bounded. Put

M, —sup{ u,. |, J,A u, ||, :nzl,i:1,2,...,N}.
Next, we will show that '1113010 X, —x,[=0
Note that,
[ =2l = 0= 0= PY 5, =3, |+, e, || £ (x,) -,
and n >1, then we have
Jot =10, | <N =1 B =y s =
<uer =2l s =7 1B
<(-a,,(0-p)|x,.-x,[+|a,., e,
s =Tl [1BiY (3.4

Next, we consider

TE A=, B3, = (=1, By,

If r,, <r,, ,thenit follows from Lemma 2.3 that
n+l,i
A d
Jr i n+l/ _Jr,“ un,i”
r . r .
_ 4; n,i __ni 4; _ A;
- Jr”v, Mn+],i + 1 Jr,H,v, Mn+1,i Jr,,‘,un,i
rn+l,i rn+l,i
r
n,i nz
< n+] i + (1 - )J}Hl i n+li _un,i
rn+11 rn+lz
r .
n,i 4;
S un+l,i _un,i + 1_ Jn+1 i+l un,i
rn+l,i rn+l,z
v .,.—r .
n+l,i n,i
S un+l,[ _un,[ + b 2M1 (35)

Ifr,  <r

+1, n,i 2

then imitating the proof of (3.5), we have



4 A
A TR

Ty ntLi

u

n,i

rn,i -7

u . —u T”*""le. (3.6)

n+l,i n,i

Combining (3.5) and (3.6), we have, for n>1,

n,i

~J%u
g i

A
J5u

Tt L

2|r r

n,i n+l,i

b

<

u u (3.7

+ M,

n+li

Set M, = (%+M1j and using (3.7), we obtain

VVnJrlynJrl _VVnyn
< a0|yn+1 =V "

N
+Z ‘];j::m (1 - rn+1,iB[ )yn+1 - J:’l (I - rn,[B[ )yn H

<|

Bi —Thha (3'8)

)

N
Vo =W+ MY
Now, using (3.4) and (3.81):,lwe get that
WoaVua =W,
<(-ea,,(1-5) .

N
Ay — an|||f(x" ) X " +MZZ
i=1

X

n+

N
+M22
i=1
From the assumption on {e,} and {r,,}»inview of (3.9) we
obtain that
timsup([17,.,,., =W,, | =[}5,.0 =, <.

xn+l X

+

Foi — s

<

< +2a,., —a,|M,

l_xn

(3.9)

rn,[ - rn+l,[

It follows from Lemma 2.5, that

lim"Wny,7 —x”": 0. (3.10)
Which implies that
xn+1 _‘xn = (l_ﬂn) I/Vn.yn _xn _>O as n — .
Next, we will show that lim||W, y, —y,||=0.
We note that
"I/ann _'xn" < Vann _VVnyn + VVnyn _'xn
<\x, = v +IW,y, —x, (3.11)
Since |y, —x,|=«, f(xn)—xn"—)O as n— oo, it follows

from (3.10) and (3.11) that

llig”ann -Xx, || =0.

(3.12)

, for all n>0, we

<|w,y,—x

n

+

Since Wy,
obtain that

_yn xn_.yn

lim ||W"yn -, || =0. (3.13)
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Since f is contractive and W, is nonexpansive for all
nell, we get that the mapping # +(1-t) W, is contractive
for all #€(0,1). Let x, be a unique fixed point of mapping
tf +(1-t)W, x, for all £€(0,1). Then by Lemma 2.7, we
have x, — x", where x" € F(W,)=N",(4,+B,)"'0=Q.

(i.e. x =0, f(x") ). Next, we will show that

1imsup< fG6)=x"J,(, —x*)> <0.

e
Since
e, =2, < (£ ) =2,0,(x =)
+(1=0)(W,x, = 9,7, (x, = »,))
<t{f(x) =%, 0, (x, = y))+1(x, = 2,7, (x,~,))
(1= (W%, =W, 3,.J,(x, = »,))
+(1=0)(W,y, = y,.J,(x, = )
<t(£ () =%, (5 =) +[x =, [
7,3, = vl =]
we get that

q-1

1
<f(x,)—x,,Jq(yn—x,)>£?
Fix ¢ and let n — oo . Then, it follows from (3.13) that

limsup( £ (x,) =/, (y, = %,)) <0. (3.14)

n—00

Wy, =y, lx =,

Since the duality map J, is single-valued and strong-weak*

uniformly continuous, on bounded set of a Banach space £
with uniformly Gateaux differentiable norm, we get that

() =507, =2)) = (S () =X, (3, =)
= (6 =20, 0 =) =0, 0, )
)= = (&) =3, (3, =)
<|(/ =20, =X =, (5, =)
e =2 =) =x )l —x

Hence, for any & > 0, there exists ¢ >0 such that for all
t €(0,9), the following holds.
(fC) =20, (3, =x)) < (Fx) =%, (Y, X))+ &.
Using (3.14), we obtain that
limsup<f(x*)—x*,Jq(yn —x*)> <0.

n—>x0

(3.15)

Finally, we prove that x, — x" as n — .
Using Lemma 2.2, we obtain that

|y, = <, (£0e) =27, =2))
+(1-a,)(x, - x",J,(y, - X))
<a, (f(x)= ()T, (y,—x))
+a, (f(x)=x".J,(, - x")



+(1-a,)(x, =x"J,(r, - x")

<a,fly, x|y, x| +a, (fG) xS, (0, =)
+(1-a,)|x, —x" " "yﬂ X
= =a, (- p)|x, x|, ="

+a, (f(x)=x"J,(y, = x))

-1
v, q-1

*
Yy X

)

=(l-a,1-5) (l"xn —x
q

ta, (f(x)=x"J, (v, =x)),
which implies

[, = <=a,a- gy, -x

+a,q(f(x)=x" T, (v, =)
It follows that

"xn+1 —x*”q <p, <xn —x*,Jq (x,., —x*)>
(1= )W, 2, =T, (5,0 = X))
<B,
+1-4,)
<B,
+1-4,)

<f, [1
q

+(l—ﬂn)(

q

q-1

* *
xn —-X ||||xn+1 —-X

q-1

s

.
VVﬂyﬂ _x | x

I

n+l

w||g—1

*
xn —-X ||||xn+l —-X

w||4-1

‘xn+l —-X

.
v, =

*

q -1
-X + q_||xn+l - x*
q

q
‘xn

ntl

s

Vu =X

5

X

1 -1
Uy ~<T + s, T
q q
<(l=a,d=4)1-7)
+(1-B)a,q(f(x)=x"J, (v, =x)) -
By using assumption, (3.16) and Lemma 2.6, we get that
x, = x as n—> . This complete the proof. 0

*||9
x, = x|

If N =1, then we get the following corollary.

Corollary 3.2 Let E be a real strictly convex and q-uniformly
smooth Banach space with constant C, . Let C be a nonempty
closed and convex subset of E.Let f :C — C be a contractive

mapping with the constant § € (0,1). Let A:C —2"be m-
accretive operator and let B:C — E be a- inverse strongly
accretive operator. Assume that Q= (A+ B)'0is nonempty.

Let { xn} be a sequence generated by the following algorithm:

x €k
y/l :anf(xn)—‘r(l_an)xn;
X, = B,x, + (1= )layy, +(1-a,)J (I -1,B)y,], n=1,

where J!'=(I+r,A)", a,€(0.)), {a,}, {B,} are real
number sequences in (0,1)and {rm} < (0,00). Suppose that
the above control sequences satisfy the following conditions:
(i) liiria,, =0, ian =00,
(i) 0 < 31_23 inf ﬂn;ls limsup S, <1;

n—>m
1

o .
i )0<b<r <c<| 2%\ and
n C
n=1

q

< 0

rr1+1_rn

forn>1, where band c are real numbers.
Then {xn} converges strongly to a point X €Q, where

=0,/ () and Qyis

retraction of C onto ) .

the wunique sunny nonexpansive

If 4 =0 forall i=1,2,3,...,N., then we get the
following corollary

Corollary 3.3 Let E be a real strictly convex and q- uniformly
smooth Banach space with constantC, . Let C be a nonempty
closed and convex subset of E.Let f:C — C be a contractive
mapping with the constant f€(0,1). Let B,:C — E bea-
inverse strongly accretive operator, fori=1,2,3,..., N. Assume
that Q=17 (B,)"'0is nonempty. Let {xn} be a sequence
generated by the following algorithm:
x eL;

o=, f(x)+1-a,)x,;
N

'xn+] = ﬁn'xn +(1_18n)|:a0yn +Zai(yn +rn,iBiyn)j|’
i=1

for all n=>1,

{an} , { B, } are real number sequences

{rn,i

satisfy the following conditions:

(i) limea, =0, Y a, =x;
e n=l1
(i) 0 < liminf 3, < limsup 8, <1;

n—>o0

where 0<a, <1, for m=0,123,..,N,
(0,1)and

}C(O,oo). Suppose that the above control sequences

in

1

F ©
(iii) 0<b<r,, Sc<[ﬂJ and Z
n=1

—r

n,i

<

rn+1,i

C

q
forn>1and i =1,2,3,...,N; where b and c are real
numbers.
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Then {x,} converges strongly to a point X eQ,where

x=0,f(x)and Q,is the unique sunny nonexpansive
retraction of C onto Q

If B =0 forall i=1,2,3,..., N., then we get the
following corollary

Corollary 3.4 Let E be a real strictly convex and q- uniformly
smooth Banach space with constantC, . Let C be a nonempty
closed and convex subset of E.Let f :C — C be a contractive
mapping with the constant 8 € (0,1). Let A, :C— 2" be m-
fori=1,2,3,....N. Assume that
Q=1 ’.VI(A,,)’IO is nonempty. Let {xn} be a sequence

i=

accretive operator

generated by the following algorithm:
x ek
yn = anf(xn)+(l_an)xn;
N
xn+l = an'xn +(l_ﬂn){a0yn +zaiJrA’ yn:|: nz 1»
i=1

n,i

1,1

where Jf = +r,,4)" for i=1,2,3,.,N, and 0<a, <],
for m=0,1,2,3,...,N, {an} , {ﬂn} are real number sequences

in (0,1)and {r }c (0,00). Suppose that the above control

n,i

sequences satisfy the following conditions:

(i) lima, =0, Y a, =x;
n—>x0 n=1
(i) 0 < liminf B, <limsup S, <1;

L

a ! 2
(iii) 0<b<r, <c< 4z anerM’i—rn’i <o
’ Cq n=1
forn>1and i =1,2,3,..., N, where b and c are real

numbers.
Then {x,} converges strongly to a point X eQ,where

x=0,f(x)and Q,is the unique sunny nonexpansive
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retraction of C onto Q
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Abstract

In this paper, we first presented the generalized Pell Number, Pell-Lucas Number and modified Pell

Number, which are the recurrence relation by from the previous three terms. We have the Binet’s formula

generating functions and generating functions of all three sequences. We establish some of the interesting

properties involving of sequences those sequences.

Keywords: Pell sequence Pell-Lucas sequence, Modified Pell sequence, Binet’s formula

1. Introduction

We will refer to the sequence of
occurrences starting in the recurring relationship
from the previous second terms: Fibonacci and
Lucas number. Because of their general
characteristics, there are many interesting
properties and application to almost every fields of

science and art.
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Accepted: March 25, 2020

Previously, the sequence mentioned
above is a sequence of positive integers that have
been studied for many years. Many researchers
have therefore examined about these sequences and
also some properties that are excellent research
topics. These sequences are examples of a
sequences defined by a recurrence relation of
second terms. It is well known that the Fibonacci

sequence {Fn} , Lucas sequence {Ln} , Fibonacci-



Sci. & Tech. RMUTT J. Vol.10 No.1 (2020)

97

like {Sn} and Generalized Fibonacci-Like {Tn}
are defined by the following recurring relationship
F.=F.,+F . =0 F=1
L=Lotl,. =2 L =1

S, =5,,+S,,.5,=2.5, =2 and

T, =T, ,+T, ,.T,=m, T =m,forall

n-2°

N> 2 where M is a positive integer, respectively
[1-2], [8].

In a similar way, other recurrence
sequences of important positive integers as well are
the sequence of Pell, Pell-Lucas and modified Pell
sequence. which those sequences are represented
by {Pn} , {Qn} and {qn} defined by the
P=2P +P_,
P,=0,R=1,Q,=2Q,,+Q,,.Q, =2,
Q=2 ad Q,=2G,,+0,. Q=1
g, =1 forall N> 2, respectively [3-5].

following recurrence

Also, the Pell, Pell-Lucas and modified
Pell sequence expand to the negative subscript,

which are defined by [7], [9].

Pn
= forall N 21, (1.1)
(-1
and
Q—n = Q" —, forall N >1, (1.2)
(-1)
and
__ %
q,= forall N>1. (1.3)

(-)"

The properties of the sequence have
received a lot of attention. Many sequences appear
in literature, including Pell, Pell-Lucas and
modified Pell. It is well-known that the proof uses

Binet's formula [6].

Moreover, for the reasons mentioned
above, the sequence has more interest and can be
used with other work and has an interesting
direction at present. Therefore, the researchers
were inspired by the study of Pell, Pell-Lucas and

modified Pell sequence.

2. Main Results

In this section, we formulate some third
terms sum identities for Pell sequence {Pn} , Pell-
Lucas sequence {Qn} and modified Pell sequence
{qn} are present Catalan’s identity, Cassini’s
identity, d’Ocagne’s identity, Binet’s formula and

Generating function.

Definition 2.1: The Pell sequence { Pn} , The Pell —
Lucas {Qn } and Modified Pell number {qn } are

defined by
P=P_,+3P ,+P ;. foral n>3, (2.1)

with initial conditions Ff) =0, Pl =1 and

P,=2,Q,=Q,,+3Q,,+Q, ;. forall
n>3, (2.2)

with initial conditions Q, =2, Q, =2 and
Q,=6.,and q, =0, , +30q, ,+0, ; for
all n>3, (2.3)
with initial conditions ), =1, ¢, =1 and

g, =3.

The first few terms of {P,} arc
0,1,2,5,12,29,70 and so on, and {Q,} are
2,2,6,14,34,82,198,478 and so on, and
{g,} are 11,3,7,17,41,99,239,577 and
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so on. Similarly, the first few terms of {P_n},
{an} and {qfn} can be obtained from the
equation (1.1), (1.2) and (1.3), {an} are 1,—2,
5,-12,-29,70 and so on, {an} are —2,6,
—14,34,—82,198, —478 and so on, and
{a,} are -1,3,-7,17,-41,99,-239,
577 and so on, respectively. Each Pell sequence,
Pell-Lucas sequence and modified Pell sequence
are called Pell numbers, Pell-Lucas numbers and
modified Pell number.

Furthermore, we will find Binet's formula
to allow us to show the Pell number, Pell-Lucas
number, and Modified Pell number, which has the

following characteristic equation:
3 2
X’ —X"=3x-1=0, (2.4)

where ¢, [ and y are the root of the equation,
a=1+2, f=1-V2 . y=—1and a >.
L>yNote that a+f=2, a—B=2J2
and aff =y, respectively.

Next, we will say the equation is related
to the repetitive relationship of (2.1), (2.2) and

(2.3) defined by Theorem 2.2.

Theorem 2.2: (Binet’s formula) The n”‘ Pell
number, the n““ Pell — Lucas number and the n”‘

Modified Pell number are given by

A @)
o
and
Q,=a"+p", (2.6)
and
q, = M, 2.7)

where n is not a negative integer and «, ﬂ , Y are
the roots of the characteristic equation (2.4), which
a>pfp>y.
Proof. Since equation (2.4) has three different
roots, the number of Pn is defined by

P, =ca"+c,[B" +c,p",
for some coefficientsC;, C, and C;. Let

N=0,n=1 and N =2, then solve the system

of linear equations, we will C =——r,
a-p

1
C,=— and C; = 0, therefore
a-p

an _ﬂn
p=2"F2
a-p
Similarly, the number of Qn is given by
n n n
Q,=ca" +¢,[" +C",
for some coefficients C;,C, and C;. Use the same
method as above, then solve this linear equation,
we obtain C; = 1= C, and C; = 0, thence
n n
Q=a"+p".
Similarly, the number {qn} is given by
n n n
0, =Ca +C,[B +Cy,
for some coefficientsC;,C, and C;. Let

Nn=0,n=1 and N=2, we obtain

C = =C, and C; = 0, thence
a+pf
q - a"+ "
" a+p
The proof completed. |:|

Theorem 2.3: (Catalan’s identity)
Let N is not a negative integer. Then

P Pnfr _ F)nZ — 7/n_r+lF)r2 i (28)

n+r
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and

Qn+rQn—r _Qr? = 7n7rQr2 - 27/” , (29
and

qn+rqn—r _qr? = yq% . (2.10)

Proof. Since Binet’s formula (2.5), we obtain
a™" _ﬁmr a™" _ﬂn—r

a-p a-p
a-p
a™ B (ar _ﬂr )2
(a=p)

_ A n-r+lp2
_7 Pr '

PP —P =

n+r- n-r n

Similarly, by Binet’s formula (2.6), we obtain
Q. Q. —QF =(a"" +"")-(a" "+ ")
—(a” +4" )2
()
=a""' "' (azr +,6’2r)
20" B o B
=7""Qy = 21"
Similarly, by Binet’s formula (2.7), we obtain
a™" +'Bn+r a™" +ﬂn—r
a+pf . a+pf
a"+p"
(s

n+r pn-r

qn+rqn—r _Q§ =

_a N a" " g

(a +ﬂ)2 (a+p)
_ 2B
(a+/5’)2

_a"' .azr +p*

a+pf a+pf

r
2

an/3n
a+pf
VO ="
2
The proof completed. |:|

Theorem 2.4: (Catalan’s identity or Simpson’s

identity) Let N is not a negative integer. Then

P..P.—Rl=7" @.11)
and

Q.uQ, —Q: =8"", 2.12)
and

OpeaOns — Oy =277 (2.13)

Proof. Taking r=1 in Catalan’s identity (2.8),

(2.9) and (2.10), the proof completed. |:|

Theorem 2.5: (d’Ocagne’s identity)

Let M, N are not a negative integer and M>N.
Then
PP

mina T I:)m+l|:)n = yn Pm—n > (2.14)

and

Qan+l _Qm+lQn = 2_\/57"1
(Qn_m +2yB" " ) , (2.15)

and
qmqn+1 - qm+lqn = \/E)/m (qn-m _ﬁn—m ) . (2.16)

Proof. By Binet’s formula (2.5), we have

am _pam an+1 _ﬂn+1
Pm Pn+1 - Pm+1 Pn = '
a-p a-p
am+l _IBerl an _ﬁn
- a-pf
am n an m
a_
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Similarly, by Binet’s formula (2.6), we obtain
Qan+1 - Qm+1Qn = (am + ﬂm ) : (anJrl + ﬂnﬂ)
_(am+l +ﬁm+l)

Qunt+278"").

Similarly, by Binet’s formula (2.7), we obtain
am +ﬂm an+l +ﬁn+l

a+pf a+pf
am+l +ﬂm+l an +ﬂn
a+p a+pf

(a—ﬂ)(a”ﬁm _amﬂn)
(a +,B)2

qmqn+l - qm+lqn =

_ (a —ﬂ)amﬁm
(@)
(a +ﬂ)2
=\27" (00 = "").
The proof completed. |:|

Lemma 2.6 Let M, N are not a negative integer

and M > N. Then

p-1

242’

(Quon +278™") @17)

PP, —P

m'n m+1" n

and

n

Pm Pn+l - I:)m-v-lpn = %(qm_n + 7/ﬁm—n) . (2.18)

Proof. The Proof same as Theorem 2.5.

Lemma 2.7 Let M, N are not a negative integer

and M >N . Then

Qan+1 - Qm+1Qn = 87/m I:)n—m >

and

Qan+l - Qm+1Qn = 4\/§ym
(G +78"™). 20

Proof. The Proof same as Theorem 2.5.

(2.19)

Lemma 2.8 Let M, N are not a negative integer

and M >N. Then

qmqn+l - qm+1qn = 27/m I:)n—m > (2.21)
and
0n0nia —Onials = \/Eym

(qn,m + ;/ﬂ”’m) (2.22)

Proof. The Proof same as Theorem 2.5.

Theorem 2.9: Let {Pn},{Qn} and {qn} be
Pell, Pell-Lucas and Modified Pell sequences, M

and N are not a negative integer and M>N.

Then
Iim—=¢, (2.23)
n—oo Pn—l

and
Iim&:a, (2.24)
n—oo -1

and
Iimq—”za ) (2.25)
n—oo qn—l

Proof. By Binet’s formula (2.5), we have
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. P . at=p"
lim—"-=lim— ﬂH
n—»w Pn—l n—w oy _ﬂ

:Iim—n.
"%1_1.(5)
a pf \a
Buta>ﬂ,then£<l and Iim(ﬁj =0.
(04 n—o0 o

. P
Therefor lim =.

n—o0

Q&

Similarly, lim

m-——-———,—
neool—l_l(ﬁ)
a pfla

Q

n n
: .o+
Similarly, lim—"—= Ilml—ﬂ1
n—>ooQ 1 n—o an7 +ﬂn7

el

=lm———~—=¢

el 1 (ﬂj
a pl\a
This completes the proof. |:|
Lemma 2.10: Let {Pn},{Qn} and {qn} be

Pell, Pell-Lucas and Modified Pell sequences and

N is not a negative integer. Then

. P o
lim—=——, (2.26)
n—oo Qn—l a — ﬂ

and
. P o+
lim— = B , (2.27)
= qn 1 -

and

. a
lim= =" (2.28)

Proof. The Proof same as Theorem 2.9.

In this paper, the generating function
for Pell, Pell-Lucas and modified Pell sequences
are given as a result, these sequence are seen and
the coefficients of the power series of the
corresponding generating function.

