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1. INTRODUCTION

The fixed point theory plays an important role in nonlinear functional analysis and is a very useful tool

in various fields. In particular, fixed point theorem has been applied in many branches of sciences.

For a recent trend of fixed point problem, one of the most interesting problems is the combination of

fixed point theory and graph theory. In the past few years, many researchers have studied fixed point

theorems in a metric space endowed with a graphs; see [1-4] and references cited therein.

Let (X, d) be a metric space. A mapping T : X → X is said to be contraction if there is

0 < k < 1 such that

d(Tx, Ty) ≤ kd(x, y) for all x, y ∈ X.
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The set of all fixed points of a mapping T is denoted by F (T ), i.e., x ∈ F (T ) if and only if

x = Tx.

Let G = (V (G), E(G)) be a directed graph where V (G) is a set of vertices of graph and E(G) be

a set of its edges, assume that G has no parallel edges, we denote G−1 as the directed graph obtained

from G by reversing the direction of edges. That is,

E(G−1) = {(x, y) : (y, x) ∈ E(G)}.

If x and y are vertices in G, then a path in G from x to y of length n ∈ N ∪ {0} is a sequence

{xi}n
i=1 of n + 1 vertices such that x0 = x, xn = y, (xi−1, xi) ∈ E(G) for i = 1, 2, . . . , n. A graph

G is connected if there is a (directed) path between any two vertices of G.

For studying contractive-type mappings, the Banach contraction mapping principle, which was

firstly introduced by Banach [5] in 1922, has been an important source for solving existence problems

in fixed point theory. Some of the contractive-type mapping were studied in many directions, see [6,

7]. In 2008, Jachymski [8] combined the concept of fixed point theory and graph theory in a metric

space to generalized Banach contraction mapping principle in a metric space endowed with a directed

graph. He also introduced a contractive-type mapping with a directed graph as follows.

Definition 1.1 — [8]. Let (X, d) be a metric space and let G = (V (G), E(G)) be a directed graph

such that V (G) = X and E(G) contains all loops, i.e., 4 = {(x, x) : x ∈ X} ⊆ E(G).

We say that a mapping f : X → X is a G-contraction if f preserves edges of G, i.e.,

x, y ∈ X, (x, y) ∈ E(G) ⇒ (f(x), f(y)) ∈ E(G)

and there exists α ∈ (0, 1) such that for any x, y ∈ X ,

(x, y) ∈ E(G) ⇒ d(f(x), f(y)) ≤ αd(x, y).

In the past few years, many authors have studied a concept of G-contraction in order to im-

prove and extend the above definition, see for instance [9-12] and references cited therein. Let C

be a nonempty convex subset of a Banach space, G = (V (G), E(G)) be a directed graph such that

V (G) = C and T : C → C, then T is said to be G-nonexpansive if the following conditions hold:

(1) T is edge-preserving, i.e., for any x, y ∈ C such that (x, y) ∈ E(G) ⇒ (Tx, Ty) ∈ E(G);

(2) ‖Tx− Ty‖ ≤ ‖x− y‖ , whenever (x, y) ∈ E(G) for any x, y ∈ C.

This mapping was introduced by Tiammee et al. [13] in 2015.
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We know that Halpern iteration process is an important tool in fixed point problem and it can

generate a strongly convergent sequence provided that the underlying space is smooth enough. So, in

order to prove a strong convergence of the Halpern iteration process in a Hilbert space endowed with

a directed graph , Tiammee et al. [13] introduced Property G and proved strong convergence of the

Halpern iteration process for finding the set of fixed point of G-nonexpansive mappings in a Hilbert

space endowed with a directed graph as the following theorem.

Theorem 1.2 — Let C be a nonempty closed convex subset of a Hilbert space H and let G =

(V (G), E(G)) be a directed graph such that V (G) = C, E(G) is convex and G is transitive. Suppose

C has Property G. Let T : C → C be a G-nonexpansive mapping. Assume that there exists x0 ∈ C

such that (x0, Tx0) ∈ E(G). Suppose that F (T ) 6= ∅ and F (T ) × F (T ) ⊆ E(G). Let {xn} be a

sequence satisfying

x0 ∈ C, xn+1 = αnu + (1− αn)Txn, n ≥ 0. (1)

Let {xn} be a sequence defined by Halpern iteration, where u = x0. If {xn} is dominated by Px0

and {xn} dominates x0, then {xn} converges strongly to Px0, where P is the metric projection on

F (T ).

One of the most interesting iteration processes is the viscosity approximation method introduced

by Moudafi [15]. In 2004, Xu [14] studied the such method for a nonexpansive mapping in a Hilbert

space and introduced an iterative scheme for finding the set of fixed points of a nonexpansive mapping

in a Hilbert space as follows:

x0 ∈ C, xn+1 = αnf(xn) + (1− αn)Txn, n ≥ 0, (2)

where T : C → C is a nonexpansive mapping with F (T ) 6= ∅, f : C → C is a contraction, and

{αn} ⊆ (0, 1). Then, they proved a strong convergence theorem under suitable conditions of the

parameters {αn}.

In this paper, motivated by [13] and [14], we prove a strong convergence theorem for finding the

set of fixed point of G-nonexpansive mapping in a Hilbert space endowed with a directed graph. By

using our main result, we give a numerical expample to approximate the value of π.

2. PRELIMINARIES

In this paper, we denote 88 weak and strong convergence ′′ by notations 88 ⇀′′ and 88 →′′, respectively.

Recall that the (nearest point) projection PC from H onto C assigns to each x ∈ H , there exists the
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unique point PCx ∈ C satisfying the property

‖x− PCx‖ = min
y∈C

‖x− y‖.

In a real Hilbert space H , it is well known that H satisfies Opial’s condition [19], i.e., for any

sequence {xn} with xn ⇀ x, the inequality

lim
n→∞ inf ‖xn − x‖ < lim

n→∞ inf ‖xn − y‖ ,

holds for every y ∈ H with y 6= x.

The following lemmas are needed to prove the main theorem.

Definition 2.1 — A sequence {xn} in a Hilbert space H is said to converge weakly to x ∈ H if

〈xn, y〉 → 〈x, y〉 for all y ∈ H . In this case, we write xn ⇀ x.

Theorem 2.2 — [16]. Let X be a Banach space. Then X is reflexive if and only if every closed

convex bounded subset C of X is weakly compact, i.e., every bounded sequence in C has a weakly

convergent subsequence.

Lemma 2.3 — [17]. Let {sn} be a sequence of nonnegative real numbers satisfying

sn+1 ≤ (1− αn)sn + δn, ∀n ≥ 0,

where αn is a sequence in (0, 1) and {δn} is a sequence such that

(1) :
∞∑

n=1

αn = ∞,

(2) : lim sup
n→∞

δn

αn
≤ 0 or

∞∑

n=0

|δn| < ∞.

Then, lim
n→∞ sn = 0.

Lemma 2.4 — [18]. Given x ∈ H and y ∈ C. Then, PCx = y if and only if there holds the

inequality

〈x− y, y − z〉 ≥ 0,∀z ∈ C.

Lemma 2.5 — Let H be a real Hilbert space. Then

‖x + y‖2 ≤ ‖x‖2 + 2〈y, x + y〉,

for all x, y ∈ H .
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Property G : [13]. Let C be a nonempty subset of a normed space X and let G = (V (G), E(G)),

where V (G) = C, be a directed graph. Then C is said to have Property G if every sequence {xn} in

C converging weakly to x ∈ C, there is a subsequence {xnk
} of {xn} such that (xnk

, x) ∈ E(G) for

all k ∈ N.

The following basic definitions of domination in graphs [20, 21] are needed to prove the main

theorem.

Let G = (V (G), E(G)) be a directed graph. A set X ⊆ V (G) is called a dominating set if every

z ∈ V (G) \ X there exists x ∈ X such that (x, z) ∈ E(G) and we say that x dominates z or z is

dominated by x. Let z ∈ V , a set X ⊆ V is dominated by z if (z, x) ∈ E(G) for any x ∈ X and we

say that X dominates z if (x, z) ∈ E(G) for all x ∈ X . In this paper, we always assume that E(G)

contains all loops.

Theorem 2.6 — [13]. Let X be a normed space and G = (V (G), E(G)) a directed graph with

V (G) = X . Suppose T : X → X is a G-nonexpansive mapping. If X has a Property G, then T is

continuous.