The generating function for Pell, Pell-
Lucas and modified Pell sequences. We can also
find the generating function for all three sequences
by suppose that the Pell, Pell-Lucas and modified
Pell sequences are the coefficients of a potential
series center at the origin, and let us consider the
corresponding analytic {Pn} ) {Qn} and {qn}
of the function, which the function is as follows

Theorem.

Theorem 2.11: Let {Pn},{Qn} and {qn} be
Pell, Pell-Lucas and Modified Pell sequences and

N is not a negative integer. Then the generating

function defined by
X
P(X)=———. (2.29)
() 1-2x—x?
and
2—-2X
X)=—, 2.30
Q (x) 1-2x—x? (230
and
1-x
% (%) 1-2x—x° @30

Proof. Let N is a not negative integer and

P, (X) =Py + PXx+ PXx* + Px° + P,x*

+.o.+PX "+

Then
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2XP, (X) = 2P+ 2Px* + 2P,X°

+...+2P X"+
X’P, (x) =Px* + Px® + Px*
+.. +Pxn+2

P, (x)—2xP, (x)—x ( ) X
(1—2x )  (x) =

= X
P(x)=SPx"=—2
Thus P, (X) nE:O S —

Similarly, we have

Q, (X) = Q, +Qx+Q,x* +Q;x° +Q,x*

+.o.+Q X" +....
Then, we obtain
2xQ, (x) =2Qyx +2Q,x* +2Q,x°
+...4+2Q X" +
X°Q, (X) = QuX* +Qx° +Q,x*
+...+Q, xn+2
Q. (x)—2xQ, (x)—x*Q, (x)=2-2x
(1 2x1—x )Qn(x) 2-2x.

= 2—2X
e @ (X) = 2Q =

Similarly, we have

Gy (X) =0 + G X+ 0, X7 + 0y X° +, x*
o 40 X"+

Then, we write

20, (X) = 20X + 2¢,X° + 20, X°
+...4+20, X"+

X*q, (X) = 0pX* + 0, x° +,x*
o0 X"+

d, (X)—2xq, (x)—x*q, (x) =1—x

(1—2x—x2)qn (x)=1-x.

1-x
Thus @, (X an = o

1-2x—x2

This completes the proof. |:|

From the Theorem 2.11 used to find the
generating function. Next will be the polynomial
of Pell, Pell-Lucas and Modified Pell sequences
from the generating function, which using
Maclaurin series helps to find the following

theorem.

Theorem 2.12: The equality

X 2 3

12—2:P0+P1X+P2X +P3X
—2ZX—X

+Px*+..., (2.32)

and

2-2x = Q, + QX+ QX% +Qux°,

+Q,x* +..., (2.33)
and
1-x ) 3
1-2%—x2 =0y + X+, X" + (X
+q, X+ (2.34)
Proof. Since Maclaurin series, f (X)

w f(”)(O) X
:n; - X". Let f(X)=

1-2x—x?

for all X, we obtain

) = (—2- 2x)x 1

Fi (1-2x- x2)2 1-2x-x*

f"(X): ( X) (_2_2)()2
(1 2X — x2)2 (1 2X — x)
+L
(1—2x—x2)2

6x(-2-2x)° 12x(-2-2x)
(1— 2X—X° )4 (1— 2X— x2)3

£7(x)=—
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6(-2-2x)°

(1— 2X — x2)3
6

(1—2x— X2 )2

c_28x(-2-2%)" 72x(-2-2x)’

+

+

(1-2x-x’ )5 (1-2x-x* )4
24x 24(-2-2x)’
(1-2x-x° )3 ) (1-2x- x2)4
48(-2-2x)
) (1-2x=x* )3
and so on.
Then

f(0)=0, f'(1)=1 f"(0)=4,
f"(0)=30, f¥(0) =288 and so on,

;2=0+1x+—x2+§x3
1-2x-x 1 2! 3!
288 ,
+—x* +
41
Thus - —7 = P, +Px+Px* +Px’
+Px* +....
Similarly, f (x)=% for all X, we
obtain
f,(X):_(—Z—ZX)(Z—fx)_ 2 :
(1-2x-x*)  1=2x=x
) 4(-2-2x
(1) =22
(1—2x—x )

N 2(2-2x)(-2-2x)’
(1— 2% — X? )3

1-2x—x? 11

2(2-2x)
(1—2x— x° )2

f,,,()():_G(Z—ZX)(—Z—ZX)

(l— 2X — X* )4
12(2—-2x)(-2-2x)
) (1-2x-x* )3
12(-2-2x)° 12

(1—2x— X )3 (1—2x— G )2

co_ 24(2-2x)(-2-2x)"
(l— 2x—x2)5

72(2—-2x)(-2-2x)’

’ (1—2x—x2)4
24(2-2x)  48(-2-2x)’
(l—2x—x2)3 +(1—2x—x2)4
96(—2-2x)

+(1—2x—x2)3’

and so on.

f?;))zz, f'(1)=2, £"(0)=12,

f W(O) = 84, f(4) (0) =816 and so on,

2-2X 5,24 12 B

—X
2! 3!

Thus

2—2X

2% 2 =Q, +Qx+Q,x* +Qyx°

+Q X +....
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1-x

Similarly, f (X) = m

f,(X):_(—Z—ZX)(l—zx)_ 1 2
(1-2x-x*)  1-2x=x

2(—2-2x)
(1—2x—x2)2
2(1-x)(-2-2x)’
’ (1—2x—x2)3

2(1-x)

(1—2x—x2)2
wion B(1=x)(-2-2x)’
(== (1—2x—x2)4
12(1-x)(—2-2x)
) (1—2x—x2)3
C6(=2-2x)) 6

f"(x)=

(1—2x—x2)3 (1—2x—x2)2
co_ 24(1-x)(-2-2x)"
(1—2x—x2)5
721 x)(—2-2x)"
(1 2X — x)
24(1-x)  24(-2-2x)
(1 2% — X2)3 (1-2x- x)

( 2X

(1 2X — X* )3

s

and so on.

Then

f(0)=1, f'(1)=1, f"(0)=86,
f"(0)=42, f¥(0) =408 and so on,

1_X 1 6 2 2 3
— — 7= +—X+—X"+—
1-2x—X 1! 2! 3!

408 ,
+—X +
41

X 2 3
Thus T = 0o + QX+ X" + G

+Q, X +....

This completes the proof. |:|

Next, we will discuss the power series,

including ZPan,ZQan and anx”
n=0 n=0 n=0

X=X, but X, = O converges is always an
interval center at X =0 . We test convergence of

such series by complete convergence and series

converges if |X|<— and series diverges if
a

|X| > — . The series convergences absolutely
(24

1
open interval | ——,— [, making the convergence
a o

radius equal — , as the following Theorem.

Theorem 2.13: Let ZPan,ZQan and
n=0 n=0

o0

anx" are power series. Then interval of
n=0

11
convergence for the given series is | ——,—
a o

1

and the radius of convergence is — .
(24

Proof. By absolute convergence and Theorem 2.9,

we have

n
lim|—"——|=lim|ax| = a|x|
n—c P7X n—w

So the Z Pan converges absolute if
n=0
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. P x" Lemma 2.14: The equality
lim — <1, then a|x|<1 and ) 3
e |P X P,(X) = Py +Px+Px* + Px
1 4
|x|<—. +P, X" +..., (2.35)
o 1 and
The test value X = ; or X=——, when Qn (X) — Qo + le + Q2X2 + Q3X3
4
replaced in series, will be +Q4X +.. (2.36)
© 1 n RL P2 and
2R\ =] =R+t (X) =0 + QX+ G, X° +%°
~ \a a o a, Qo +hX+0;, s
S 1) & 0P 1) +q,x* +.... (2.37)
n=0 n=0 forall Xe€ (——,—j )
L R.P «'
“a o Then P, (0)=P,, Q,(0)=Q, and

So both of diverge, therefore the interval of

convergence for the given power series is

11 . o1
——,— | and the radius of convergence is — .

a o (04
The » Q,X" and D_q,X" will prove similarly,
n=0 n=0

then the interval of convergence for the given

11
power series are | ——,— | and the radius of
a o

convergence are — , this completes the proof.
(04

]

From the theorem 2.13, found that the

polynomial of Pell, Pell-Lucas and Modified Pell

sequences are convergence to — and there is
(04

scope for convergence during the opening period

i

qn (O) = qO .
Proof. Taking X =0 in (2.35), (2.36) and (2.37).

The proof completed. |:|

Furthermore, how to find P, (0) ,
Q, (O) and (], (0) We also use the equation
(2.29), (2.30) and (2.31) in the Theorem 2.11 by
giving x = 0, then P, (O) = Po’ Qn (O) = Qo
and (, (0) = (], , respectively.

3. Conclusion

In this article, first of all, we consider the
generality of Pell, Pell-Lucas and modified Pell
sequence by the result of the previous three terms.
Then we introduced the Pell, Pell-Lucas and
modified Pell number. Until finally, we got the

Binet’s formula and the generating function of
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Pell, Pell-Lucas and the modified Pell sequence. In
addition, we also received the information some
important identities involving the terms of these

sequences.
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Option Pricing for Jump in Volatility and Stochastic Intensity
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Abstract—An alternative option pricing model is proposed, in
which the asset prices follow the jump-diffusion model with
stochastic volatility and stochastic intensity. The stochastic
volatility follows the jump-diffusion. We find a formulation for
the European-style option in terms of characteristic functions.
The closed-form formulae of pricing for option are derived.

Keywords—  Jump-diffusion model; Stochastic
Intensity; Characteristic functions

volatility;

L

All processes in this section will be defined in a
probability space (Q,F,P) with filtration F =(F, An

I)OSrST :
asset price model with stochastic volatility has been defined
by Heston [1] which has the following dynamics

ds, =S, (udt + \v,dw?>),
dv, = k(0 —v,)dt + oy, dW,,

where S, is the asset price, #€ R is the rate of return of the

INTRODUCTION

asset, v, is the volatility of asset returns, x>0 is a mean-
reverting rate, € R is the long term variance, o >0 is the
volatility of volatility, W,° and W are standard Brownian
S

. and

motions corresponding to the processes v

+
respectively, with constant correlation o . In 1996, Bate [2]
introduced the jump-diffusion by adding log normal jump Y,
to the Heston model. The model has the following form
dS, =S, (udt+ v, dW°)+S,_YdN?

where Nts is the Poisson process which corresponds to the
underlying asset S,, Y, is the jump size of asset price return
with log normal distribution and S,_ means that there is a

jump the value of the process before the jump is used on the
left-hand side of the formula. M. Nonthiya et al. [3] extended
Bate’s work by adding jump in volatility. The model has the
following equation
dv, = k(0 —v,)dt + o\, dW, + Z,dN .

Fang [4] studies the Bates model with a stochastic jump
intensity rate. J. Huang et al. [5] considered the double
exponential jump model with stochastic volatility and
stochastic intensity. In this paper, we will find a formulation
for a European call option where the above models satisfy
stochastic intensity which has the following equation.
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dA, = K,(0, = A)dt+ 0, [a,dW".
where &; >0 is a mean-reverting rate of intensity, 8, € R is
the long term intensity, o, >0 is the volatility of intensity, a

W/i

t

processes 4, . The rest of the paper is organized as follows. In

standard Brownian motions corresponding to the

section 2, we briefly discuss the model descriptions for the
option pricing. The relationship between stochastic differential
equations and partial differential equations for the jump-
diffusion process with jump stochastic volatility and stochastic
intensity is presented in section 3. In section 4, a formula for a
European call option in terms of characteristic functions is
presented. The paper is concluded in Section 5.

II. MODEL DESCRIPTIONS

Assume a risk-neutral probability measure M exists. The
asset price S, under this measure follows a jump-diffusion

process, v, and A, have the following dynamics

ds, = S, ((r— Am)dt+Jv,dW;* )+ S, Y,dN} (1)
dv, = k(0 —v,)dt + o\[v,dW,’ + Z,dN; 2)
dA, = K,(8, - A)dt+0,[1,dW} 3)

where r is the risk-free interest rate, N[S

and N, are
independent Poisson processes with intensities 4, and A"
respectively. Y, is the jump size of the asset price return with
density ¢,(y) and E[Y,]:=m <o and Z, is the jump size of
the volatility with density ¢,(z). Assume that the jump
N¥ and

t
Wv

t

processes N. are independent of standard Brownian

t

motions  W*, and W*. Brownian motions W, W’

independent of 7" .
III. PARTIAL INTEGRO-DIFFERENTIAL EQUATIONS
Consider the process X, = (X", X, Xx®) where X" x?

and X are processes in R and satisfy the following

equations:
dX,(I) — f1(X,(l)aXt(z)sX,(3)st)dt+g1(Xx(1)’Xz(2)’Xx(s)’t)dWx(l)

Authorized licensed use limited to: Rajamangala Univ of Technology Thanyaburi provided by UniNet. Downloaded on May 30,2021 at 07:50:20 UTC from IEEE Xplore. Restrictions apply.
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+X Y, dN"
dX® = £,(XV, X2, X ndt+g,(XO, X2, X 1)dw
+Z,dN?
dX? = f;(X, X, XxP ndt + g, (X", X, X, 0)dw,
where  f,f,.f;.8,,8, and g, are all continuously
differentiable, W, W® and W are standard Brownian
motions with Corr[dW ", dW'P1=p, N and N? are

independent Poisson processes with constant intensities A"

and A¥ respectively.

Since every compound Poisson process can be
represented as an integral form of a Poisson random measure
[4] then the last term on the right hand side of equations can
be written as follows:

N .

3 X0y, = [1X2q]o(ds da),
n=1

N .

jZ dN® = z Z, —HrJ (dsdr)

JXOY dN© =
0

where Y are 1.1.d. random variables w1th density ¢,(y) and
A

27,
n=1

J, is a Poisson random measure of the process O, =

with intensity measure A"¢, (dg)dt, Z, are i.i.d. random
variables with density ¢,(z), and J, is a Poisson random

(2)
Nt
measure of the process R, = >, Z, with intensity measure

n=1
AP, (dr)dt .

Let U(x,,x,,x;) be a bounded real-valued function and
twice continuously differentiable with respect to x,, x, and x,
and
u(x,x,,x,.0) = EUXY, X3P X)) | X =x, X =x,, X =x,]
By Dynkin formula [5], u is a
differential equation (PIDE)
ou(x,,x,,%;,t)

ot
+ﬂr(1)§i[”(x1 + 5%y, X3, 0) —u(x, Xy, X3, )y (¥)ddy

solution of the partial integro-

0= +f_lu(xl,x2,x3,t)

+AP [[u(x,,x, + z,x,,8) —u(x,, %), X;, )}, (2)dz
X
subject to the final condition u(x,,x,,x;,,7)=U(x,x,,x;) .

The notation A is defined by
ou(x,,x,,x;,t)

ox,

ou(x,, Xy, x;,t)

ou(x,,x,,x;,1)
ox,
9’u(x,,x,,t)
ox, 0x,0x,
1, 0%u(x,,x,,t) 2 0°u(x,,x,,1)

Ll dunn 1
28 ox; 2® 0x;

Zu(xl,xz,x3,t)2f1 + /5

+/5

+088;
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1 5 0%u(x,,x,,X;,t)
27 ox;

IV. A FORMULA FOR THE PRICE OF EUROPEAN CALL OPTION

Let C denote the price at time ¢ of a European style call
option on the current price of the underlying asset S, with

strike price K and expiration time 7 . The terminal payoff of
a European call option on the underlying stock S, with strike

price K is max(S; —K,0). This means that the holder will
exercise his right only if S, > K and then his gainis S, - K.
Otherwise, if S, < K, then the holder will buy the underlying
asset from the market and the value of the option is zero.

Assume the risk-free interest rate r is constant over the
lifetime of the option, the price of the European call at time ¢
is equal to the discounted conditional expected payoff
C(S,,v,, 4,6, K,T)

E, [max(S, -K,0)|S,,v,,4,]

_ —)(Tt
=e AT

=er<“>[JSTRM(ST|St v,,4,)dS, KIP (87 1S8,v, J"S]
K

—S{ g jSP (S, 1S,.v, ,)dS]

—Ke " ’)jP (S, |S,,v,,4,)dS,

t’t

=S, [;js Py (S, | S,,v,,4)dS, J
E\[S;18,.v,, A%

—Ke""" ’)jP (S; 1S,,v,,4)dS;

=S,P(S,,v

1 ta

A, 6K,T)—Ke " TOP(S,,v

VA KT “4)
where E,, is the expectation with respect to the risk-neutral
probability measure, P, (S, |S,,v,,4,) is the corresponding

conditional density given (S,,v,,4,) and

t? t’

B(S,,v,, A, ,K,T) = jS P (S; |S,,v,,4,)dS,

E S 1S,.v,41%
and
B(S,. v, A ;K. T) = [ Py(Sy 11 S,,v,,4)dS, -
K

Assume that the asset price S, , the volatility v, and
intensity ﬂt satisfy (1), (2) and (3), respectively. We will
compute the price of a European call option with strike price
K and maturity 7. We set L =In§,, ie., S, =l

k=InK the logarithm of the strike price. By the jump-
diffusion chain rule, In S, satisfies the SDE

Denote

dInS, :(r—ﬂ,,m—%)dtJr\/gthS+1n(1+Y,)dN,S. (5)

Authorized licensed use limited to: Rajamangala Univ of Technology Thanyaburi provided by UniNet. Downloaded on May 30,2021 at 07:50:20 UTC from IEEE Xplore. Restrictions apply.
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Applying Dynkin formula [5] for the price dynamics, we
obtain the value of a European-style option, as a function of
the stock log-return L, denoted by

C(L,,v,, A, t;k,TY=C(e" ,v,, A, ,t;¢",T)
=C(eln5, Vt,//irt,t ean,T)
=C(S,,v,, 4.6 K,T),

1.e.,
CUv, A t;k,Ty=e" T DE, [max(e” —K,0)| L, =1,
and satisfies the following PIDE:

0—%—C+A[C](l v, A t:k,T)

v, =v, A = 1]

+1 i [CU+y,v, A, t;k,T) = C(L,v, A, t;k, T)]@, (»)dy

+A" i [C(Lv+z,A,t:k,T)=C(Lv, A, t:k, TP, (2)dz  (6)
Here the operator A is defined by
A[CIU, v, At k,T) = (r — Am —;v)%f+ x(e—v)%f

9°C
0ldv

+K4(9/1—/1)g—§+p0'v
1 9°C 1 , 9C
+-v +-0v

2 9 2 o’

The last line of (4) becomes
CUV, Ak, TY=e Py, A,t;k,T) =" TB,(1,v,A,1;k,T)
(7
where f’j(l,v,/i,t;k,T) =P v, A,1¢"T) ,j=12.
The following lemma shows the relationship between 131 and
132 in the option value of (7).

Lemma 1. The functions ~1 and 132 in the option value of (7)
satisfy the following PIDEs
0 :aa—+ A[P](l v,A,t;k T)+vaa—P+pO'vaa—+(r ﬂsm)P
+{J{ [(e” =B +y,v, A, :k,T)]gy (»)dy
and subject to the boundary condition at expiration time
t=T;
B(v, ATk, T)=1,,. (8)

P, satisfies the equation

0—aai+A[P 10 v, Ak, T) + 1P,

and subject to the boundary condition at expiration time
t=T;

BV, ATk, T)=1,,, ©)
The operator A is defined by

105

ALf1U v, A, t5k,T)
=(r— ﬂm—l )af-i-l((@ V) f+l(,1(t9 ﬂ)af ! af

a2 o
’f 1 z_f 1 f_
Vazaﬁzmav“za‘ Py

+ﬂ/J.[f(l+y,V,/1,t;k,T)_f(l,V,/l,l;k,T)]¢Y(y)dy
R

(10)
Proof. We substitute (7) into (6) and separate it by assumed
independent terms of 2 and P . This gives two PIDEs for the
risk-neutralized probability for 13. v, L, t;k,T), j=1,2:

op 1 \(oP
0=""+|r=-2° L+ P
o +( " j(az ’ ]

A ([ fUv+z, 4,6k T)— f(U,v, A6k, T))p, (2)dz.
%

1 (°P 0B o

+K(6— ) 1+KA(9 /1)a N (3121+2311+PIJ
P oP) 1 , 0P 1 _,,0°P =
Tl 0 AT L —rP
+’m[azav+avj+ OVt A

+A[[( =DP I+ y,v, L,t;k, T)+ P(I+ y,v, A, t;k,T)
R

~B(1,v, A,1;k,T)1@, (v)dy
+A [[BU,v+2, 4,6k, T) - PUv, Ak, T, (z)dz  (11)
R

subject to the boundary condition at the expiration time ¢ =T
according to (8). By using the notation in (10), PIDE (11)
becomes

0 =%+A[i’l](l,v,/l,t;k,T)+v£+p0'v%+(r—ﬂ,sm)é
ot ol ov

+A[[(€ =DEU+p,v, A6k, T, (y)dy
R

= ARGk,
For E(l,v,t;k,T):
0=aPz+rﬁ2+( lm—lv)a]J+K(9 v)—= oF, +K‘A(6’ ﬂ,)
ot ol
1 0°P, ’P, 1 o2 ’B 1 a2 -
- _ 0l 2P
Vo P T2 Ve T s

+)“.[[F)z(l—'—ysva/Lt;kaT)_E(l’vsﬂyt;kyT)]¢Y(y)dy
R
+ A [[P(Lv+2,A4,6k,T) = P (1,v, A,t:k, T)g, (2)dz
R
(12)

subject to the boundary condition at the expiration time ¢t =T
according to (9). Again, by using the notation in (10), PIDE
(12) becomes

aapz + AP v, Atk T) + 7P,

Authorized licensed use limited to: Rajamangala Univ of Technology Thanyaburi provided by UniNet. Downloaded on May 30,2021 at 07:50:20 UTC from IEEE Xplore. Restrictions apply.
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=%+A2[E]<z,v,z,t;k,n.

The proof is now completed.

For j=1,2 the characteristic functions for i)j v, A,t:k,T),
with respect to the variable & are defined by

[ Astsx, Ty == | &*dP (1,v,A,t:k,T) ,
with a minus sign to account gr the negativity of the measure
dP, . Note that f; also satisfies similar PIDEs

F;
AL AGRT) =0, (13)

with the respective boundary conditions

. _ < ixk 1D . ixl
fj(l,v,ﬂ,,T,x,T)——Le dP (v, A, T;k,T)=e

The following lemma shows how to calculate the functions f}

and 152 as they appeared in Lemma 1.

Lemma 2. The functions B, and P, can be calculated by the
inverse Fourier transforms of the characteristic function, i.e.,

ke (v, At x, T
£, tx)}dx,

T o+

Py ankT)=+1TRe {
2 ix

for j=1,2 with Re[] denoting the real part of a complex

number.
(i) The characteristic function f, is given by

Siv, At x,t+7) = exp(g, () + Vi (7) + Aw, (7) + ix]) ,

where
_ =AM -
h) o’ (m+A =, _A1)5A1T)

g(0)= rixT—(zf+ K;fﬂ ]

2

—AT
x[zln[l—(Al+nl)2(;_e )J+(A1+771)z']

+A'7 [ (€D 1), (2)dz

(3 =& 1) T ey
(D) =— +7] (e -D¢, (»)d

% 02 (—x, + & — (K, _é;l)ee;lr) __[Q @ (¥)dy
=po(ix+1)—x, A =\n}—o’ix(ix+1)

& =Kk, —20,m(ix—1) and T=T—t.

(ii) The characteristic function f, is given by
LU, At x,0+7) = exp(g, (7) + vh, (T) + Aw, (7) +ixl + r7),
where

(3 = A3) (™7 -1)
2 ATy’
o (m,+A,—(n,—A))e )
g (@) =rixt+A't T (e -1)¢,(z)dz

(Ki _522)(6527_ +Tw (ix+1)y
(e =Dey (»)d
0';(—7(/1+§2 _(Kl_gz)efﬂ') 7'[0 e )¢ yjyay

n, =ipox—xK ,A, =\n; —c’ix(ix—1)
& =Kk, —20;m(ix+1) and T=T -t.

Proof. (1) To solve for the characteristic function explicitly,
letting =7 —¢ be the time-to-go, we conjecture that the

function f] is given by
Sidv, At x,t+7) = exp(g, () + Vi (T) + Aw, () + ix]) (14)
and the boundary condition

£(0)=w(0)=/(0)=0.
This conjecture exploits the linearity of the coefficient in
PIDE (13). Substituting (14) into (13) and after canceling the
common factor of f, we get a simplified form as follows:

hz (r)=

zhy (7)

w, (0=

0=—g/(7)—vh/(T) = AW (T) + (r — Am +%v)ix
+(K (0 —v)+ pov)h (T) + Kk, (8, — )w,(7) - l v’

+povixh, (2')+ ! oV (T)+ = O'A/’iwl (7)—Am

+A] (@~ 1)¢y )y +4" I (e ~1)g, (2)dz .
By seerating the order v, 4 :nd ordering the remaining
terms, we can reduce it to ordinary differential equations
K (r)= %azhf () +(po(1+ix)— )k (T)+%ix—%x2 (15)
g/(7) = kOh (1) + rix+ K,0,w,(7)
2] (@O ~1)g, (2)dz (16)

(ix+1)y

-1, (v)dy
17)
= po(ix+1)— x and substitute it into (15). We get

K@ =Lror i+ Mn + LG+
2 o o

wi(z)=m(xi—1)— K/lwl(r)+ o-ﬂbw1 (1) + j (e

Let 7,

_Lg2[p 2 Jan? - 420'2ix(ix +1)
2 20

X{ e Jan? - 420'2ix(ix +1) J
20

el erst)

—olix(ix+1) .

where A, =1}
By the method of variable separation, we have
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2dh,

” s o’dr.
(h1+771 ; lj£h1+771 ; 1]
o o
Using partial fractions, we get
1 1 1
— - dh =dt .
A I+ m _ZAI I+ U +2A1
o c
Integrating both sides, we obtain
m-A
hl + 1 5 1
In|— 9 _|=A7+C.
n+A
ht—=———

Using boundary condition /(7 =0) =0, we get

C= ln(n1 —4 j
m+4
Solving for A, we obtain
(7 =AY =)
0-2 (771 + A1 - (771 - A1 )eAlT) .

Similarly to w,(7), we have w;(7)as in lemma. In order to

hl (7)=

solve g,(7) explicitly, we substitute 4,(7) and w,(7) into
(16) and integrate with respect to = on both sides. Then we
get

g,(7) =mxit

ﬁ+ x,0,

(02 2

A
+A'7 [ (€D 1), (2)dz .

J(z In [1 — (Al +1 )(1 — efAIT)

o, )+(A1+771)Tj

(i1). The details of the proof are similar to case (i). Hence, we
have

S v, At x,t+7) = exp(g, (7) + vh, (T) + Aw, (7) +ixl + r7) .
where g,(7), ,(7), w,(7), 77,,A, and &, are as given in the

Lemma.

The following theorem gives a valuation formula for a
European call option under the asset prices follow the jump-

107

diffusion model with jump in stochastic volatility and
stochastic intensity.

Theorem 3. The value of a European call option of (4) is
CUv, Ak, TY=e P(I,v,A,t;k,T) =T B,(1,v,A,1;k,T)

where F, and P, are given in Lemma 2.

V. CONCLUSION

In this paper we investigate the asset prices follow the jump-
diffusion model with jump in stochastic volatility and
stochastic intensity. We obtain the closed-form of the pricing
formulae for option.
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method for finding zeros of the sum of two accretive opera-  Accepted 23 June 2020

tors in the framework of Banach spaces. The strong conver-
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numerical experiments to illustrate the behaviour of the pro-
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1. Introduction

The starting point of this paper, we consider initial value problem (IVP) in the
following form:

X (1) =f(x(1), x(to) = xo. (1)
In real life, many mathematical model have been formulated as this problem.
It is well known that most of ordinary differential equations (ODEs) are not
analytically solvable. Numerical methods have become a powerful method for
numerically solving time-dependent ordinary and partial differential equations,
as is required in computer simulations of physical processes such as groundwater
flow and the wave equation. One of famous method is known as implicit mid-
point method (or modified Euler’s method) (see [1-3] for more detail). Given a
time interval [ty, T], the method firstly computes the step size h = (T — ty)/N,
where N is the number of steps of h and select the mesh {,,})_; of time steps
tn € [to, T], through the formula t, =ty + nh for n =0,1,...,N — 1. It pro-
vides to generate a sequence {yn}szo of approximation of solution at each time

CONTACT Pongsakorn Sunthrayuth @ pongsakorn_su@rmutt.ac.th
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2 P. CHOLAMJIAK ET AL.

step ty, i.e. y» = x(t,). The implicit midpoint method (IMM) is given by the
following procedure:

Yo = Xo,

(2)
Ynt1 = yn + hf (

Yn +)’n+1

), n=201,...,N—1.
2

It is known that if f: RM — RM is a Lipschitz continuous and sufficiently
smooth function, then the sequence {y,} converges to the exact solution of (1)
ash — O uniformlyon t € [y, T]. If the function f is written as f (x) = x — g(x),
then (2) becomes

Yo = X0,

Yn + Ynt+1 _g(yn+}’n+l)i|, " (3)

)’n+l=)’n+h|: > )

and the critical points of (1) is the fixed point problems x = g(x).

Let H be a real Hilbert space and let C be a non-empty, closed and convex
subset of H. We denote by I the identity operator on H. Let T : C — C be a non-
linear mapping. The fixed points set of T'is denoted by F(T) := {x € C: x = Tx}.
A mapping T : C — Cis called non-expansive it

ITx— Tyl < lx =yl YxyeC.

A mapping f : C — C is called a contraction, if there exists constant 6 € (0, 1)
such that

IfG) —fWIl =0llx—yll YxyeC

In recent years, several types of iterative method have been constructed for fixed
point problems in various settings. One classical method, due to Mann'’ iteration
[4] which is defined by xp € C and

Xpt1 =Xy + (1 —oy)Tx, Vn>0, (4)

where T is a self-mapping on C and {«,} is a sequence in [0, 1]. It is know that
Mann’s iteration process has only weak convergence.

Motivated by IMM (2) and Mann’s iteration (4), Alghamdi et al. [5] introduced
the following two algorithms for a non-expansive mapping 7" for given xg € H
and

X X X X,
et = Xy — by | T (T X ) g (5)
2 2
X X,
Xpt1 = (1 — ty)xy + £, T (%) Vn>0, (6)

where {t,} C (0,1). They proved that the above two algorithms converge weakly
to a point in F(T).
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In 2015, Xu et al. [6] applied the viscosity approximation method introduced
by Moudafi [7] to the IMM for a non-expansive mapping T. They proposed the
following viscosity implicit midpoint method: for given xo € C and

St = anf (o) + (1= @) T (%) V=0, @
where f is a contractive mapping on C and {«,} is a sequence in (0, 1). It was
proved that the sequence {x, } generated by (7) converges strongly to a fixed point
of T.

Later, Ke and Ma [8] improved the viscosity implicit midpoint method (7) by
replacing the midpoint by any point of interval [x,, x,+1]. They introduced the
following generalized viscosity implicit method to approximating the fixed point
of a non-expansive mapping T for given xo € C and

Xn+1 = anf(xn) + (1 —a)T(tpxn + (1 — ty)xpr1) Vn>0. (8)

They also proved that the sequence {x,} generated by (8) converges strongly to a
point in F(T).

However, it is noted that the computation by implicit method is not a simple
task in general because this method need to compute at every time steps and
it can be much harder to implement. To overcome this difficulty, we consider
the method so-called an explicit midpoint method (EMM) which given by the
following finite difference scheme [9, 10]:

Yo = X0,

)_/n-i—l =¥n + hf(yn)) (9)

yn+1:yn+hf(%> Yn>0.

It is generally remarked that the EMM (9) calculates the system status at a future
time from the currently known system status while IMM (2) calculates the system
status involving both the current state of the system and the later one (see [9, 11]).

In 2017, Marino et al. [12] combined the generalized viscosity implicit mid-
point method (8) with the EMM (9) for solving the fixed point problem of
a quasi-non-expansive mapping T. They introduced the following generalized
viscosity explicit midpoint method: for any x; € C and

Xn1 = Buxn + (1 — Bn) Txy,

10
Xn+1 = Olnf(xn) + (1 = ap)T(tpxy + (1 — t)xXpy1) Yn>1. (10

They also showed that the sequence {x,} generated by (10) converges strongly to a
fixed point of T under certain assumptions imposed on the parameters {c,,}, {8}
and {t,}.
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On the other hand, let us consider the following variational inclusion problems:
find x* € H such that

0 € (A + B)x*, (11)

where A : H — H is an operator, B : H — 2 is a set-valued operator and 0 is
a zero vector in H. The solutions set of (11) is denoted by (A + B) 710 := {x €
H :0 € (A+ B)x}. This problem includes, as special cases, convex program-
ming, variational inequalities, equilibrium problem, split feasibility problem and
minimization problem. To be more precise, some concrete problems in signal
processing, image recovery, statistical regression and machine learning can be
modelled mathematically as this form (see [13-16]).

One of the most successful methods for solving problem (11) is for-
ward-backward algorithm (FBA) ([17-20]) which is given by x; € H and

Xny1 = [+ AB) "' (x, — AAx,) Vn=>1, (12)

where A > 0. In the context of this method, the operators (I +AB)~! and I —
AA are often referred to as the backward and forward operators, respectively.
However, this method has only weak convergence.

In order to obtain strong convergence result, Takahashi et al. [21] (see also
[22]) proposed the following modified FBA based on Halpern’s iteration: for any
u,x] € Hand

Xnt1 = gt + (1 — an)])li, (xn — AAxy) VYn=>1, (13)

where A : H — H is a monotone operator, B: H — 2H is a maximal monotone
operator and ]fn := (I + A,B)™! is a resolvent operator of B. They proved that
the sequence {x,} generated by (13) converges strongly to a point in (A + B) 0.

Lépez et al. [23] proposed the following modified FBA with error sequences
{an}, {by} in g-uniformly smooth and uniformly convex Banach spaces E: for
given u, x; € E and

Xpr1 = opu+ (1 — an)(])li (xn — An(Axp +ap)) +by) VYn=>1 (14)

where]fn = (I + A,B)~L, {Ay} C (0,00)and {a,} C (0, 1]. They proved that the
sequence {x,} generated by (14) converges strongly to a point in (A + B) 0.

In [24], Cholamjiak proposed the following new general type of FBA for
accretive operators with error {e,} in Banach spaces E: for given u, x; € E and

Xnt1 = Oyt + NpXy + (Sn])l?n(xn — AAxy) +e, Yn>1, (15)

where ]fn = (I + AB) L, {An} C (0,00) and {at}, {11}, {8} are sequences in
[0,1] with o, + 1 + 8, = 1. He proved that the sequence {x,} generated by (15)
converges strongly to a point in (A + B) 10 under some appropriate conditions.
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Shehu and Cai [25] extended iterative method (13) by combining the viscosity
approximation method and FBA in a uniformly smooth and uniformly convex
Banach space E: for given x; € E and

Xng1 = nf (5n) + (1= @n)]} (6w — AnAxy) V=1, (16)

where f : E — E is a contraction with a constant 6 € (0, 1), {A,} C (0,00) and
{an} C (0, 1). It was proved that the sequence {x,} generated by (16) converges
strongly to a point in (A + B) ™10 under some appropriate conditions.

In 2018, Chang et al. [26] proposed the following strong convergence theorem
of a generalized viscosity implicit rules for solving the variational inclusion
problem (11) in a g-uniformly smooth and uniformly convex Banach space.

Theorem 1.1: Let E be a q-uniformly smooth and uniformly convex Banach space.
Let A : E — E be an a-isa of order q and B : E — 2F be an m-accretive operator
such that (A + B)~'0 # 0. Let f : E — E be a 0-contractive mapping with 0q €
(0,1). Let {x,} be the sequence generated by x; € E and

X1 = Unf (n) + (1 — @) ]2 (I — 2A) (tpxn + (1 — t)xpg1) V> 1, (17)

where J2 := (I + AB)™1, k, is the g-uniform smoothness coefficient of E, {t,} and
{ay} are sequences in (0, 1) and X is a positive real number satisfying the following
conditions:

(C1) limyooay =0andy o2 oy = 00;
(C2) Y0l lant1 — ol < 00

(C3) 0<e=<ty<ty1 <1

(C4) 0 <A< (ozq//cq)l/(q_l).

Then {x,} converges strongly to x* = Qa1 p)-1of (x*), where Qa4p)-1¢ is a
sunny non-expansive retraction of E onto (A + B)~10.

In this paper, motivated and inspired by the works of Chang et al. [26] and
Marino et al. [12], we propose a generalized viscosity explicit method for solv-
ing the variational inclusion problem (11) in the framework of Banach spaces.
We prove its strong convergence of the proposed algorithm under some suitable
assumption on the parameters. As applications, we apply our main result to the
variational inequality problem, the convex minimization problem and the split
feasibility problem. Finally, we provide several numerical experiments to illus-
trate the behaviour of the proposed method and compare it with other methods.
The result obtained in this paper improves and extends many known results in
the literature.
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2. Basic definitions and preliminaries

In this section, we collect some preliminary results which will be used throughout
the paper.

Let E and E* be a real Banach space and the dual space of E, respectively. The
modulus of convexity of E is the function g : (0,2] — [0, 1] defined by

lIx+ yll
2)/ :xy € E x| =yl =1 lIx =yl ZG}.

Sg(e) = inf {1 —

The modulus of smoothness of E is the function 0 : RT := [0,00) — R defined

by

lx+ oyl +lx—oyll
2

Op(7) = Sup{ L: x| = Iyl = 1}-

Definition 2.1: Suppose that p, g > 1. A Banach space E is said to be

(1) Uniformly convex if 5g(e) > 0 for all € € (0, 2].

(2) p-Uniformly convex if there is a ¢, > 0 such that 5g(e) > cyef for all € €
(0,2].

(3) Uniformly smooth if lim,_, ¢ 0g(t)/T = 0.

(4) g-Uniformly smooth if there exists a ¢; > 0 such that 0g(t) < ¢474 for all
T > 0.

If E is g-uniformly smooth, then g <2 and E is also uniformly smooth.
Further, E is p-uniformly convex (g-uniformly smooth) if and only if E* is g-
uniformly smooth (p-uniformly convex), where p > 2 and 1 < q < 2 satisty
1/p+1/q = 1. It is well known that a Hilbert space H is 2-uniformly smooth.
Typical examples of both uniformly convex and uniformly smooth Banach
spaces are £, and L, spaces, where p > 1. More precisely, £, and L, spaces are
min{p, 2}-uniformly smooth for every p > 1.

The generalized duality mapping J; : E — 2F is defined by

Jo(0) = {x € E* : (x, %) = |Ix[|9, |1 XI| = [Ix197"},

where (-, -) denotes the generalized duality pairing between elements of E and E*.
In particular, J, := J is called the normalized duality mapping. If E is smooth,
then J; is single-valued, which is denoted by j,. If E: = H is a real Hilbert space,
then] =L
Using the concept of sub-differentials, we know the following inequality:

Lemma 2.2 ([27]): Let ¢> 1 and E be a real normed space with the generalized
duality mapping J,. Then, for any x, y € E, we have

e+ yI17 < IxI1? + g{y, jq(x + ), (18)
where jq(x + y) € Jg(x + ).
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Definition 2.3: Let C a be non-empty, closed and convex subsets of E and Q be
a mapping of E onto C. Then Q is said to be:

(1) Sunnyif Q(Qx + t(x — Qx)) = Qxforallx € Cand t > 0.

(2) Retraction if Qx = x for all x € C.

(3) A sunny non-expansive retraction if Q is sunny, non-expansive and a retrac-
tion from E onto C.

It is known that if E: = H is a real Hilbert space, then a sunny non-expansive
retraction Q is coincident with the metric projection from E onto C. Moreover,
if E is uniformly smooth and T is a non-expansive mapping of C into itself with
F(T) # (), then F(T) is a sunny non-expansive retract from E onto C (see [28]).
We know that in a uniformly smooth Banach space E, a retraction Q : E — C is
sunny and non-expansive, if and only if (x — Qx,jg(y — Qx)) <0 forall x € E
and y € C (see [29]).

Let A : E — 2F be a set-valued operator. We denote the domain of an operator
AbyD(A) = {x € E: Ax # (J}. Let g > 1. An operator A is said to be accretive of
order q if for each x, y € D(A), there exists j;(x — y) € J;(x — y) such that

(u—v,jg(x—») >0, ueAx and veAy.

An accretive operator A is said to be a-inverse strongly accretive (a-isa) of order
q if for each x, y € D(A), there exists @ > 0 and j;(x — y) € J4(x — ) such that

(Uu—vjg(x —y) = o||Ax — Ay|1, ue€ Axandv € Ay.

In a real Hilbert space H, A : C — H is called a-inverse strongly monotone (-
ism).

An accretive operator A is said to be m-accretive if and only if A is accretive and
R(I+ AA) = Eforall A, > 0, where R(I 4+ LA) is the range of I + AA (see [30]).
For an accretive operator A, we can define a mapping J2* : R(I + AA) — D(A) by
]’f = (I + AA)~ ! for each A > 0. Such ]f are called the resolvents of A for A > 0.

Lemma 2.4 ([31]): The following statements hold:

(1) IfJ{ is a resolvent of A for A > 0, then J{* is a single valued non-expansive
mapping with F(]f) = A~10, where A710 = {x € D(A) : 0 € Ax}.

(2) Ina real Hilbert space, an operator A is m-accretive if and only if A is maximal
monotone.

Let A : E — Ebean a-isa of order gand B : E — 2F an m-accretive operator.
In what follows, we shall use the following notation:

T, =J3(1—2A) = U+ AB)" 1T —2A), 1 >0.
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Lemma 2.5 ([23]): The following statements hold:

(i) ForA > 0,F(Ty) = (A+ B)~10.
(ii) For0 <A <sandx € E, ||x — Thx| <2|x — Tsx|.

Lemma 2.6 ([23]): Let E be a uniformly convex and g-uniformly smooth Banach
spaces. Assume that A is a single-valued a-isa of order q in E. Let r > 0, there exists
a continuous, strictly increasing and convex function ¢ : RT™ — R with ¢ (0) =0
such that

I Tox — Topll? < llx — ylIl9 — Mg — 197 kg) [|Ax — Ayl
— ¢ (1T =TT — AA)x — (I — TH(T — LAyl

forallx,y € B, := {x € E: ||x|| < r}, where k is the q-uniform smoothness coef-
ficient of E. In particular, if 0 < & < (cq/kq)"/ 4™V, then T}, is non-expansive.

Lemma 2.7 ([32]): Let C be a non-empty, closed and convex subset of a uniformly
smooth Banach space E. Let T : C — C be a non-expansive self-mapping such that
F(T) # Y and f : C — C be a contraction with coefficient 6 € (0, 1). Then a net
sequence defined by z; = tf(z;) + (1 — t)Tz;, ¥V t € (0,1) converges strongly as
t — 0 to a point x* € F(T).

Lemma 2.8 ([33]): Assume {s,} is a sequence of non-negative real numbers such
that
Snt1 < (1 =8u)sy +0utw Vn>1
and
Sntl <Sp—NMn+6, VYn>1,

where {5,,} is a sequence in (0,1), {n,} is a sequence of non-negative real numbers
and {t,}, and {6,,} are real sequences such that

(i) ZOO 8y = 00;
(i) limy,_ o0 6, = 0;
(iii) limg oo Ny, = 0 implies limsup,_, . T, < 0 for any subsequence of real
numbers {ny} of {n}.

Then lim;_ o0 5, = 0.

3. Main result

In this section, we propose a generalized viscosity implicit rule for solving the
variational inclusion problem (11) and prove its strong convergence theorem of
the generated sequence by the proposed method.
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Theorem 3.1: Let E be a real uniformly convex and q-uniformly smooth Banach
space E. Let A : E — E be an a-isa of order q and let B : E — 2F is an m-accretive
operator. Let f : E — E be a contraction with a constant 6 € (0,1). Assume that
(A + B)~10 # 0. For any x1 € E, let {x,} be a sequence generated by

Xni1 = Buxn + (1 — B)]s (Xn — AnAxy),

Xng1 = nf () + (1= @)]F (I = kpA) (tnXn + (1 — t)Xn11) V1= 1,
(19)
where {A,} C (0,00), and {at,}, {Bn} and {t,} are sequences in (0, 1) which satisfy
the following conditions:

(Cl) hmn—>oo o, =0 and Zzozl oy = O0;
(C2) liminf, e (1 —t,)(1 — By) > 0;
(C3) 0 <liminf, o0 Ay <limsup,_, A, < (aq/Kq)l/(q—l).

Then {x,} converges strongly to an element x* = Q1p)-1f(x*), where
Q(A+B)710 is a sunny non-expansive retraction of E onto (A + B)_IO.

Proof: For eachn > 1, put T), :== ]fn(l — AnA). Let z € (A + B)~!0 and by the
non-expansivity of T, we have
[Xn+1 = 2|l = [|1Bn(xn — 2) + (1 = Bu) (Tuxn — Th2)||
< Bullxn — 2zl + (1 = B I Tnxn — Tzl
< Bullxn — 2|l + (1 = B llxn — 2|
= |lxn — zl|.

It follows that

lxn41 = 2l = lln(f (%) — 2) + (1 — @) (Tp(tnxn + (1 = tw)Xn41) — Tr2) |l
=< anllf (xn) — zll + (1 — o) I T (tnxn + (1 — tp)Xnt1) — Tzl
= anllf (xn) — f (DI + anllf (2) — 2l
+ (@ —ap)lltn(zp — 2) + (1 — ) (Xnt1 — 2|
< anblxn — zll + (A — an) (tllxn — 2l + (A = t) [ Xn1 — 2[)

T anlf@ — I

=anf|lxn — 2| + (1 —ap)tullxn — zl| + (1 — an) (1 — ty) [l xn — z||
T anllf@) 2l

= (= (1=l — 2l + (1~ 0, LD

smax{||xn—z||,”f(f)_—_ez”}.
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By induction, we obtain

zZ)— 2
e — 2]l < max{||x1 —z||,”f(l)—9”} Vi1

Hence {x,} is bounded. For each n > 1, put z, := t,x,, + (1 — t,,)Xp4+1. Let x* =
Qa+p)-1of (x*). By Lemma 2.6, we have

I Twzn — x* 119 = I} (I = AnA)zw — T (I — ApA)x* |1
—1
< llzn — x* 11 — Anotg — A} kg)[|Azy — Ax*|1

— ¢(lzn — AnAzy — Tnzn + LuAx™|)). (20)
In a similar way, we also have

—1
I Tuxn — x*”q < llxn — x*”q — An(ag — )\Z Kq)”Axn - Ax*”q

— ¢ (lxn — AnAxy — Tyx, + )\nAx*“)'
It follows that

llzn — X" < tullxy — x* |94+ (1 = t) | Xny1 — x|
< tullxn — x|+ (1 — t,)
X [Bullxn — 19+ (1 = Bu) | Tuxn — x*|17]
< tullxn — 1T+ (1 — t,)

x [ Ballgo = 517 4+ (1 = B) (Jltw = 519 = 2nlrq = 28 'kp)
X[1A%, = A |9 = @ (55 = AnAxy — T + 2] )
< oo =21 = (1 = 1) (1 = B) (Anlag = A7 k1A%, — AX°)
(%0 — A% — T + AnAx"])) @)
Substituting (21) into (20), we get
1Tz = 519 =l = 217 = (1= t)(1 = B) (Raleg = 21

x [[Axy — AX*“q + @ (llxp — AnAxy — Tyxy + )‘nAx*”)>

— nleq = 21 kg Az, — Ax |1
— ¢ lzn — AAzy — Tyzy + )knAx*”)- (22)
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From Lemma 2.2 and (22), we have

| %n41 — 2|14
= llotn(fGen) — ) + (1 = @) (Tuza — x)[19
= llotn(FCen) — (") + an(f (") = %) + (1 = at) (Tpzy — x*)|
< llotn(f ) — (X)) + (1 = at) (Tyzn — x*)|
+ qon (f () — x*, jg(Xny1 — 7))
< anllfGon) = FE N+ (1 = )| Tuzn — x*[19
+ ot {(f () = 1%, jg(ng1 — x¥))
< anllfGon) = FENT 4+ (1= ) [0 — 2519 = (1 = )1 = B)
x (An(ag — A3 ke [ Axy, — Ax*|9
+ D Ixn — AnAxy — T + 2nAX*[)) = Anlaq — 1h kg 1Az, — Ax*[9
— ¢ lzn — MnAzn — Tuzn + AnAx* D] + qanlf &) — x*, jg(nt1 — X))
< (1= (1= )atn) 10 — X119 — Ky (hnlerq — AL i) [ Axy — Ax*[19
+ ¢ (1%n — AnAxn — Toxn + AnAx*])
— (1= o) (An(aq — 25 k) 1Az, — Ax* |1
+ ¢ (2w — MnAzy — Tuzn + AnAxT|)))
+ qon (f () — x*, jg(xng1 — X)), (23)

where K, := (1 — a,)(1 — t,)(1 — B,,). We note that liminf, ,, K, > 0 and
liminf,_, o0 An(ag — A(Z,_lxq) > 0. For each n > 1, we set

Sy = “.Xn - x*”qr
6n:=(1—=60)ay,
T = T () = ¥y — ),

M = KnGun(arg — 2 ieg) [ Axy — Ax*||4
+ ¢ (1% — AnAxy — T + AnAx*]))
+ (1 — ) hnleg — A1 k) | Azy — Ax*||4
+ ¢ (lzn — MnAzy — Tuzn + AaAx*|)),

O+ = qtn{f (X*) — X" jg(ng1 — x¥)).

Then (23) reduces to the following formulae:

Snt1 < (I =68p)sn+ 6ty Yn=>1 (24)
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and
Sl <Sp—NMn+6, VYn>1 (25)

By (C1), we see that Y - | 8, = 0o and lim,_, o 6, = 0. In order to complete
the proof, using Lemma 2.8, it remains to show that limy_, o 17, = 0implies that
lim sup;_, o, Ty, < O for any subsequence {1, } of {1, }. Let {n} be a subsequence
of {n} such that limy_, o, 74, = 0. So by our assumptions and the properties of ¢,
we obtain

lim ||Az,, —Ax"|| = klim zn, — AneAZn, — Tppzn, + A Ax || =0
—00

k— o0
and
lim [|Ax,, — Ax™|| = lm |lxp, — AnAxp, — TniXn, + Ao Ax™|| = 0.
k—o0 k—o0
Consequently,
lim || Ty, 20, — 2nll =0 and  lim || Ty x4, — X |l = 0. (26)
k—00 k—00

Since liminf,_ oo Ay > 0, there is A > 0 such that A, > A for all n > 1. In
particular, A,, > A for all k > 1. Then, by Lemma 2.5 (i), we have

” T)ank - xnk” = 2”Tnkxnk — Xny ||

From (26), we obtain

lim || Txn, — x|l = 0. (27)
k—00

Let z; = tf(z1) + (1 — t)Thzt, YVt € (0,1). Then it follows from Lemma 2.7
that {z;} converges strongly to a fixed point x* € F(T;) = (A + B)~'0. From
Lemma 2.2, we have

lze = xn, 19 = [1£(f (2) — %) + (1 — O(Toze — X)) |14

< (A=) Tz — x|+ qt{f (z1) — Xy g (2t — X))

= (1 = ) Trzt — x, 17 + qt{f (z0) — 21 jg (2t — X))
+ qt(zt — Xy jg(2t — X))

< (1= 09I Taze — Todm |l + I Taxm, — xn,11)
+ qt(f (z) — z0,jg(ze — Xu)) + qtllze — xu |l

< (1= 09(llzt — x|l + I Taxn, — X [1)?
+qt{f(z0) — z1,jq(zt — %)) + qtllze — x4, 1%,
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which implies that
(1—p1
qt
qt —1
qt

(f(zt) - Zt:jq(xnk - Zt)) =< (”Zt - xl’lk” + ”T)uxnk - xl’lk”)q

+

llze — xn 1.
From (27), we obtain

| | (1—p1  gt—1
lim sup(f(z) — zt, jq(on, — 21)) < M+
k—o00 qt qt

1—1)4 t—1

— (( ) +q >M, (28)
qt

where M = limsup,_, o [zt — x5, 119, t € (0,1). We see that ((1 — )T+ gt — 1)/

gt — 0 ast — 0. Since j; is norm-to-norm uniformly continuous on bounded
subsets of E and z; — x*, we have

M

g (xne — 20) — jg(Xn, — X)) = 0 ast — 0.
So we have
[(f (zt) — 215 jq(Xm, — 20)) — (f(X™) — &7, jg (%0, — %))
= [{f(zr) = f(x™) + f(x") = X" 4+ X" — 24, jig (o6n, — 21))
— (f(x™) — X", jig (o, — X))
= [{f(z1) = f(&"),jq(tm, — 20)) + (f (&™) — X%, jg (on, — 20))
+ (" — 24, jg(Xn, — 20)) — (f(XT) — &7, jg (o, — %))
< Hf &™) = x5, jg(m, — 20) — jg(eme — XN+ 1{f (20) — (), jg(xm, — 20))]
+ ™ — 2t jg (xn, — 20))
< If (*) — %" ljg(n, — 26) — Jig(Xme — Xl
+ (L4 0) izt — x*[[lxn, — 2|97
Hence as t — 0, we have
(f(zt) = 212 jg(xn, — 20)) = (f(x*) — x™, jig (xn, — x¥)).

From (28), as t — 0, it follows that

lim sup(f (x™) — x*, jq(xy, — x*)) < 0. (29)

k— o0
On the other hand, we have
|| Tnkzn — Xny || = || Tnkznk — Zny ” + ”Zl’lk - xnk”
= ”Tnkznk - an” + (1 - tnk)(l - ,Bnk)”Tnkxnk - xnk”

= ”Tnkznk - an” + ”Tnkxnk - xi’lk”-
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This together with (26) implies that

lim || Ty, 20, — Xn, |l = 0. (30)
k—o00
Further, we have

”xnk—i—l - xnk” = ||xnk+1 - Tnkznk” + ”Tnkznk - xnk”

= ank”f(xnk) - Tnkznk” + ”Tnkznk - xnk”-
This together with (30) implies
lim [|x41 — xn | = 0. (31)
k—o00
Combining (29) and (31), we get

lim sup(f (x*) — x*, jg(xn,+1 — x™)) < 0. (32)

k— 00

This implies that limj_, o 74, < 0. Then, by Lemma 2.8, we conclude that
lim,_, s, = 0. Hence x, — x™ as n — o0o. This completes the proof. |

Remark 3.2: We point out main issue on our work as follows:

(1) The method of proof of our result is very different from ones of [12, 21, 26,
34-37]. In particular, we remove the assumptions ‘ZZ’;I |atpt1 — o] < 00
and ‘0 <€ <t, <ty4+1 <1 in Theorem 3.1 of [8, 26, 34]. Moreover, we
remove the assumption limy,_, oo (Ay4+1 — A») = 0 in Theorem 3.1 of [37].

(2) The method of proof of our result is more simple with respect to the result
of Chang et al. [26].

From [38], we obtain the following results.

Corollary 3.3: Let E:= £, (or Lg) with1 < q < 2. Let A: E — E be an a-isa of
order q and let B : E — 2F is an m-accretive operator. Let f : E — E be a contrac-
tion with a constant @ € (0, 1). Assume that (A + B)~10 # . For any x; € E, let
{xn} be a sequence generated by

Xny1 = Bnxn + (1 — ,Bn)])l?n (xn — AnAxy),
Xng1 = nf () + (1= )]} (I = kA (tnXn + (1 — t)Xu11) Yn > 1, (33)

where {1} C (0,00), and {a,}, {Bn} and {t,} are sequences in (0, 1) which satisfy
the following conditions:

(Cl) hmn—>oo Oy = 0 and Zzozl oy = O0;
(C2) liminf, (1 —t,)(1 — By) > 0;
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(C3) 0 <liminf, oo Ay <limsup,_, A, < (ozq//cq)l/(q—l), where kg =

1+ tg_l)/((l + tq)q_l) and ty is the unique solution of the equation (q —
DL+ (-2 —1=0,0<t < 1.

Then {x,} converges strongly to an element x* = Q1p)-1f(x*), where
Q(A+B)710 is a sunny non-expansive retraction of E onto (A + B)_IO.

Corollary 3.4: Let E := ¢, (or L,) with2 < p < oo. Let A: E — E be an a-isa
of order 2 and let B : E — 2F is an m-accretive operator. Let f : E — E be a con-
traction with a constant 6 € (0, 1). Assume that (A + B)™10 # (. For any x; € E,
let {x,} be a sequence generated by

Xnr1 = Bnxn + (1 — ,Bn)])l?n (Xn — AnAxy),

Xng1 = onf (%) + (1= a)J5 (I = AgA) (tnXn + (1 = t)Xpy1) V> 1,
(34)

where {1} C (0,00), and {a,}, {Bn} and {t,} are sequences in (0, 1) which satisfy
the following conditions:

(Cl) 11mn—>oo oy = 0 al’ld Ziozl oy = O0;
(C2) liminf, ,oo(1 —t,)(1 — By) > 0;
(C3) 0 <liminf, o0 Ay <limsup,_, An <20/(p—1).

Then {x,} converges strongly to an element x* = Q1p)-1f(x*), where
Q(a+B)-10 is a sunny non-expansive retraction of E onto (A + B)~!o.

Corollary 3.5: Let H be a Hilbert space H. Let A : H — H be an a-ism and let
B: H — 2H be a maximal monotone operator. Let f : H — H be a contraction
mapping with a constant @ € (0,1). Suppose that (A + B)~10 # @. For any x; €
H, let {x,} be a sequence generated by

Xnr1 = Bnxn + (1 — ,Bn)])lil (X0 — AnAxy),
Xng1 = onf (%n) + (1= a)J5 (I = AgA) (tnXn + (1 = t)Xn1) V> 1,
(35)

where {1} C (0,2«a), and {o,}, {Bn} and {t,,} are sequences in (0, 1) which satisfy
the following conditions:

(C1) limyooay =0and ) o2 oy = 00;
(C2) liminf, oo (1 — t,)(1 — By) > 0;
(C3) 0 <liminf, oo Ay <limsup,_, A, < 20

Then {x,} converges strongly to an element x* = P, p)-10f (x*), where
Pa1p)-1¢ is a metric projection of H onto (A + B)~!o.
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4. Some applications
4.1. Application to variational inequality problem

Let C be a non-empty, closed and convex subset of a real Hilbert space H. Let A :
C — H be a nonlinear monotone operator. The variational inequality problem
(VIP) is to find x* € C such that

(Ax*,z —x*) >0 VzeC. (36)

The set of solutions of VIP is denoted by VI(C, A). Let ic be an indicator function
of C given by

0, ifxe G
ic(x) = 37
c®) oo, ifxé C. (37)

Denote N¢ the normal cone of C, i.e.
Nc(uw) ={z€eH:{(z,v—u) <0,VveC}

It is also known that ic is proper convex and lower semi continuous function
and sub-differential dic is maximal monotone operator (see [39]). We define the
resolvent operator J f’c ofic for A > 0 by

17 (x) := (I 4+ 2ic) " (x) VxeH,
where

dic(u) ={ze H:ic(v) 4+ (z, v—u) <ic(u), Yu € H}
={zeH:(z,v—u) <0,Y¥ve C} =Nc(u), ue C.

So we have

U= ]iic(x) & x—u € ANc(u)
S x—uv—u) <0 VYveC
< u = Pc(x),
where P¢ is the metric projection from H onto C. Further, we also have (A +

dic)~10 = VI(C, A) (see [37]).
If we set B = dic in Theorem 3.1, then we obtain the following result.

Theorem4.1: Let A : C — H beana-ism such that VI(C,A) # (. Letf : C — C
be a contraction with a constant 6 € (0, 1). For any x; € C, let {x,} be a sequence
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generated by

Xn1 = Bnxn + (1 — Bu)Pc(xn — ApAxy),

Xn4+1 = anf(xn) + (1 —ap)Pc — AA)tnxny + (1 — t)Xpr1) Yn=>1,
(38)

where {An} C (0,2a), and {an}, {Bn} and {t,} are sequences in (0, 1) which satisfy
the following conditions:

(C1) limyooay =0andy ;2 oy = 00;
(C2) liminf, oo (1 —t,)(1 — By) > 0;
(C3) 0 <liminf, o0 Ay <limsup,_, An < 20.

Then {x,} converges strongly to a point in VI(C, A).

4.2. Application to convex minimization problem

Letg : H — R be a convex smooth function and h : H — R be a proper convex
and lower semicontinuous function. The convex minimization problem is to find
x* € H such that

(") + h(x") = min{g(x) + h(x)}. (39)

By Fermat’s rule, it is known that the problem (39) is equivalent to the problem
of finding x* € H such that

0 € Vg(x*) + dh(x*),

where Vg is a gradient of ¢ and 94 is a subdifferential of h. It is also known if Vg
is (1/a)-Lipschitz continuous, then it is also a-ism (see [40]). In fact, we can set
A = Vgand B = 0h in Theorem 3.1. So we obtain the following result.

Theorem 4.2: Let g : H — R be a convex and differentiable function with (1/a)-
Lipschitz continuous gradient Vg and let h: H — R be a convex and lower
semicontinuous function such that g + h attains a minimizer. Let f : H — H be
a contraction with a constant 6 € (0, 1). For any x; € H, let {x,} be a sequence
generated by

Fnp1 = Buxn + (1= B2 Gew — AnVg(xn))s

Xnp1 = 0nf (n) + (1 — )P — Ay V) (tnn + (1 — t)¥ns1) V1> 1,
(40)

where {A,} C (0,2a), and {an}, {Bn} and {t,} are sequences in (0, 1) which satisfy
the following conditions:
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(C1) limyooay =0andy ;2 oy = 00;
(C2) liminf, (1 —t,)(1 — By) > 0;
(C3) 0 <liminf, o Ay <limsup,_,  An < 20.

Then {x,} converges strongly to minimizer of g+ h.

4.3. Application to split feasibility problem

Let C and Q be non-empty, closed and convex subsets of Hilbert spaces H; and
H,, respectively. Let T : Hy — H, be a linear bounded operator with its adjoint
T*. The split feasibility problem (SFP) is to find

x* € C suchthat Tx* € Q. (41)

The SFP can be used to model the intensity-modulated radiation therapy (see
[41-43]). To solve the SFP (41), we can rewrite it as the following convexly

Table 1. Comparison of Algorithm (19), Algorithm (17), Algorithm (15) and
Algorithm (16) for Example 5.1.

Algorithm (19) Algorithm (17) Algorithm (16) Algorithm (15)

Case 1 No. of Iter. 34 43 44 1806
Case 2 No. of Iter. 34 43 44 803
N -
\\ > Algorithm (19)
ENUERE e Algorithm (17)
. ~
AN ~< = Algorithm (16)
100+ ) \, ~ - — — — Algorithm (15) | |
c
L
10°T

5 10 15 20 25 30 35 40
Number of iterations

Figure 1. The error plotting of iterations in Case 1.
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NS )
\\\ - Algorithm (19)
AN T~ - Algorithm (17)
AN\ A Algorithm (16)
0L AR ~ . 4
10 \ ~ — — — Algorithm (15)
\ N\ -
\ ™~ ~
\ ~ ~
\ T~ ___
\\
\\
e\
105+ T
5 10 15 20 25 30 35

Number of iterations

Figure 2. The error plotting of iterations in Case 2.

Table 2. Comparison of Algorithm (19), Algorithm (16) and Algorithm

(15) for Example 5.3.
Algorithm (19) Algorithm (16) Algorithm (15)
Case 1 No. of Iter. 2028 4052 12,204
CPU 04311 0.4707 1.4134
Case 2 No. of Iter. 3776 7547 22,718
CPU 13.8184 13.9072 41.6642
Case 3 No. of Iter. 7347 14,688 44,201
CcPU 100.2134 100.3403 302.2716

constrained minimization problem:

min g,

where g(x) := %II (I—Pq) Tx||%. Note that the function g is differentiable convex
and has a Lipschitz gradient given by Vg = T*(I — Pg)T. Further, Vgis 1/| T||?-
ism, where || T||? is the spectral radius of T*T (see [13]). Thus, we have the SFP
equivalent to the variational inclusion problem (11) with A = Vg and B = dic.
It follows that

0 € Vg(x*) + dic(x™) & 0 € x* 4+ Adic(x™) — (x* — AVg(x™))
& xF —AVg(x*) € x* + Adic(x™)
& x*F = (14 Adic) ' (x* — AVg(x™))
& X" = Po(x™ — AVg(x")).
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Original signal ( N=1,024, M=512, 30 spikes )

0 T T
| il |
_1 1 1 1 1 1 1 1 1 1
100 200 300 400 500 600 700 800 900 1000
Measured values with noise ( SNR=40 )

10

0

-10F
1 1 1 1 1 1 1 1 1 1

50 100 150 200 250 300 350 400 450 500

ftecovered signal by Algorithm (19) ( 2,028 iterations, CPU=0.4311)

of- ‘ I

100 200 300 400 500 600 700 800 900 1000

fiecovered signal by Algorithm (16) ( 4,052 iterations, CPU=0.4707 )

Or ‘ \‘

100 200 300 400 500 600 700 800 900 1000

I?ecovered signal by Algorithm (15) ( 12,204 iterations, CPU=1.4134 )

o ‘ I

_1 1 1 1 1 1 1 1 1 1
100 200 300 400 500 600 700 800 900 1000

Figure 3. Comparison of recovered signal by using different algorithms in Case 1.

Theorem 4.3: Let C and Q be non-empty, closed and convex subsets of Hilbert
spaces Hy and Hj, respectively. Let T : Hy — H, be a bounded linear operator with
itsadjoint T* and T # 0. Letf : C — C be a contraction with a constant 0 € (0, 1).
Suppose that the solution sets of SFP is non-empty. For any x; € C, let {x,} be a
sequence generated by

Xnt1 = Bnxn + (1 — Bu)Pc(xy — )MnT*(I - PQ)Txn)>
Xnt1 = Auf (xn) + (1 — ap)Pc(I — Ay T*(I — PQ)T)

X (tnxn + (1 — t)xut1) V=1, (42)

where {A,} C (0,2/|T||?), and {a,}, {Ba} and {t,} are sequences in (0, 1) which
satisfy the following conditions:
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Algorithm (19)
\\ ————— Algorithm (16) | |
\ — — — Algorithm (15)
\
\
N J
L \
)] \
= AN |
\
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Figure 4. MSE versus number of iterations in Case 1.

(C1) limy— ooy = 0and Ziozl o, = 00;
(C2) liminf, (1 —t,)(1 — By) > 0;
(C3) 0 < liminfy— oo Ay < limsup,_, A, <2/ T|%

Then {x,} converges strongly to solution of SFP.

5. Numerical experiments

In this section, we provide numerical experiments to illustrate the behaviour
of the our Algorithm (19) and also compare it with Algorithm (17) in [26],
Algorithm (15) in [24] and Algorithm (16) in [25].

Example 5.1: We consider the example in an infinite dimensional Banach spaces
outside Hilbert spaces which is taken from [24] (see also [44]). Let E = ¢3 and
X = (X1,X2,X3,...) € £3.Let A, B : £3 — {3 be defined by

Ax=2x+(1,1,1,0,0,0,0,...) and Bx =5x forx e {3.

It is to see that A is 1/2-isa of order 2 and B is an m-accretive operator with R(I +
AB) = ¢35 for all A > 0. Moreover,

1—2A A
x_
1454 1+5x

JB(x — 2Ax) = (1,1,1,0,0,0,0,...),
for all x € ¢3. It is not difficult to check that (A + B)~10 = {(—%, —%, —%, 0,0,0,
0,..)}

Since, in 3, wehaveq = 2andk; = 2.Duetoa = %,thenwe can choose A, =

1—10 for all n € N. We take a,, = (1/2n), B, = 1/(3(n+ 1)), 8, = n/(B(n + 3)),
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] Original signal ( N=2,048, M=1,024, 60 spikes )
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0

200 400 600 800 1000 1200 1400 1600 1800 2000

Figure 5. Comparison of recovered signal by using different algorithms in Case 2.

ny=1—@Q/2n) — (n/Bn+3))),t, = %for alln € Nand f(x) = x/2 in those
algorithms. In our numerical experiments, we consider the following two cases
of starting point x1:

Case 1:x; = (71.23,—42.51,—-1.42,0,0,0,...);

Case 2: x1 = (—27.53,—22.47,4.64,0,0,0,...).

Let u be randomly generated in £3. We choose the stopping criterion is E,, =
X441 — %]l < 107°. The numerical results are reported in Table 1 and Figures 1
and 2.

Remark 5.2: From Table 1 and Figures 1 and 2, we see that our Algorithm (19)
has a number of iterations less than Algorithm (17) of Chang et al. [26],
Algorithm (16) of Shehu and Cai [25] and Algorithm (15) of Cholamjiak [24].



OPTIMIZATION 23

Algorithm (19)
————— Algorithm (16)
— — — Algorithm (15)

MSE

1 15 2 2.5
Number of iterations x10%

Figure 6. MSE versus number of iterations in Case 2.

It is shown that our proposed algorithm has good convergence
behaviour.

Example 5.3: In this example, we consider the signal recovery by compressed
sensing which refers to a signal acquisition and reconstruction technique. In
signal processing, compressed sensing can be modelled as the following under
determinated linear equation system:

y=Tx+s, (43)

where x € RY is a vector with m non-zero components to be recovered, y € RM
is the observed or measured data with noisy ¢, and T : RN - RM(M < N)isa
bounded linear observation operator. It is know that problem (43) can be seen as
solving the following LASSO problem:

1
min —||y — Txll% subject to ||x||; < t, (44)
x€RN 2

where ¢ > 0 is a given constant. In particular, if C = {x € RN : ||x|; < t}andQ =
{y}, then the LASSO problem can be considered as the SFP (41).

The sparse vector x € RY is generated from uniform distribution in the inter-
val [—2, 2] with m non-zero elements. The matrix T € RM*N jg generated from
a normal distribution with mean zero and one invariance. The observation y is
generated by white Gaussian noise with signal-to-noise ratio SNR = 40. The pro-
cess is started with t = m and starting point x; is randomly generated in RY. The
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Original signal ( N=4,096, M=2,048, 100 spikes )
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0 Measured values with noise ( SNR=40)
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0
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Figure 7. Comparison of recovered signal by using different algorithms in Case 3.

restoration accuracy is measured by the mean squared error as follows:

1 _
E, = Nuxn —x*|3 <1077,

where x* is an estimated signal of x.

(45)

We perform numerical computations for Algorithm (19) and also compare
with Algorithm (15) and Algorithm (16). Take o, = (1/(1500(n + 5))), Bn =
(1/(3(n410))), t, = (n/(5700(n + 1)), 8, = (n/(3(n+3))), *n =1/|T|?

forallm e N, f(x) =x/2andu = (1,1,...,1) e RN,

In our numerical experiments, we consider the following three cases of N, M

and m:
Case1: N = 1024, M = 512 and m = 30;
Case2: N = 2048, M = 1024 and m = 60;
Case 3: N = 4096, M = 2048 and m = 100.



OPTIMIZATION 25

Algorithm (19)
————— Algorithm (16)
— — — Algorithm (15)
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Figure 8. MSE versus number of iterations in Case 3.

Then the numerical results are reported in Table 2 and Figures 3-8.

Remark 5.4: From Table 2 and Figures 3-8, we see that our Algorithm (19) hasa
number of iterations and cpu time less than Algorithm (16) of Shehu and Cai [25]
and Algorithm (15) of Cholamjiak [24]. It is shown that our algorithm highly
improves those algorithms. This is the primary advantage of our algorithm in
comparison with other algorithms.
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matrices X which satisfy the relation X* =2s5X +/ , where
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I. INTRODUCTION
Let sand 7 be any real number with s> +7>0, s>0
and t# 0 The s, ty-Pell sequences {P,(s,1)} (11is defined by the

recurrence relation
P (s,t)=2sP,_,(s,t)+tP_,(s,t), forall n>2, (LD
with initial conditions P,(s,#) =0 and P,(s,#) =1.In particular,

1
if S:E and ¢ =1, then the classical Fibonacci sequence is

obtained, and if s=¢ =1, then the classical Pell sequence is
obtained. The first few terms of {Pn(s,t)} are 0,1, 2s,
45> +¢,8s> +4¢ and so on. The terms of this sequence are
called (s,7)-Pell numbers and we denoted the n" (s,z) -Pell

numbers by P,(s,). The Binet's formula for the n” (s,r) -Pell
numbers [2]is given by

an_ﬂn

where @ =s++/s> +t and f=s—+/s* +t are the roots of the

characteristic equation x> =2sx+1. We note that  + £ =2s,

a—Lf=2s*+tand aff =—t.

F,(s,0) =

forall ne?, d2)

978-1-5386-3063-1/17/$31.00 ©2017 IEEE

Also, (s,t)— Pell- Lucas sequences {Qn (s,t)} 1y is
defined by
0,(s,t) =250, (s,0)+1Q, ,(s,t)forall n>2, d3)

with initial conditions Q,(s,#)=2 and Q(s,t)=2s. In

1
particular, if s = E and t =1, then the classical Lucas sequence

is obtained, and if s=¢=1, then the classical Pell- Lucas
sequence is obtained. The first few terms of {Q,(s,?)} are

2, 25, 4s* +2¢, 85® +6st and so on. The terms of this sequence
are called (s,f)-Pell- Lucas numbers and we denoted the n"”
(s,t) - Pell- Lucas numbers by Q, (s,7). It can be seen that
0, (s,t)=2sP (s,0)+2tP,_,(s,t) and Q (s,5)=P, (s,t)+
2tP,_(s,t) for all n€Z . The Binet's formula for the n” (s,f)
Pell-Lucas numbers [2] is given by
O, (s,t)y=a"+p" forall neZ, d4

where o and S are the roots of the characteristic equation
which are given in (I.2). Recently, many identities for (s,7) -Pell
and (s,¢) -Pell-Lucas numbers have been studied and proved in
the different ways such as induction, using Binet’s formula and
using matrix methods (see [1-4).

In this paper, we will establish some identities for
(s,t) - Pell and (s,7)- Pell- Lucas numbers by using matrix

method Firstly, we characterize all the 2x2 matrices X which
satisfying the relation X* =2sX +I . After that we establish
some new identities for (s, t)-Pell and (s, t)-Pell-Lucas numbers
by using this property. Throughout this paper, for convenience
we will use the symbol P, and Q, instead of P, (s,r) and
0, (s,1) respectively.



II. MAIN RESULTS

In this section, we first characterize all the 2 x 2 matrices
X which satisfying the relation X? =2sX +# and then by
using this property, we obtain some new identities for (s, t)-Pell
and (s, t-Pell-Lucas numbers. We begin this section with the
following Lemma which is given in (21.

Lemma 2.121If X is a square matrix with X* =2sX +1l,
then X" =P X +tP_|I forall neZ.

n-1

In the following theorem, we characterize the 2x2
matrices X which satisfying the relation X* =2sX +1I.

Theorem 2.2 Let X be arbitrary 2x2 matrix. Then
X? =2sX +4, if and only if X is of the form

a
x{
c

or X = Al, where ie{a,ﬂ}‘

sS—a

J, with det(X) = —t

Proof Assume that X° =2sX +¢I. Then the minimum
polynomial of X must divides x*> —2sx—¢. Therefore, it must
be x—a or x—for x* —2sx—t. In the first case X =al, in
the second case X = £I, and in the third case, since X is 2x2

matrix, its characteristic polynomial must be x* —2sx—¢, so its
trace is 2s and its determinant is — . The argument reverses.

O

From Theorem 2.2 and Lemma 2.1, we get the following three
corollaries.

b
Corollary 2.3 If X :[a ) J, is a matrix with det(X)
s—a

C

—t, then

aP, +1P, bP
X’l —

n

n-1
cP, P

ntl

a

n

J forall neZ.

Proof. By Theorem 2.2, we have X* = 2sX +¢I. Then the
O

result follows from Lemma 2.1.
2
Corollary 24 Let A :L ls :)J, then

An :[

Proof. The result follows from Theorem 2.2 and Lemma 2.1.
O

P

n+l

P

n

n

tP

n-l1

J forall neZ.

542

s 27 +1)
Corollary 252) Let W =] | Then

— s
2

1 >

-0, 2" +0PF,

W" = 2 forall neZ.
Ly 1,
2 n 2 n

Proof. By Theorem 2.2, we have W” = 2sW +¢I. Then
the result follows from Lemma 2.1 and the identities Q, =

2sP, +2tP, ,. O

Let us consider the following lemma, which will be
needed for the results in this section.

2t

2s

2 2
Lemma 2.6 Let A= L 1s (Z)J and B = L 2s J, then

Qn +1
Qn

10,

n-1

A"B=BA" = L J foralln e Z and B* = 4(s> +1)I.

P

n+l

P

n

n

Proof. From Corollary 24, A" = L J It is clear that

n—-1
Qn+l

n

10,

n—1

A"B = BA" ={ J and B> =4(s* +1)I. O

Theorem 2.7 Let m,k € Z with m # 0 and m = 1. Then for all
neN, we have

n (n
(l) P:mwk = ZL,,JZ,’YPW:PW?(PWJ( 5
r=0
- o Sl n—r pr pn-r
(”) an+k = Z r t Ran—l Qr+k'
r=0

Proof. Note that
Wmn+k — (Wm )an — (PmW +1Pm711)an

n n—r pr pn—ryxsr k
"R PTWT W

r
_i n
- r

r=0
Then the results follow from Corollary 2.5.

n

2

r=0

tn—r P/'Pn—rW;‘+k .

m” m-1

Theorem 2.8 Let m,k € Z with m # 0 and m # 1. Then for all
neN, we have



S
3

(i) (45> +41)" P,

2mn+k

2n
Z[ rJ Zn rQ Q2n 'R+k,

r=0
2n

2n
(i) (45" +40)" 0y = Z[ | Jr“"Q;Q;":’QHk,

r=0

4s® + 47" P _Z"H 2041 s o 2o
(iii) (4s” +41) (2n+1)m+k _Z , t 0.0, 0,

r=0

LS 2n+1 2n+l r 2n+l ;
S e

r=0

(iv) (452 +41)" Q(2n+l)m+k

Proof. From Lemma 2.6, we have

BAm _ [anﬂ
Qm

J and B* =4(s*> +1)I.
Then we get that
(BAm )Zn Ak — |:Qm+1

2n
tQm
Qm tQm -1

=(0,A+10, )" A"
2n 2

— z( j 2n erQZn rAr+k
r=0 r

tQm
tQm -1

Since (BA™)*" A = (B?)" A*™ A" = (4s® +41)" A" the

identities (/) and (i) are obtained. The identities (iii) and

(iv)are proved in a similar way. O

Theorem 29 Let ne N and m,k € Z with m #0. Then

n

2

() 2", = Z(zn ](4s2+ 41" PX Q" Q,
r=0 r
. i

[ ](4S2+ 4t)r+l PrfrHQ:l—Zr—l})k ,

(i) 2P, =

e
( ](4S2+4t)rP5'QZ'2'E¢
=\ 2r
2

r=0

[ J(4S +4t) P2r+l n-2r— Qk

Proof Let H=W +tW™", we have

2
{0 4(50”) J Then H>=(4s> +41)l,

1
HY =(4s> +46Y I and H*" = (45> +41) H.
lQm 2(s* +1)P,
Thus W" =| 2 ——(P,H+Q,]),
1y 1y 2
2 m 2 m

543

and therefore

n

Wmn — (Wm no_

m

PO""H"
2” r= O{rj "’Q

n 2r Qn
2,, pors 2 m m

1 { 2 J n
+— P2r+lQn—2r—]H2r+] ,
= g A

2rH2r

and
n n-1
1 ZE: n PZrQn—ZrH2r+ 1 ZT: n P2r+lQn—2r—lH2r+l
= 2 &\ 2p 1) 2
1 \‘EJ n]PZrQn—Zr("_ 2+4t)r1
S
2" ~ 2r m =m
n-1
1 L J 2 ] 2r-1
2—2 N LA U CR D
0
Thus,
N

Wmn —

n
P2r n-2r 4SZ+4trI
s

n-1

1 \‘TJ n
+— PO (4s*+ 4t H. (IL1)
2" =\ 2r+1

Multiplying each side of dL.1)by W*, we get

B

1 n
Wmn+k - 4Sz+4t rPZr n—Zer
n—-1
1 [ 2 J
2_nz (4S +4t) P2r+1Qn -2r- lHWk
Since
%erwk z(s2 +t)Pmn+k
Wmn+k —
1 1
5 Pmn+k 5 Qnm+/<
and
) 2(s* +1H)P, 2(s*+1)Q,
HW" = 1 s
EQk 2(s” +0)F,

we obtain the result.

Theorem 2.10 Let m,n € Z. Then



@) Bk,
(i) 0,10, —Q; =4(s" +1)(-0"",
(@i0) Q,., = Qb +1Q,F,

) (=9"Q, , =F,.0,-F,0,.

() P,,,=P,P,, +tP, P,

m” n+l m—1"n>

_RIZ — _(_t)”_l,

o) (=9"F,, =EF,F, —F,,F,

m+l-n*

Proof. Since det(A") = (det(A))" and

det(BA") = det(B)(det(A))", the identities (i) and (i) are
obtained. Next, Since BA"™" =(BA")A" and BA"™" =
B(A"A™)= A"(BA™), the identities (iii) and (iv) follow from

Lemma 2.6. Also, the identities (v) and (vi)are proved in the same
fashion as above by using Corollary 2.4 and the properties

A" = A" A" and A" = A" A", and therefore the
proof is completed. O

Theorem 2.11Let ne N and m,k € Z with (-t)" —Q, #—1.
Then

() Q0inik = Qs Qs +4(s* +1)(=1) P, P,

(i) 0.0,., « =4’ +DP, P, +(-1)°0, 0, ;>

(iiiy QP,,, = PO, . + ()P0, .

b
Proof. Let a :%and X = a with det(X)=—r.
Qk c Ss—a

Then by Corollary 2.3, we get

aP +tP | bP
XVI — n n n
¢h, P, -aP,
_ 1 {Qm +1Q,P, bQ,P, }
O cQ,F, O b — Ok,
By Lemma 2.10 ¢ii) and @v), we have
Xn _ Li‘ Qn+k kaPn J
Qk CQkPn (_t)k Qn—k
Qk+l

Since det(X)=—tand a = , it follows that

k

be = Qk+2Qé2_ Qk2+l _ 4(S2 -22[2)(_[),(

If we consider the matrix multiplication X" = X" X",

, by Lemma 2.10 ().

then we get the result. O

Theorem 212 Let n€ N and m,k € Z with ()" -Q,, #—1.
Then

(l) PkPm+n+k = Pm+k Pn+k - (_l)k PmPn >
(i) BB, = BB, ~(-1)'F,_ P,
(iii) P.P,., = P,P,..,—~(-)'B,P,_,.

a

P _ Pk+1 _
roof. Let a= P and X =

k

J with det(X) =—t.

c 2s—a

Then by Corollary 2.3, we get

. _|ak+tP, bR,

{ P, m—aﬂJ

| [R.B+IBE.,  DRP,
:E{ cRP, ﬂm—ma}'

By Lemma 2.10 (v)and (vi), we have

g L] B BRE
Blenp P

P
Since det(X)=~tand a= ;:1 , it follows that
k

PP -P (=)
be = k=2 ;2 kel — (Pz) , by Lemma 2.10 ().
k k

If we consider the matrix multiplication X" = X" X",
then we get the result. O
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Abstract: Self-dual codes over finite fields and over some finite rings have been of interest and extensively
studied due to their nice algebraic structures and wide applications. Recently, characterization and
enumeration of Euclidean self-dual linear codes over the ring F, + uF, + u?F, with u® = 0 have
been established. In this paper, Hermitian self-dual linear codes over F, + uF, + u’F, are studied
for all square prime powers q. Complete characterization and enumeration of such codes are given.
Subsequently, algebraic characterization of H-quasi-abelian codes in Fy[G] is studied, where H < G
are finite abelian groups and Fy[H] is a principal ideal group algebra. General characterization and
enumeration of H-quasi-abelian codes and self-dual H-quasi-abelian codes in F,[G] are given. For
the special case where the field characteristic is 3, an explicit formula for the number of self-dual
A X Zsz-quasi-abelian codes in Fzm[A X Z3 x B] is determined for all finite abelian groups A and B
such that 3 { |A| as well as their construction. Precisely, such codes can be represented in terms of
linear codes and self-dual linear codes over Fsm + uFsm + u?Fsm. Some illustrative examples are
provided as well.
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1. Introduction

Self-dual linear codes over finite fields form an interesting class of linear codes that have been
extensively studied due to their nice algebraic structures and wide applications (see [8], [11], [12], [22]
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non-linear codes such as the Kerdock, Preparata and Goethal codes are the Gray images of linear codes
over Zy in [7]. In general, families of linear codes and self-dual linear codes over finite chain rings are now
become of interest. In [16], the mass formula for Euclidean self-dual linear codes over Z,s has been studied.
Characterization and enumeration of Euclidean self-dual linear codes over the ring F, + uF, + u*F, with
u3 = 0 have been given in [3].

Algebraically structured codes over finite fields such as cyclic codes, abelian codes and quasi-abelian
codes are another important family of linear codes that have been extensively studied for both theoretical
and practical reasons (see [2], [8], [10], [11], [12] and references therein). In [10], H-quasi-abelian codes
and self-dual H-quasi-abelian codes in F,[G] have been studied in the case where F,[H] is semisimple

To the best of our knowledge, Hermitian self-dual linear codes over F, + uF, + u*F, and non-
semisimple H-quasi-abelian codes in F,[G] have not been well studied. The goals of this paper are to
investigate the following families of linear codes and their links. 1) Hermitian self-dual linear codes over
Fq+ulF, —|—u2ﬂ?q where ¢ is a square prime power. 2) H-quasi-abelian codes and self-dual H-quasi-abelian
codes in group algebras Fy[G], where H < G are finite abelian groups and F,[H] is a principal ideal group
algebra.

The paper is organized as follows. In Section 2, some results on linear codes and Euclidean self-
dual linear codes over F, + uF, + u?F, are recalled. In Section 3, characterization and enumeration
Hermitian self-dual linear codes of length n over F, + uF, + u?F, are established for all square prime
powers ¢ together with an algorithm to determine all Hermitian self-dual codes and illustrative examples.
In Section 4, the study of H-quasi-abelian codes in F4[G] is given, where F,[H] is a principal ideal group
algebra. In the special case where the field characteristic is 3, the characterization and enumeration of
A X Zs-quasi-abelian codes and self-dual A x Zs-quasi-abelian codes in Fsm[A X Z3 x B] are completely
determined in terms of linear and self-dual linear codes over Fsm + uF3m + u?Fgm obtained in Section 3
for all finite abelian groups A and B such that 31 |A|. Summary and remarks are given in Section 5.

2. Preliminaries

In this section, basic results on linear codes and Fuclidean self-dual linear codes over rings are
recalled.

2.1. Linear codes over F, + uF, + -+ u*'F,

For a prime power ¢, denote by F, the finite field of order ¢. Let F, + uF, + --- + u®~'F, :=
{ao+uar+---+u*"tac_1 | a; € Fy for all 0 < i < e} be a ring, where the addition and multiplication are
defined as in the usual polynomial ring over F, with indeterminate u together with the condition u® = 0.
It is easily seen that F, +uF, +---+u®"'F, is isomorphic to Fy[u]/(u®) as rings. The Galois extension of
F,+uF,+---+u®"'F, of degree m is defined to be the quotient ring (F, +uF,+- - - +u®~'F,)[z]/{f(x)),
where f(z) is an irreducible polynomial of degree m over F,. It is not difficult to see that the Galois
extension of Fy +uF, + - - -+ u*~'F, of degree m is isomorphic to Fym + uFym + - - +u*"!Fym. The ring
Fg+uFg+---+ ue’qu is a finite chain ring with maximal ideal (u), nilpotency index e and residue field
F,. In addition, if ¢ is a square, the mapping ~ : F, — F, defined by a + aV¥ is a field automorphism
on F, of order 2. Extend ~ to be a ring automorphism of order 2 on F, + uF, + - - - + u®~'F, of the form

ap +uaj + - +ulta._ 1 =ag+uay + - +u" a1

Let n be a positive integer and let R be a finite ring. The Fuclidean inner product of u =
(ug,u1, ..., up—1) and v = (vo,v1,...,v,—1) in R™ is defined to be

n—1
(u,v)g := Zuivi.
i=0

In the case where ¢ is a square and R € {F,,F, +uF, + - - -+ u°"'F,}, the Hermitian inner product of u
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and v in R"™ is defined to be

A linear code C of length n over the ring R is defined to be an R-submodule of the R-module R™. A
linear code over R is said to be free if it is a free R-module. Denote by wt(v) the Hamming weight of an
element v € R". Precisely, wt(v) is the number of non-zero components in v. For a linear code C over
R, let wt(C) = min{wt(c) | ¢ € C} be the minimum Hamming weight of C. If R = F, a linear code C of
length n and dimension k over R with wt(C) = d is referred as an [n, k,d], code. The parameters of a
linear code C of length n over R satisfies the Singleton bond [14], i.e., wt(C) < n—logg|(|C|)+1. A linear
code C is called a Maximum Distance Separable (MDS) code if the equality in the Singleton bound holds.
A matrix G over R is called a generator matriz for C if the rows of G generate all the elements of C and
none of the rows can be written as a linear combination of the others. Linear codes C; and Cy over R are
said to be equivalent if there exists a monomial matrix P such that C; = C1 P := {cP | ¢ € C1}. Denote
by Cte = {v € R" | (u,v)g =0} and C*" = {v € R" | (u,v)y = 0} the Euclidean and Hermitian duals
of C, respectively. A linear code C is said to be Euclidean (resp., Hermitian) self-orthogonal if C C C*®
(resp., C C Ct#). It is called Euclidean (resp., Hermitian) self-dual if C = C*® (resp., C = C*H).

In Section 3 and the remaining parts of this section, we focus on linear and self-dual linear codes
over Fy + ulfy + uqu. In [19], it has been shown that every linear code of length n over F, + ulF, + "U,QIE“q
is permutation equivalent to a code C with generator matrix

Iy Ay Az Ay A
G=1|0 ul; uBs uBy| = |uB'|, (1)
0 0 2L, u?C, u2C

where I, is the identity matrix of order r, Az = Asg 4+ uAs1, By = Bag +uBu1, Ax = Ago + udy +u?Ass,
and Aj, B3, Cy, A;j and B;; are matrices of appropriate sizes over IF,. In this case, the code C is said to
be of type {k,l,m} and it contains ¢***2+™ codewords.

For each linear code C of length n over F, + uF, + v?F, and i € {0,1,2}, the ith torsion code of C
is a linear code of length n over Fy defined to be
Tor;(C) = {v(modu) |v e (Fg+uF, + uQ]Fq)n and u'v € C} .
The code Torg(C) is sometime called the residue code of C and denoted it by Res(C). From the definitions,
it is obvious that Res(C) = Tory(C) C Tor;(C) C Tora(C).

For a linear code C of length n over F, +uF, +u2Fq with generator matrix G given in (1), the residue
code Res(C) has dimension k and generator matrix

G=[Ir Ay Az As], (2)
the first torsion code Tor;(C) has dimension & 4 [ and generator matrix

Al I Ay Az Ay 3)
B| |0 I, Bz By’

and the second torsion code Tory(C) has dimension &k + [ + m and generator matrix

A (1, Ay Azg Ago
Bl=|0 I, By Byl. (4)
cl oo 1, o

For 0 < k < n, the Gaussian coefficient is defined to be

m _ @ =D"—q) (" ="
kK, (=1 —q) - (¢F—g"1)
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Let N.(gq,n) denote the number of distinct linear codes of length n over F, + uF, + - - + u®"'F,.
The number N.(g,n) has been studied and summarized in [4]. For e = 3, we have the following result.
Proposition 2.1 ([4, Lemma 2.2]). Let ¢ be a prime power and let n be a positive integer. Then

t

3
_ NP1 | by (nhy)
Ns(g,n) =1+ Z Z H {hj - thLq +1 .

t=1 n>hi>hy>->h>he1=0 j=1

2.2. Euclidean self-dual linear codes over F, 4 uF, + UZFq

Let C be a linear code of length n and type {k,l, m} over F, +uF,+u?F, and let h = n— (k+1+m).
In [3], it has been shown that the Euclidean dual C*& of C is of type {h,m,l} and it contains ¢3h+2m+!
codewords. Therefore, k = h and [ = m whenever C is Euclidean self-dual. Consequently, every Euclidean
self-dual code of type {k,I,m} over F, + uF, + u?F, has even length n = 2(k + ).

Characterization of Euclidean self-dual linear codes of even length n over F, + uF, + u*F, has been
established in [3].

Proposition 2.2 ([3, Proposition 1]). Let g be a prime power and let C be a linear code of length n and
type {k,l,m} over F, + uF, + u®F, with generator matriz G in the form of (1). Then C is Euclidean
self-dual if and only if kK = h,l = m and the following conditions hold:

AAT =0 (mod u?), (5)
A'B" =0 (mod u?), (6)
BB =0 (modu), (7)
A'CT=0 (mod u) (8)

For a positive integer n and a prime power ¢, let og(g,n) denote the number of Euclidean self-dual
linear codes of length n over F,. Further, if ¢ is a square prime power, let oy (g, n) denote the number of
Hermitian self-dual linear codes of length n over F,. The following results in [21] and [22] are useful in
the enumeration of self-dual linear codes over F, 4+ ulF, + uQFq.

Lemma 2.3 ([21] and [22]). Let q be a prime power and let n be a positive integer. Then

H (¢"+1)  ifq and n are even,

n_q
2
2 ‘4+1) ifqg=1(mod4) and 2| n,
or(q,l) = g (g ) a ( ) | 9)
ng
2[[(@+1) ifq=3(mod4) and4|n,
i=1
0 otherwise.
If q is square, then
21
H (QH% +1) ifn is even,
UH(Q,TL) = 1=0 (10)
0 otherwise.
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The empty product is regarded as 1.

Let NE.(g,n) denote the number of distinct Euclidean self-dual linear codes of length n over F, +
uF, + - +u°"'F,. The value of NE3(g,n) has been completely determined in [3].

Theorem 2.4 ([3, Theorem 1]). Let g be a prime power and let n be a positive integer. Then

n/2 'ﬁ'
og(gq,n) Z 2| ¢/ if q is even and n is even,
=0 LF | q
NEs(q,n) = K5 k(n/2—1)  p ,
og(gq,n) Z 2| ¢*\" if q is odd and n is even,
=0 LF | q
0 otherwise.

3. Hermitian self-dual linear codes over F, + ulf, + u2]Fq

In this section, we focus on characterization and enumeration of Hermitian self-dual linear codes of
length n over Fy + ulF, + u2IE‘q.

Throughout this section, we assume that ¢ is a square prime power. For each positive integer n, let
NH.(g,n) denote the number of distinct Hermitian self-dual linear codes of length n over Fy + ulF, +
R ueleq. By extending techniques introduced in [3], the characterization and the number N H3(q,n)
of Hermitian self-dual linear codes of length n over F, + uF, + u?F, are established.

Let C be a linear code of length n over F, + uF, + u®F, of type {k,l,m} and let h = n— (k+1+m).
Using argument similar to those in Section 2 of [3], it can be deduced that the Hermitian dual Ct# of C
is of type {h,m, [} and it contains ¢*"*2™+! codewords. It follows that k = h and | = m if C is Hermitian
self-dual. Hence, every Hermitian self-dual code of type {k,l,m} over F, + uF, + u?F, has even length
n=2(k+1).

For a matrix A = [a;;]sx+ over Fy + uF, + u?F,, let A := [@i5] 4, and At .= A", Characterization of

Hermitian self-dual linear codes of even length n over F+-uF, —|—u2Fq is given in the following proposition.

Proposition 3.1. Let q be a square prime power and let C be a linear code of even length n and type
{k,1,m} over F,+uF,+u?F, with generator matriz G in the form of (1). Then C is Hermitian self-dual
if and only if k = h, Il = m and the following hold:

AAT=0 (mod u?), (11)
ABT=0 (mod u?), (12)
B'BT=0 (mod u), (13)
ACT=0 (mod u). (14)

Proof. Assume that C is Hermitian self-dual. By the above discussion, we have k = h, [ = m and

A/ A/ T
uB'| |uB"| =1[0] (mod u®)
u?C| |u?C

which are equivalent to the conditions (11)—(14).
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Conversely, assume that C is a linear code such that k = h,! = m and the conditions (11)—(14) hold.
From (11)—(14), it is not difficult to see that C is Hermitian self-orthogonal. Equivalently, C C C*. Since
k = h and | = m, we have |C| = |C1H| which implies that C = C1#. Therefore, C is Hermitian self-dual
as desired. O

Corollary 3.2. Let C be a Hermitian self-dual linear code of length n over Fy + uF, + u*F,. Then the
following statements holds.

1) Tory(C) is a Hermitian self-dual code of length n over F,.
2) Tory(C) = Res(C)1n

Proof. Assume that C is of type {k,l,m} over F, + uF, 4+ u?F,. Then From (11)—(13), it follows that
Tor;(C) is Hermitian self-orthogonal. Since dim(Tor(C)) = k +1 = § = dim((Tor;(C ))+1), Tory (C)
is Hermitian self-dual. From (11)—(14), we have Tora(C) C Res(C)1#. Since dim(Torz(C)) = k + 21 =

n — k = dim((Res(C))*1#), we have Tora(C) = Res(C)~1H. O

Since Res(C) = Torg(C) C Tor;(C) C Tore(C), it can be concluded further that Res(C) is Hermitian
self-orthogonal for all Hermitian self-dual linear codes C over F, + uF, + u?F,,.

From Corollary 3.2, a Hermitian self-dual code C of length n over F, 4+ uF, + u?F, can be induced
by Hermitian self-dual linear codes of length n over F,. For a given Hermitian self-dual code C; of length
n over Fy, we first aim to determine the number of Hermitian self-dual linear codes C of length n over
F, + uF, + u?F, such that Tor;(C) = C;.

Proposition 3.3. Let g be a square prime power and let n be an even positive integer. Let C; be a
Hermitian self-dual linear code of length n over Fy. Then, for each 0 < k < 5, there are q%n Hermitian
self-dual linear codes of length n over F, +uF, +u*F, corresponding to each subspace of C1 of dimension

k.

Proof. Let C; be a Hermitian self-dual linear code of length n over F, with dimension § = k + [ and
generator matrix

Al |1 Az Aszo Ay
HE L (1)

where the columns are grouped into blocks of sizes k,[,[ and k.

Since C; is Hermitian self-dual, we have

I + Ay AL + Agg AL + AyAl, =0, (16)
Ay + Aso B + Ay Bl =0, (17)
I, + B3 Bl + ByBl, = 0. (18)

Let H = A0 Aso . From (16)—(18), it can be deduced that
B3 Bao

H(-H")=-HH'
= —HH'
—Az0 A%y — ATOAEEOT —A30 B3 — Ay B
(—A3oBg: - A40BZ—'0) —Bng - B4OBZE)

In + A:AT A,
AT Il
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Iy —Ay
—A7 I+ AT A,
Let Cy be a k-dimensional F,-subspace of C; with generator matrix A. Since C; is Hermitian self-
dual, it follows that Cy is Hermitian self-orthogonal. Up to permutation of the last (k + ) columns (if
necessary), its follows that COLH has a generator matrix of the form

I, O

Let J = 0 I

. Then H(—H")J = { ] which implies that H is invertible.

I, Ay Az Ago
0 I, Bs Bu. (19)
0 0 I, C4

~AaC

Then Az = —14400:1r which implies that H = [ 5
3

ﬂ‘m . Since H is invertible, it follows that Ay
40
is invertible.

Next, we determined the matrices over F, + uF, + u?F, satisfying conditions (11)-(14) which are
equivalent to

Iy + A AL + A3 AL + A4 AL =0 (mod u?) (20)
Ay + AsBl + 4,Bl =0 (mod u?) (21)

I+ BsBY + B4Bl =0 (mod u) (22)

As+ A,CL =0 (mod u). (23)

The matrices As, B3 and C, are considered modulo u, i.e. all the entries in Ay, Bs and Cy4 are in Fy.
The matrices As and B, are considered modulo u? while Ay is considered modulo u3. From these fact,
let A3 = A30 + ’U,Agl, B4 = B40 + UB41 and A4 = A40 + ’U,A41 + ’11,214427 where Ag]_, B41, A41 and A42 are
matrices of appropriate sizes over F,. Therefore, we can write (20) as

(Ik + AQA; —|— A30A§0 —|— A40AZO> + u <A30A£1 —|— A40A211)
+u? (AglAgl + Ap Al + A40A:£2) =0 (mod u?),

where X := X + XT. We can also rewrite (21) as

(AQ + A3oB; + A4OBZO) +u (Angg + A4OBJLLI + A41‘BZO) 0 (mod u2)

By substituting (18) into (21), we obtain that
Bl = —Ay (ABlBST, + A41310> )
From (23), Cy is uniquely determined as
Cy = (— Az Aso) "

It is sufficient to focus on (20) because (18) is the same as (22). From (16), we have to determined the
matrices satisfying the following:

Agp AL, + AgAlL =0, (24)

A AL+ A AL+ AgAl, = 0. (25)

Hence, the code C with generator matrix of the form (1) is a Hermitian self-dual linear code if and only
if conditions (24) and (25) are satisfied.
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Therefore, the number of Hermitian self-dual linear codes of length n over F, + uF, + u*F, whose
the 1st torsion is C; is equal to the number of solutions of the system of matrix equations (24) and (25).

—_~

We take an arbitrary matrix As; € My (F,) and put [g;;] = A30A;§1 and [z;;] = A40AL. Then
condition (24) is equivalent to
Gij +JCZ‘j +Tﬂ:0

Then —g;; = x4 + Ty = Tr(zy;) € IE‘\/@ for each 1 <7 <k, where Tr : Fy — IF\/a is the trace map defined
by o+ @+ a for all a € F,. Note that | Tr~!(a)| = Vg for all a € F 5. Then we have z;; € T (—gis)
forall 1 <i <k, xj; € Fy and x;; = —gi5 — Tj; for each 1 <7 < j < k. Therefore,

Ay = (Ay [z

Kl . . k(k*1)+& . k2
Thus we have ¢** possible choices for A3; and ¢~ 2 z =qz for Ay.

For fixed matrices Az and A4q, let [hi;] = A31A§1 + A41A}11 and [y;;] = A40A12. Then (25) is
equivalent to

hij +yi; + Y5 = 0.
2
Using a similar argument as above, we have qkT possible choices for
Az = (Afg lyis)T-

Therefore, we have

k2

k2 2 kn
7 x g X T = @R = gD

q

possible choices for the matrices As;, A41 and Ags over F,. Therefore, the desired result follows immedi-
ately. O

The number of distinct Hermitian self-dual linear codes of even length n over F, + uF, + u?F, can
be summarized in the following theorem.

Theorem 3.4. Let q be a square prime power and let n be a positive integer. Then the number of distinct
Hermitian self-dual linear codes of length n over F, + uF, + u?F, is

n/2 ﬁ
ou(q,n) 2| ¢"%  ifn is even,
NH3 (qa n) = kzzo ] g
0 otherwise.

From the proof of Theorem 3.3, we obtain not only the number of Hermitian self-dual linear codes
of length n over Fy + ulF, + uz]Fq but also a construction of such Hermitian self-dual linear codes. The
construction of Hermitian self-dual linear codes of length n over Fy 4 ulF, + u2IE‘q induced by a Hermitian
self-dual linear code of length n over [ in the proof of Theorem 3.3 is summarized in Algorithm 1.

Based on Algorithm 1, an illustrative example of a Hermitian self-dual linear code of length 6 over
Fg +uFg +u?Fy constructed from a Hermitian self-dual linear code of length 6 over Fy is given as follows.

Example 3.5. Let Fg = F3[a] be the finite field of order 9, where « is a oot of 2% + x + 2 over Fs. Let
Co and Cy be linear codes of length 6 over Fg with generator matrices

101112 lad a2 1 0|1]a?|a® a2
[010()&016”””‘1 0110jall a |,
00[1[e®|a 1
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Algorithm 1. Construction of Hermitian self-dual linear codes of length n over F, + uF, + u*F,

For a given Hermitian self-dual linear code C; of length n over F,; and its linear subcode Cy of dimension
0 <k < 5, do the following steps.

1. Define I = 5 — k.

2. Construct a generator matrix A = [Ik Az Asp A40} for Cy, where the columns are grouped into
blocks of sizes k,[,l and k.

I Az Aszo Aao

0 I, Bs Buo for Cy.

3. Extend A to be a generator matrix

4. Set Cy = — (At Aso) .

5. Set Asi to be a k x | matrix over Fy.

6. Define [g;;] = A30AL, and set [z;;] to be a k x k matrix over F, such that the strictly lower triangular
elements are arbitrary in Fg, zi; € Tr™'(—gs:), and x5 = —gi; — T for all i < j. (If k = 2, set [gi;]
to be the k x k zero matrix over F,.)

7. Set Ay = (A [zi])'
+
8. Set By = — (A4_01 (A31B;,L + A4lBlo)) .

9. Define [hi;] = Az AL, + An Al and set [yi;] to be a k x k matrix over F, such that the strictly
lower triangular elements are arbitrary in Fy, yii € Tr™(—hi;), and yi; = —gi; — T;; for all i < 7.
(If k= %, set [h”] = A41AL.)

10. Set A42 = (AZOI [y“])T
11. Define C to be a linear code of length n over F, + uF, + u*F, with generator matrix
I Ay Aso+udsy Aso +udsr + u” Ay
0 ul;,  uBs uByo + v’ Ba
0 0 W’ u?Cy
The C is Hermitian self-dual by Theorem 3.3.

12. Repeat 5. — 11. with different choices of As1, A41, and A4o. The Hermitian self-dual linear codes of
length n over F, + uF, + u*F, determined by Co C C1 are obtained.

respectively. Then Cy is Hermitian self-dual and Cy C Cy. Based on Algorithm 1, we have k = 2,

2 5 2
=1, Ay = 1 , Agg = la , Ao = [a @ , B3 = {af’}, and By = [a 1}. Then we have
0 « 1
-1
B t 5 2 2
Oy = — (Ajg As0) ' =~ [01 O;] la ] B [O 2}

ad 2
{0,02,0%} = Tr 1(0) = Tr ' (—g11), 202 = 2 € {2,0°,07} = Tr'(1) = Tr™ ' (—g22), 221 = 1, and

—_ 2-
By choosing Az = ﬂ, we have [g;;] = Az Al = la {1 1} = [0 a]. We choose x17 = 0 €
a

0 o 1 2 «
Tis = —g12 — To1 = —a — 1 = o, It follows that [z;;] = L o and Ay = (A [z45]) = 1
a

Consequently, Byy = — (Alol (A3lB§ + 14413210))Jr = [a 0}.
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1
Let [h”] = A31A1?;1 + A41A11 = |}] {1 1} +

4 4 3 3
o ol |lo* « 1 o

= . We choose =1¢€
a 1] LS 1] l 1] i

1
_ 1 _
Y12 = —h1a — o1 = —a3 —1=a. Then [y”} = [1 ?] and Ass = (A401[yij])T = [

From Algorithm 1, the matrix

1 0|1a®+ula®+2u+a’u?® o® 4 au+ au?
Iy Az Aszo+uAsr Aso +udan +u?Age 5 o
N 01 a+u 14+ au a+u+ a’u
0 ’LLIZ UB3 uB40+U B41 = 5 2
5 9 0 Oju| a’u oau + au U
0 0 u“l; u“Cy 5 3
00 U 0 2u

is a generator matriz for a Hermitian self-dual code of length 6 over Fg + uFg + u?Fg with type {2,1,1}.

When k£ = % in Theorem 3.3 (equivalently, in Algorithm 1), we have the following extension on the
parameters of Hermitian self-dual linear codes over F, + uF, + u*F,. Let n be an even positive integer
and let C; = Cy be a Hermitian self-dual code of length n over Fy with parameters [n,k = %,d], and

2
generator matrix
A= [Ig A40} ) (26)

where Ayg is a k x k invertible matrix over F,. Based on Algorithm 1, the linear code C of length n and
type {%,0,0} over F, 4+ uF, + u*F, with generator matrix

G= [Ik Ago +ulgy + u2A42} (27)

is Hermitian self-dual. Since C is a free code, wt(C) = wt(C1) = d by [18, Corollary 4.3]. Hence, the
following two theorems can be derived directly.

Theorem 3.6. Let q be a prime power and let n be an even positive integer. If there exists an [n, 5, 541],
MDS Hermitian self-dual code over Fy, then an MDS Hermitian self-dual code of length n over Fy+ulF,+
u?F, of type 5,0,0} can be constructed with minimum Hamming weight 3§ 4 1.

Proof. Assume that there exists an [n, %, 5 + 1], MDS Hermitian self-dual code C; over F, with
generator matrix of the form (26). By Algorithm 1, a linear code C of length n and type {%,0,0}
over F, + uF, + u?F, with generator matrix of the form (27) is Hermitian self-dual. Since C is free,
we have wt(C) = wt(C1) = § + 1 and log,s(|C]) = 5§ = dim(Cy) by the discussion above. Hence,

wt(C) = § +1=n—log,(|C|) + 1 which implies that C is MDS. O

Using the above theorem, numerous MDS Hermitian self-dual codes over F, + uF, + u*F, can be
construct based on known MDS Hermitian self-dual codes over F, (see, for example, [13], [17], [24]).

4. Self-dual quasi-abelian codes over principal ideal group alge-
bras

In this section, the study of quasi-abelian codes over principal ideal group algebras is given. In the
special case where the field characteristic is 3 and the Sylow 3-subgroup of the underlying finite abelian
group has order 3, complete characterization and enumeration of quasi-abelian codes and self-dual quasi-
abelian codes are presented in terms linear codes and self-dual linear codes over Fzm + ulF3m + ©2Fgm
obtained in [3|, [4] and Section 3.
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4.1. Group rings and quasi-abelian codes

Let R be a finite commutative ring with nonzero identity and let G be a finite abelian group. Then

R[G] = Zang |lageR,geG
geG

is a commutative ring under the addition and multiplication given for the usual polynomial ring over R
with indeterminate Y, where the indices are computed additively in G. The ring R[G] is called a group
ring of G over R. In the case where R is the finite field Fpm, the group ring Fp=[G] is called a group
algebra of G over Fpm and it is called a Principal Ideal Group Algebra (PIGA) if every ideal in Fpm |[G]
is principal. The readers may refer to [15] for more details on group rings. A linear code of length |G|
over R can be viewed as an embedded R-submodule of the R-module in R[G] by indexing the |G|-tuples
by the elements in G. Given a subgroup H of G with index n = [G : H], a linear code C of length |G]|
viewed as an R-submodule of R[G] is called an H -quasi-abelian code (specifically, an H -quasi-abelian code
of index n) in R[G] if C is an R[H]-module, i.e., C is closed under the multiplication by the elements in
R[H]. Such a code will be called a quasi-abelian code if H is not specified or where it is clear in the
context.

Let {g1,92;--.,9n} be a fixed set of representatives of the cosets of H in G. Let R := F,[H]. Define
®:F,[G] - R" by

o <Z Zah-‘rgiyh-i_gj) = (al(y)7 a2(Y)’ R an(Y))a

heH i=1

where o;(Y) = Z Qhig,Y" € R for all i = 1,2,...,n. Tt is well known that ® is an R-module

heH
isomorphism interpreted as follows.

Lemma 4.1 ([10, Lemma 2.1|). The map ® induces a one-to-one correspondence between H -quasi-abelian
codes in F,[G] and linear codes of length n over R.

We note that a group algebra Fym [H] is semisimple if and only if the Sylow p-subgroup of H is trivial
(see [20, Chapter 2: Theorem 4.2|), and it is a PIGA if and only if he Sylow p-subgroup of H is cyclic
(see [6]). In [10], complete characterization and enumeration of H-quasi-abelian codes in F,m[G] have
been established in the case where F,n [H] is semisimple. Here, we focus on a more general case where
F,=[H] is a PIGA, or equivalently, the Sylow p-subgroup of H is cyclic. Precisely, H = A x Zym; and
G = A X Z,s x B, where s is a non-negative integer, A and B are finite abelian groups such that p { | A|.
General characterization is given in Subsection 4.2. In the special case where p = 3 and s = 1, complete
characterization and enumeration of A x Zs-quasi-abelian codes and self-dual A x Zs-quasi-abelian codes
in Fgm[A X Z3 x B] are given in Subsection 4.3.

4.2. A X Zp-Quasi-Abelian Codes in F,m[A x Z,: X B]

We focus on H-quasi-abelian codes in F,m[G], where F,m [H] is a PIGA. Equivalently, H = A X Zs
and G = A X Z,- x B, where s is a positive integer, A and B are finite abelian groups such that p t |A
(see [6] and [12]).

Note that the group algebra F,m[A] is semisimple [2] and it can be decomposed using the Discrete
Fourier Transform in [23] (see [12] and [11] for more details). For completeness, the decomposition used
in this paper are summarized as follows.

For co-prime positive integers ¢ and j, denote by ord; (i) the multiplicative order of ¢ modulo j. For
each a € A, denote by ord(a) the additive order of a in A and the p™-cyclotomic class of A containing

219
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a € A is defined to be the set
Spm (@) = {P™-ali=0,1,...} ={p™-a|0<i< ordora(a) (™)}

_ P
where p** - a := Y a in A. A subset {aj,as,...,a:} of A is called a complete set of representatives of

¢
p™-cyclotomic classes of A if Sym (a1), Spm(az),...,Spm(a;) are distinct and U Spm (a;) = A.

i=1

An idempotent in F,m[A] is a nonzero element e such that e* = e. It is called primitive if for
every other idempotent f, either ef = e or ef = 0. The existence of primitive idempotent elements
in Fpm [A] is proved in [5]. They are induced by the p™-cyclotomic classes of A (see |5, Proposition IL.4]).
Consequently, F,m[A] can be viewed as a direct sum of principal ideals generated by these primitive
idempotent elements.

Proposition 4.2 ([5, Corollary 111.6]). Let {a1,aq,...,a:} be a complete set of representatives of p™-
cyclotomic classes of a finite abelian group A where p{|A| and let e; be the primitive idempotent induced
by Spm(a;) for all1 <i<t. Then

t
pm @ F m e’i = H ]Fp""i y
=1

where m; = m - Ordord(ai)(pm)'

A PIGA Fpm[A x Zy=] can be decomposed in the following theorem.

Theorem 4.3. Let s be a positive integer. Let {ay,as,...,ar} be a complete set of representatives of
p™-cyclotomic classes of a finite abelian group A where pt|A|. Then

t
pm[A X Zps %H( i 4 uFpm; +..,+ups,1FPMi)

=1

where m; = m - ordgpq(q,) (p") for all 1 <i < t.

Proof. Foreachl <i <t,lete; be the primitive idempotent induced by Spm(a;). From Proposition 4.2,
we have

Fym [A] 2 Fpym [A X Zps H]F m (28)
and hence,

Fpm[A X Zps] =2 (Fpm [A])[Zps] = HFpmi (Zy:]. (29)

Under the ring isomorphism that fixes the elements in Fym; and Y! — u+ 1, it is not difficult to see
that

Fymi [Zps] = Fymi + uFpm; + - + ups_l]Fp""i (30)
as rings. Therefore,
t 3
mAx Zy ] 2] ( i+ uFpmi 4 -+ + u”b‘lJpr) (31)
=1
as desired. O
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For each finite abelian group B of order n, every A x Z,--quasi-abelian code in Fym[A X Z,- x B|
can be viewed as a linear code of length n over F,m[A x Zp:] by Lemma 4.1. The next corollary follows
directly from Theorem 4.3.

Corollary 4.4. Let s and m be positive integers. Let A and B be finite abelian groups such that |B| =n
and pt|A|. Then every A X Zy--quasi-abelian code C in Fym[A X Zye x B] can be viewed as

t
HCia
i=1

where C; is a linear code of length n over Fypm; + ulFpm; + - + upﬂ_lem,; foralli=1,2,... t.

C

I

The enumeration of A x Zys-quasi-abelian code in F,m[A x Z,s x B] is given as follows.

Theorem 4.5. Let s and m be positive integers. Let A and B be finite abelian groups such that |B| = n
and the exponent of A is M andp{ M. Then the number of AXZ,s-quasi-abelian codes in Fpm [AXZ,: X B]
18

Na(d)

H (Npg (pm'ordd(Pm))n)> ordg (p™) ,

d|M

where Na(d) is the number of elements of order d in A determined in [1] and Nps(p™° 4a(P™) 'n) is the
number of linear codes of length n over ¥ m-orazem) + uF pmoragom) + -+ + P I orayomy determined
in [4, Lemma 2.2].

p

Proof. From Theorem 4.3, it suffices to determine the number of linear codes of length n over the ring
Fpmi + uFpmi 4 +uP “1Fpm, foralli=1,2,..., ¢

For each divisor d of M, each p™-cyclotomic class containing an element of order d has ord;(p™)

#&1}”). By Theorem 4.3, it follows that the

. s _ .
number of linear codes of length n over IFpm.ordd(pm) +uIFpm-ordd(pm 4+ 4uP 1]Fpm-ordd(pm) corresponding
to d is

elements and the number of such p™-cyclotomic classes is

Na(d)
(Nps (pm.ordd(pm)’ Tl)) ordg (p™) )
By taking the summation over all the divisors d of M, the desired result follows. O
Example 4.6. Let A < H < G be finite abelian groups such that A = Zo X Zy, H =2 A X Z3, and
G = H x Z4. Then the 3-cyclotomic classes of A are S5((0,0)) = {(0,0)}, S3((0,2)) = {(0,2)},
S3((1,0)) = {(170)}7 S3((1,2)) = {(17 2)}7 S3((0, 1)) = {(07 1), (0, 3)}) and 53((17 1)) = {(17 1), (1, 3)} It
follows that Ordord((o,o))(?)) = ordord((o’g))(3) = Ordord((LO))(g) = ordord((l,g))(?)) =1 and Ordord((O,l))(g) =
orderd((1,1))(3) = 2. By Proposition 4.2, F3[A] has 4 primitive idempotents e; such that F3[Ale; = F3 and
2 primitive idempotents e; such that F3[Ale; =2 Fg. Such primitive idempotents are induced by the above 6
cyclotomic classes while their explicit forms can be determined using [5, Proposition II.4]. Consequently,

Fs[A] 2 F3 x F3 x F3 x F3 x Fg x Fy
and
Fs[H] = F3[A X Zs] =2 F3[Z3] x F3(Z3] x F3[Z3] x F3[Z3] x Fo[Zs] x Fy[Z3].
By Proposition 4.3, we have F3[Z3] = Fs + uF3 + u?F3 and Fo[Z3] = Fg + uFy + u*Fgy, where u? = 0.
Hence,

4 2
Fg,[H} = H(Fg + UIFg + UZIF;;) X H(Fg + UIFQ + UZIFQ). (32)

i=1 j=1
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Using Corollary 4.4, every H-quasi-abelian code in F5[G] is isomorphic to a code of the form
C1 x Cy x C3 X Cy4 x C5 x Cg,

where Cy, Co, C3, and Cy are linear codes of length |Z,4| = 4 over Fs + uF3 + u®F3, and Cs and Cg are
linear codes of length 4 over Fg 4+ uFg + u?Fy.

In the next subsections, we focus on self-dual A x Z,s-quasi-abelian codes in F,m[A x Z,: x B] with
respect to both the Euclidean and Hermitian inner products.

4.3. Euclidean self-dual A x Z,.-quasi-abelian codes in F,n[A x Z,: X B]

Euclidean self-dual A x Zs-quasi-abelian codes in Fpm [A X Z,s x B] is studied in terms of the following
types of p™-cyclotomic classes. A p™-cyclotomic class S,m(a) is said to be of type I if @ = —a (in this
case, Spm(a) = Spm(—a)), type L if Sym(a) = Spm(—a) and a # —a, or type I if Sym (—a) # Spm(a). The
primitive idempotent e induced by Spm (a) is said to be of type A € {I, I, I} if Spm () is a p™-cyclotomic
class of type A.

Rearrange the terms in the decomposition in Theorem 4.3 based on the p™-cyclotomic classes of
types I, T and I, we have the next theorem.

Theorem 4.7. Let m and s be positive integers and let A be a finite abelian group such that p 1 |A|.
Then

L2t T (rm)/2
Fpm[A X Zps] = (H Rl> X HS]» X H (TixT) |,
i=1 j=1 =1

where r1, 7y and rp are the numbers of elements in a complete set of representatives of p™-cyclotomic
classes of A of types 1,1, and I, respectively, R; = Fym + uFpm + -+ 4+ u? "'Fpm for alli=1,2,...,ry,
Sj =F meys +FulFpmes +- - —&—upa_lIFpm”H forallj=1,2,... .11, and Ty = Fymegprgr + Ul prrp e 0 +
WP TR g for all 1 =1,2,. ., (rm) /2.

Using Theorem 4.7 and the analysis similar to those in [11, Section I1.D], a A x Zps-quasi-abelian
code C in Fym[A x Zy- x B] and its Euclidean dual are given.

Proposition 4.8. Let s and m be positive integers. Let A and B be finite abelian groups such that
|B| =n and p1|A|. Then an A x Zys-quasi-abelian code in Fym[A X Zp= X B] can be viewed as

r1 o (rm)/2
C = (HBZ) <(TIc | x| I] @ xD)|, (33)
i=1 j=1 =1

where B;, Cj, D; and D} are linear codes of length n over R;, S;, T, and Tj, respectively, for all i =
1L,2,...,r,i=12,...;rpand l=1,2,...,(rm)/2.

Furthermore, the Fuclidean dual of C in (33) is of the form

1 T (rm)/2
cle (HB#E) < (TIei | x| II (@ xp)

i=1 j=1 I=1

The characterization of Euclidean self-dual A x Z,s-quasi-abelian codes in F,m[A X Z,: x B] is
established in terms of a product of linear codes, Euclidean self-dual linear codes, and Hermitian self-
dual linear codes over Galois extensions of the ring Fpm + uFym + -« 4+ uP" 1 Fpm.
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Corollary 4.9. Let s and m be positive integers. Let A and B be finite abelian groups such that |B| = n
and pt|A|. Then a A x Zys-quasi-abelian code C in Fym[A x Zps x B] is Euclidean self-dual if and only
if in the decomposition (33),

i) B; is a Euclidean self-dual linear code of length n over R; for alli=1,2,... 11,
i) C; is o Hermitian self-dual linear code of length n over S; for all j =1,2,... 1, and

iii) D} = D" is a linear code of length n over T, for alll =1,2,..., (rm)/2.

From Corollary 4.9, the Euclidean self-duality of A x Z,s-quasi-abelian code C in Fym[A X Z,: X B|
depends only on the structure of A x Z,s and the index n = |B| but not the structure of B itself.

Given positive integers m and j, the pair (j,p™) is said to be good if j divides p™ + 1 for some
positive integer ¢, and bad otherwise. This notion have been introduced in [8] and [11] for the enumeration
of self-dual cyclic codes and self-dual abelian codes over finite fields and it is completely determined in
[9]. Let x be a function defined on pairs (j,p™) as follows.

0 if (j,p"f) is good, (34)
1 otherwise.

X0 p™) = {
The number of Euclidean self-dual AxZ,--quasi-abelian code C in Fym [A X Z,: x B] can be determined
as follows.

Theorem 4.10. Let s and m be positive integers. Let A and B be finite abelian groups such that |B| = n
is even and the exponent of A is M and pt M. Then the number of Euclidean self-dual A X Z,s:-quasi-
abelian codes in Fpm[A X Zy: x B] is

Na(d)

(1=x(d,p™))Na(d) )(1_X(d’pm))7ordd(pm)

>
(NEps (pm’ n))d\]\l,ordd(pm)zl % H (NHps (pm~0rdd(p )’ n)
d|M

ordg(p™)#1
my_ Na(d)
X(d,p™) sordtemy
m-ordg(p™ 2ordg (P™)
T () |
d|M

where N'a(d) denotes the number of elements in A of order d determined in [1].

Proof. From Corollary 4.9, it suffices to determine the numbers of linear codes B;’s, C;’s, and D;’s such
that B; and C; are Euclidean and Hermitian self-dual, respectively.

From [12, Remark 2.5], the elements in A of the same order are partitioned into p™-cyclotomic classes
of the same type. For each divisor d of M, a p™-cyclotomic class containing an element of order d has

cardinality ord,(p") and the number of such p™-cyclotomic classes is or/:{:((;lgz)' We consider the following
3 cases.

Case 1: x(d,p™) = 0 and ordy(3%) = 1. By [11, Remark 2.6], every 3*-cyclotomic class of A containing

. . Na(d)
an element of order d is of type I. Since there are - 30 (o)

Euclidean self-dual linear codes B;’s of length n corresponding to d is

such p™-cyclotomic classes, the number of

Na(d)

(NEy: (p", 1)) 750™ = (N Epe (p™, ) X P DNal)

Case 2: x(d,p™) = 0 and ordy(p™) # 1. By [11, Remark 2.6], every p"-cyclotomic class of A containing
an element of order d is of type I and of even cardinality ordg(p™). Hence, the number of Hermitian
self-dual linear codes C;’s of length n corresponding to d is

Na(d)

Noa(d) m
m ordy (p) m (I=x(d,p™)) siascpm
(NHP> (pm-ordd(ln ), n)) dg(P™) _ (NHW (pm»ordd(p )’ ’Il)) dg(P™) )
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Case 3: x(d,p™) = 1. By [11, Lemma 4.5], every p™-cyclotomic class of A containing an element of
order d is of type . Then the number of linear codes D;’s of length n corresponding to d is

_Na@d) X(dpﬂz)M
) m 2ord g (p™) . m ’ 2ord g (p™)
(Npe (prorda™ ) =50 = (N (prordate™ ) o

The formula for the number of Euclidean self-dual A x Z,--quasi-abelian codes in Fpm [A x Z,= x B] follows
since d runs over all divisors of M. O

Remark 4.11. In general, the numbers NE,s(p™,n) and NHps(p™,n) in Theorem 4.10 have not been
well studied. In the case where the field characteristic is 3, we have the following conclusions.

1. The numbers N3(3™,n), NE5(3™,n) and NHs(3™,n) have been determined in Proposition 2.1, [3,
Theorem 1] and Theorem 3.4. By Theorem 4.10, the enumeration for Euclidean self-dual A X Z3-
quasi-abelian codes in Fzm[A X Z3 x B] is completed. .

2. The construction/characterization of linear, Euclidean self-dual and Hermitian self-dual codes of
length n over Fzm + uFzm + u?F3m have been given in [3], [4] and in the proof of Proposition
3.3. Hence, the construction/characterization of Euclidean self-dual A X Zs-quasi-abelian code in
Fsm[A x Zg x B] can be obtained from Corollary 4.9.

3. Note that, if n is odd, there are no Hermitian self-dual linear codes of length n over Fgm + ulF3m +
u?F3m by Theorem 3.4. Hence, there are no Euclidean self-dual A x Zsz-quasi-abelian codes in
Fsm[A X Zg x B] for all abelian groups B of odd order.

Example 4.12. Let A < H < G be finite abelian groups such that A = Zo X Zy, H = A X Z3, and
G = H x Zy4. Form Example 4.6, it is easily seen that the 3-cyclotomic classes S3((0,0)) = {(0,0)},
$5((0,2)) = {(0,2)}, S5((1,0)) = {(1,0)}, S5((1,2)) = {(1.2)} of A = Zy x Zy are of type 1, the 3-
cyclotomic classes S3((0,1)) = {(0,1),(0,3)} and S5((1,1)) = {(1,1),(1,3)} are of type I, and there are
no 3-cyclotomic classes of type . Then vy = 4, rp = 2, and rm = 0. In view of Theorem 4.7, (32) is
recalled as

4 2
Fs[H] = [ [(Fs + uFs + u’Fs) x [ [ (Fo + uFo + u’Fo).
j=1

i=1

Hence, by Corollary 4.9, each Euclidean self-dual H-quasi-abelian code in F3|G] is isomorphic to a code
of the form

C1 X Cy x C3 x Cy4 x C5 x Cg,

where C1, Ca, C3, and Cy are Euclidean self-dual linear codes of length 4 over Fz 4+ uFs + u*Fs, and Cs
and Cg are Hermitian self-dual linear codes of length 4 over Fg 4+ uFg + u?Fy.

4.4. Hermitian self-dual A x Z,:-quasi-abelian codes in F,n[A X Z,: x B]

In this subsection, we focus on the case where m is even and study Hermitian self-dual A x Z.-
quasi-abelian codes in Fym[A x Zps x B].

The characterization and enumeration of Hermitian self-dual A X Z,<-quasi-abelian codes in Fpm [A X
Zy x B] are given based on the decomposition of a group algebra Fym[A x Z,:] in terms of the following
types of p™-cyclotomic classes of A. A p™-cyclotomic class Spm (a) is said to be of type I if Sym(a) =
Sym(—p%a) or type U if Sym(a) # Spm(—p?a). The primitive idempotent e induced by S,m (a) is said
to be of type A € {I,I'} if Spm (a) is a p™-cyclotomic class of type .

Rearrange the terms in the decomposition in Theorem 4.3 based on the p™-cyclotomic classes of
types I and I, the next theorem follows.
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Theorem 4.13. Let m be an even positive integer and let A be a finite abelian group such that p 1t |A|.

Ty (rw)/2
For[AxZp ]2 [ T[S x| T] ix™].
j=1 =1

where v and ry are the numbers of elements in a complete set of representatives of p™™-cyclotomic classes

of A of types I and I, respectively, S; = Fpmi + ulfpm; + -+ + uptlemj forallj =1,2,...,ry and
T = IFmeI,H + uIFkaI,H + 4 ups_lemTl,H foralll=1,2,...,(ry)/2.

Using Theorem 4.13 and the analysis similar to those in [12, Section IL.D|, the A x Zs-quasi-abelian
code C in Fym[A X Zp- x B] and its Hermitian dual are given.

Proposition 4.14. Let s and m be positive integers such that m is even. Let A and B be finite abelian
groups such that |B| = n and p 1 |A|. Then an A X Zy--quasi-abelian code in Fpm[A X Zy= x B] can be
viewed as

Ty (’I“H/)/Q
c [ [Ic| x| I] @xD)], (35)
j=1 1=1
where Cj, D; and D] are linear codes of length n over S;, T, and T, respectively, for all j =1,2,... 1y
andl=1,2,...,(ryp)/2.
Furthermore, the Hermitian dual of C in (35) is of the form

Ty (T‘H/ )/2

= HC]LH X H ((DZ)J‘EXDZJ‘E)

j=1 =1

The characterization of Hermitian self-dual A x Z,s:-quasi-abelian codes in F,m[A X Z,: x B] in
term of a product of linear codes, and Hermitian self-dual linear codes over Galois extensions of the ring
Fpm + uFpm + -+ uP ~1F,m is established.

Corollary 4.15. Let s and m be positive integers such that m is even. Let A and B be finite abelian
groups such that |B| = n and p { |A|. Then an A X Zps-quasi-abelian code in Fpm[A X Zps x B] is
Hermitian self-dual if and only if in the decomposition (35),

i) C; is a Hermitian self-dual linear code of length n over S; for all j =1,2,...,ry, and
ii) D} = D" is a linear code of length n over T; for alll =1,2,..., (ry)/2.

From Corollary 4.15, it follows that the Hermitian self-duality of A x Z,s-quasi-abelian codes in
Fpm[A x Zps x B] depends only on the structure of A x Z,- and the index n = |B| but not the structure
of B itself.

Given a positive integer m and a positive integer j, the pair (j,p™) is said to be oddly good if j
divides p™* +1 for some odd positive integer ¢. This notion has been introduced in [12] for characterizing
the Hermitian self-dual abelian codes in principal ideal group algebra and completely determined in [9].

Let A be a function defined on the pair (j, p™) as

0 if (j,p™) is oddly good,

. (36)
1 otherwise.

A, p™) = {

The number of Hermitian self-dual A x Z,:-quasi-abelian codes in F,,m [A X Z,: X B] can be determined
as follows.

ot
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Theorem 4.16. Let s and m be positive integers such that m is even. Let A and B be finite abelian
groups such that |B| = n is even and the exponent of A is M and pt M. Then the number of Fuclidean
self-dual A X Zy,s-quasi-abelian codes in Fpm[A X Zps x B] is

- (1-Adp %)) A0 N Mdip B )t
H (NHps(pm'ordd(p )7p3)) d, (™) % H (Nps(pm'ordd(p )7p5)> Tordg (™) ’
d|M d M

where Na(d) denotes the number of elements of order d in A determined in [1].

Proof. By Corollary 4.15, it is enough to determine the numbers linear codes C;’s and D;’s of length n
in (35) such that C; is Hermitian self-dual. The result can be deduced using arguments similar to those
in the proof of Theorem 4.10, where [12, Lemma 3.5] is applied instead of [11, Lemma 4.5]. O

Remark 4.17. In general, the number N Hps (p™,n) of Hermitian self-dual linear codes of length n over
Fpm 4 uFpym + -+ uP " Fym in Theorem 4.16 has not been well studied. In the case where the field
characteristic is 3, we have the following results.

1. The numbers N3(p™,n) and NH3(3™,n) have been determined in Proposition 2.1 and Theorem 3.4.
Hence, the complete enumeration of Hermitian self-dual A x Zs-quasi-abelian codes in Fym [A X Zz X
B follows.

2. The construction/characterization of linear and Hermitian self-dual dual linear codes of length n
over Fzm + uFzm + u?F3m have been given in [{] and in the proof of Proposition 3.3. Hence, the
construction/characterization of Hermitian self-dual A X Zs-quasi-abelian code in Fym[A X Z3 x B]
can be obtained from Corollary 4.15.

3. Note that, if n is odd, there are no Hermitian self-dual linear codes of length n over Fgm + ulF3m +
u?F3m by Theorem 5.4. Hence, there are no Hermitian self-dual A x Zsz-quasi-abelian codes in
Fym[A X Zs x B] for all abelian groups B of odd order.

5. Conclusion and remarks

By extending the technique used in the study of Euclidean self-dual linear codes over F, +uF, +u?F,
in [3], complete characterization and enumeration of Hermitian self-dual linear codes over F,+uF,+u*F,
have been established for all square prime powers ¢q. An algorithm for constructions of such self-dual
codes has veen provided as well as an illustrative example. Subsequently, algebraic characterization of
H-quasi-abelian codes in Fm [G] has been studied, where H < G are finite abelian groups and the Sylow
p-subgroup of H is cyclic, or equivalently, F,m[H] is a principal ideal group algebra. In the special
case where H = A x Zz with 3 1 |A|, characterization and enumeration of H-quasi-abelian codes and
self-dual H-quasi-abelian codes in Fsm[H X B] have been completely determined for all finite abelian
group B. As applications, characterization and enumeration of self-dual A x Zs-quasi-abelian codes
in Fgm[A X Z3 x B] can be presented in terms of linear codes and self-dual linear codes over some
extensions of Fym + uF3m + u?Fsm determined in [3], [4] and Section 3.

In general, it would be interesting to studied A x P-quasi-abelian codes and self-dual A x P-quasi-
abelian codes in F,m [A x P x B] for all primes p and finite abelian p-groups P. For e > 4, characterization
and enumeration of self-dual linear codes over Fpm +uFpm + - -—|—ue_1IFpm are other interesting problems.

Acknowledgment: The authors would like to thank the anonymous referees for their helpful com-
ments.



P. Choosuwan, S. Jitman / J. Algebra Comb. Discrete Appl. 7(3) (2020) 209-227

References

[1] S. Benson, Students ask the darnedest things: A result in elementary group theory, Math. Mag. 70
(1997) 207—-211.
[2] S. D. Berman, Semi-simple cyclic and abelian codes, Kibernetika 3 (1967) 21-30.
[3] R. A. Betty, F. Nemenzo, T. L. Vasques, Mass formula for self-dual codes over F, + uF, + u?F,, J.
Appl. Math. Comput. 57 (2018) 523-546.
[4] Y. Cao, Y. Gao, Repeated root cyclic Fy-linear codes over F i, Finite Fields Appl. 31 (2015) 202-227.
[5] C. Ding, D. R. Kohel, S. Ling, Split group codes, IEEE Trans. Inform. Theory 46 (2000) 485-495.
[6] J. L. Fisher, S. K. Sehgal, Principal ideal group rings, Comm. Algebra 4 (1976) 319-325.
[7] A. R. Hammons Jr., P. V. Kumar, A. R. Calderbank, N. J. A. Sloane, P. Solé, The Z,4 linearity of
Kerdock, Preparata, Goethals and related codes, IEEE Trans. Inform. Theory 40 (1994) 301-319.
[8] Y. Jia, S. Ling, C. Xing, On self-dual cyclic codes over finite fields, IEEE Trans. Inform. Theory 57
(2011) 2243-2251.
[9] S. Jitman, Good integers and some applications in coding theory, Cryptogr. Commun. 10 (2018)
685-704.
S. Jitman, Correction to: Good integers and some applications in coding theory, Cryptogr. Commun.
10 (2018) 1203-1203.
[10] S. Jitman, S. Ling, Quasi-abelian codes, Des. Codes Cryptogr. 74 (2015) 511-531.
[11] S. Jitman, S. Ling, H. Liu, X. Xie, Abelian codes in principal ideal group algebras, IEEE Trans. Info.
Theory 59 (2013 ) 3046-3058.
[12] S. Jitman, S. Ling, P. Solé, Hermitian self-dual abelian codes, IEEE Trans. Info. Theory 60 (2014)
1496-1507.
[13] J.-L. Kim, Y. Lee, Euclidean and Hermitian self-dual MDS codes over large finite fields, J. Combinat.
Theory A 105 (2004) 79-95.
[14] F. J. MacWilliams, N. J. A. Sloane, The Theory of Error-Correcting Codes, NorthHolland, Amster-
dam, 1977.
[15] C. P. Milies, S. K. Sehgal, S. Sehgal, An Introduction to Group Rings, Springer Science Business
Media, 2002.
[16] K. Nagata, F. Nemenzo, H. Wada, The number of self-dual codes over Z,s, Des. Codes Cryptogr. 50
(2009) 291-303.
[17] Y. Niu, Q. Yue, Y. Wu, L. Hu, Hermitian self-dual, MDS, and generalized Reed-Solomon codes,
IEEE Commun. Lett. 23 (2019) 781-784.
[18] G. H. Norton, A. Salagean, On the Hamming distance of linear codes over a finite chain ring, IEEE
Trans. Info. Theory 46 (2000) 1060-1067.
[19] G. H. Norton, A. Silagean, On the structure of linear and cyclic codes over a finite chain ring,
AAECC 10 (2000) 489-506.
[20] D. S. Passman, The Algebraic Structure of Group Rings, Wiley, New York, 1977.
[21] V. Pless, On the uniqueness of the Golay codes, J. Comb. Theory 5 (1968) 215-228.
[22] E. M. Rains, N. J. A. Sloane, Self-dual codes. In: Handbook of Coding Theory, pp. 177-294. North-
Holland, Amsterdam 1998.
[23] B. S. Rajan, M. U. Siddiqi, Transform domain characterization of abelian codes, IEEE Trans. Inform.
Theory 38 (1992) 1817-1821.
[24] H. Tong, X. Wang, New MDS Euclidean and Hermitian self-dual codes over finite fields, Advances
in Pure Mathematics 7 (2017) 325-333.

N

~


https://doi.org/10.1080/0025570X.1997.11996535
https://doi.org/10.1080/0025570X.1997.11996535
https://doi.org/10.1007/s12190-017-1117-0
https://doi.org/10.1007/s12190-017-1117-0
https://doi.org/10.1016/j.ffa.2014.10.003
https://doi.org/10.1109/18.825811
https://doi.org/10.1080/00927877608822109
https://doi.org/10.1109/18.312154
https://doi.org/10.1109/18.312154
https://doi.org/10.1109/TIT.2010.2092415
https://doi.org/10.1109/TIT.2010.2092415
https://doi.org/10.1007/s12095-018-0314-5
https://doi.org/10.1007/s12095-018-0314-5
https://doi.org/10.1007/s12095-018-0314-5
https://doi.org/10.1007/s12095-018-0314-5
https://doi.org/10.1007/s10623-013-9878-4
https://doi.org/10.1109/TIT.2012.2236383
https://doi.org/10.1109/TIT.2012.2236383
https://doi.org/10.1109/TIT.2013.2296495
https://doi.org/10.1109/TIT.2013.2296495
https://doi.org/10.1016/j.jcta.2003.10.003
https://doi.org/10.1016/j.jcta.2003.10.003
https://doi.org/10.1007/s10623-008-9232-4
https://doi.org/10.1007/s10623-008-9232-4
https://doi.org/10.1109/LCOMM.2019.2908640
https://doi.org/10.1109/LCOMM.2019.2908640
https://doi.org/10.1109/18.841186
https://doi.org/10.1109/18.841186
https://doi.org/10.1007/PL00012382
https://doi.org/10.1007/PL00012382
https://doi.org/10.1016/S0021-9800(68)80067-5
https://doi.org/10.1109/18.165458
https://doi.org/10.1109/18.165458
https://doi.org/10.4236/apm.2017.75019
https://doi.org/10.4236/apm.2017.75019

DOI: 10.14456/mj-math.2019.3 Msesedineans USun 64 Laufl 697 unsiey — ey 2562

2M5815ANNAENST Mathematical Journal 64(697) uns1as — wwnewu 2562

72N lng avpuadaansuitUszmalne lunssususgudug
) L . . .
= http://www.mathassociation.net Email: MathThaiOrg@gmail.com

adun1sialowmulnid 8* + 617 = 22 LAY 8* + 67 = 22

On The Diophantine Equations 8* + 617 = z2 and 8* + 677 = 22

WS WNe Nausenn AsvYA ofmayn 139 wag JanTad Nindiasey

Nonthiya Makate! Kulprapa Srimud ? Apinya Warong® and Wilawan Supjaroen®

1’2'3’4Department of Mathematics and Computer Science,

Faculty of Science and Technology,
Rajamangala University of Technology Thanyaburi,

Pathum Thani 12110, Thailand

Email: 1nohthiya_m@rmu’t’t.ac.th 2I<ulprapa_s@ rmutt.ac.th 2’apinv\/aﬁlﬁl@gmail.com

avvilavvan_supjaroen@hotmait.com

UNANED
Turuddeilganumaass (x,y,2) e xy uas z Wuswiuduitlibuavvesaunis
Tolowlulny 8% + 617 = 22 uay 8% + 67 = 22 lnewuindun1sIdesinaLaasLfios
NaLasLAen Ae (x,y,2) = (1,0,3)

o

ANdNA: aunsialeulny Yar1nn1salusInInIanu

v

ABSTRACT
In this paper, we study solutions (x,y,z) where x,y and z are non - negative
integers of Diophantine equations 8% + 617 = z2 and 8% + 67Y = z2. We find that
both of them have a unique solution, that is (x,y,z) = (1,0,3).

Keywords: Diophantine equation, Catalan’s conjecture
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1. unih

aunslaleiulymd Wuaunsilddnuiuegiannie wazAnwluvatssuuuy sUuuy
yilefildFnuniuegianiiennsde aunsieglugu o + bY = 22 Lu

TuU A.A. 2011 Suvarnamani [9] IaAnwnataagvesaunisialowulnig 2% 4+ p¥ = 22
dlo x, y, z Wusnwduildduavuas p Husunuane

1T p.A. 2012 Chotchaisthit [1] l8Fnwnaeasiomafiidusiviududiliduauaes
aunslalomiulni 4% + p¥ = 22 aed p dudwuanie uwarludiieadu Sroysane [4] 16
figaudn (x,y,2) = (1,0,3) Wurawaoideddt x,y uay z Wuswiwdniliduavvesaunis
Ialowlulng 8% + 19 = 22

1ud a.A. 2013 Sroysang [5], [6] lauansinaunisialowlulng 2% 4+ 37 = z2 fifigea
nawasde (0,1,2),(3,0,3) waz (4,2,5) wazlddnwmaunisialowuln 7 + 87 = 22 Taed
x,y waz z Wuswauduiliduau waznuinaunisdainaiinanasifiswaeasiion
ﬁuﬁa (x,v,z) = (0,1,3)

Tt A.A. 2014 Sroysang [8], [7] lauanalifiuia (1,0,3) 1unalaaeifeivesaunis
Tolowiulymd 8% + 13¥ = 22 uaz 8" + 597 = 22 \ilo x, y uae z \Juswuduiliduau

TusmAdeilléAnwaunislelomulnidedlugy 8% + p? = 22 \flo p WWudwauawedn

A991UIUNBYNNNN 59 UUAD FUN1T 8% + 61Y = z2 Ay 8% + 67Y = z2

Y

2. WAANWSHAN
nQuEfun 2.1 [3] (Yomansalresnnia)
&5V a, b, x uag y MUudwiufy 9 minfa, b, x, y} > 1

aunsialeawlulny a* — bY = 1 dnanasiisswalaasinedre (a, b, x, y) = (3,2,2,3)

nuun 2.2 [4] & msu x way z Iudwuaunliduay

aunsialawlulng 8 + 1 = 22 Jnawasiiswamasiien fAs (x,z) = (1,3)

nuijun 2.3 [2] dmsu x uay z Miludwnuduiliduay
gunsialawulmi 1+ p* = 22 lee?l p Wudwauwanzidudwiun sviinanasifiswa

WRauLREIAD (p,x,2) = (3,1,2)

25



aunstalawlulng 8% + 61Y = z2 uay 8% + 677 = 72

UNuNsn 2.4 aunisialawulng 1+ 61% = z2 luiinawasidusuudunliiduau

univgad lnemguiuni 2.3 1910 61 1Wudwiuanzd wag 61 # 3

ununsn 2.5 aunsialowlulng 1 + 67 = 22 lifinawasmdudunuduiliiduau

unigau nenqufjund 2.3 1lewn 67 \udwiuaned uag 67 # 3

a

nQuUN 2.6 A MU x,y uay z Mdudnnuduiliduay
gunsialowulnid 8*+617 = 22 fnamasiiiswwalaasiende (x,y,z) = (1,0,3)
unitgay % x, y uae z Wudnnuduiiliduau fvild 84617 = 22
dUNR x = 0 9zl 14 617 = 22
Teununsnd 2.4 azlein ) Lifawasfidusuusuildduay
AUl x > 1 1519sfinnsan y {Ju 2 nsdissielld
03l 1 81 y WWuduud udeeisunuduildduau r Ald y = 2r +1
9 (1) 9¢l8 8¥+6127+1 = 22 {Jufie 8¥+61(3721)" = 22
flosan 8% +617 Wuswaud i 22 Wuswnud dufe z 1Huswoud
Wz = 2q + 1 o q Jushwusuilibuau
MAle z2 = 4q(q + 1) + 1
281071 z2 = 1 (mod 8)
{99970 3721 = 1 (mod 8) 9lé 37217 = 1 (mod 8)
{99910 61 = 5 (mod 8) vililé 61(37217) = 5 (mod 8)
Fathu 8% + 61(37217) = 5 (mod 8) Tufe 22 = 5 (mod 8) tAndodaud
nsdl 2 61 y 1Wuduaue
nsiEey 2.1 y = 0
90 (1) 2gla 8% +1 = 22
Tnenquiunil 2.2 9l (@) dnamaeiiismalaasiionde (x,z) = (1,3)
Tufe (1) finawasfie (x,y,2) = (1,0,3)
nseey 2.2 y > 1

9 y = 25 il s Huduiutiu

26

(1)
(2)

(3)

(4)



MIANSAMAFMENS USH1 64 LEUN 697 UNTIAN — LUWEU 2562

2glaan (1) anunsadeudy 8% + 6125 = 22
Tufe 23% = (2 — 61%)(z + 61°)
W w Judunuduiiliduau Al 2¢ = 2 — 615 ua 23 = 2 + 61°
1918‘17{ 3x > 2u
LIINRTUN 23574 — 2% = (2 + 61°) — (z — 61°) = 2(61°)
1zl 29(23%2 — 1) = 2(615)
911 (6) azdulldifies 1 nsdl dufe 2¢ = 2 uay 23%24 — 1 = 61°
Hufeagld u = 1 vlilgan 23%2 - 1 = 61°
& s = 1 98ld 232 = 62 FansalinTululaily
Fothu s > 1 9vlé 615 > 61
Tufo 615+ 1> 62 > 32
910 (8) 1519¢1¢ 2372 = 615 + 1> 25 Fu 3x —2 > 5
F9azldin min{2,61,3x — 2,5} > 1 LLasT,mstwﬁwﬁ 2.1 3glen
qung 232 — 615 = 1 Luifinalaas
Tufe (x,y,2) = (1,0,3) Huilvwanasiiervesaunislalomulmi 8% +617 = 22

g7 x, y wag z Wuduuduiliduay

nQuUN 2.7 S WU 1,y uay z Midudnuduiliduay

aunsialawlulng 84677 = z2 fnalnasiiiswalaasiienfe (x,y,z) = (1,0,3)
unitgayl 1F x,y uae z Wudnwududilsiduay il 8x+67Y = 22

UNALA x = 0 9zla 1467V = 22

Tnsununsnit 2.5 alean (10) ifinamasfidusnuiaiildduay

AUNALA x > 1

o910 8%+677 Wusuiud avlain 22 Wusuud duie 2z 1Wuswiud

1% 2z = 2t + 1 o ¢ Pudwududildifuay

azlaan 8¥+67Y = (2t + 1)?

8¥+67Y =4(t2+t) +1
677 —1=4(t*+1t)—8*
677 —1=4[(t*> +t) —2-8*71]
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ﬁﬂﬁ?u 67Y =1 (mod 4)

\1aansd y Wuduaue

aunfli y Jusuaud udesisnudy k Aldduauiivild y = 2k + 1

{10990 67 = 3 (mod 4) 1841 672 = 9 (mod 4)

Vil 672 = 1 (mod 4) Fathu 672K = 1 (mod 4)

a¢léi1 672K+1 = 3 (mod 4) e 677 = 3 (mod 4) FuAntedauds

il y Wuduaue nazuusiansansenitu 2 nadl seluil

NSl 1y =0

wliin 8 +1 = 22 (11)
Iquwﬁwﬁ 2.2 2gledn (11) dnawasiiiswalaasiiends (x,z) = (1,3)

Tufle aunns 8°+67Y = 22 finawasde (x,y,2) = (1,0,3)

s 2y >1

W y = 2m ilo m Buswuiv

w5aglel (9) Wewdu 8¥+672m = 22

Tufe 23 = (z — 67™)(z + 67™) (12)
W u Juswududliduauiivild 24 = 2 — 67™ waz 234 = z + 67™ laed 3x > 2u
L3N 23572 = (2 + 67™) — (z — 67™) = 2(67™)

1azle 24(23%24 — 1) = 2(67™) (13)
9 (13) andululdiiies 1 nsdl dufie 2% = 2 uay 2324 — 1 = 7™

Rl w = 1 faidu 2352 = 67 + 1

&1 m =1 2l 2302 = 68 Fudululally

M m>1uaz 23 2=67"+1>67+1> 64 =26

wliin3x—2>6

vinlh min{2,67,3x — 2,m} > 1

Taevguiund 2.1 agldaunis 2352 — 67m = 1 liflaiaae

Tude (x,y,2) = (1,0,3) Wuilvwanasiieivesaunislalomulmi 8%+677 = 22

089 x, v wae z WWududunlaiduau O
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3. @3
o [ a o dy =g A < o & o [
dmsulunuideiiinnlafnemaiaay (x,y,2) We x,y way z \Wudrunusunliiduay
vosaun1sialowulng 8¥+61Y = z2 uag 8°+67Y = z2 Fuslanuin (x,y,2) = (1,0,3)

< ] a ¢S
JWunalnasiilewalaaifeivesaunisialoiulninsaes
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