Theorem 2.7 — [13]. Let X be a Hilbert space and C be a subset of X having Property G.

Let G = (V (G), E(G)) be a directed graph such that V (G) = C and E(G) is convex. Suppose

T : C → C is a G-nonexpansive mapping and F (T ) × F (T ) ⊆ E(G). Then F (T ) is closed and

convex.

Definition 2.8 — [13]. Let G = (V (G), E(G)) be a directed graph. A graph G is called transitive

if for any x, y, z ∈ V (G) such that (x, y) and (y, z) are in E(G), then (x, z) ∈ E(G).

3. MAIN RESULT

In this section, we prove a strong convergence theorem of viscosity approximation methods for

G-nonexpansive mapping in Hilbert spaces endowed with a directed graph.

The following Proposition is needed to prove the main theorem.

Proposition 3.1 — Let C be a convex subset of a vector space X and G = (V (G), E(G)) a

directed graph such that V (G) = C and E(G) is convex. Let G be transitive, T : C → C be

edge-preserving, and f : C → C be a G-contraction mapping. Let {xn} be a sequence defined by





x0 ∈ C,

xn+1 = αnf(xn) + (1− αn)Txn, n ≥ 0,
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where (f(x0), Tx0) and (x0, f(x0)) are in E(G). If {xn} dominates x0, then (xn, xn+1), (x0, xn),

(x0, Txn), and (xn, Txn) are in E(G) for all n ∈ N.

PROOF : We prove by induction. By transitivity of G and since (x0, f(x0)) and (f(x0), Tx0) are

in E(G), we have (x0, Tx0) ∈ E(G). Since E(G) is convex, (x0, f(x0)) and (x0, Tx0) are in E(G),

we obtain

(α0x0 + (1− α0)x0, α0f(x0) + (1− α0)Tx0) = (x0, x1) ∈ E(G).

Since T is edge-preserving, f is G-contraction mapping and (x0, x1) ∈ E(G), then (Tx0, Tx1) ∈
E(G) and ((f(x0), f(x1))) ∈ E(G), respectively. By transitivity of G and since (x0, Tx0) and

(Tx0, Tx1) are in E(G), we obtain (x0, Tx1) ∈ E(G). By assumption, (x1, x0) ∈ E(G). Then, by

transitivity of G and (x0, Tx1) ∈ E(G), we get (x1, Tx1) ∈ E(G). By transitivity of G and since

(f(x0), Tx0) and (Tx0, Tx1) are in E(G), we obtain (f(x0), Tx1) ∈ E(G). Since E(G) is convex,

(f(x0), Tx1) and (f(x0), f(x1)) are in E(G), we obtain

(α1f(x0) + (1− α1)f(x0), α1f(x1) + (1− α1)Tx1) = (f(x0), x2) ∈ E(G).

By transitivity of G and since (x1, x0) and (x0, f(x0)) are in E(G), we obtain (x1, f(x0)) ∈
E(G). Again, by transitivity of G and since (x1, f(x0)) and (f(x0), x2) are in E(G), we obtain

(x1, x2) ∈ E(G).

Next, assume that (xk, xk+1), (x0, xk), (x0, Txk), and (xk, Txk) are in E(G). Since T is

edge-preserving and (xk, xk+1) ∈ E(G), then (Txk, Txk+1) ∈ E(G). By transitivity of G, and

(x0, Txk), (Txk, Txk+1) are in E(G), we have (x0, Txk+1) ∈ E(G). Since {xn} dominates x0,

we have (xk+1, x0) ∈ E(G). By transitivity of G, and (xk+1, x0), (x0, Txk+1) are in E(G), we

have (xk+1, Txk+1) ∈ E(G). By transitivity of G, and (x0, xk), (xk, xk+1) are in E(G), we get

(x0, xk+1) ∈ E(G). Since T is edge-preserving, f is G-contraction mapping, and (x0, xk+1) ∈
E(G), we have (Tx0, Txk+1), (f(x0), f(xk+1)) are in E(G) , respectively. By transitivity of G and

since (f(x0), Tx0) and (Tx0, Txk+1) are in E(G), we obtain (f(x0), Txk+1) ∈ E(G). Since E(G)

is convex, (f(x0), Txk+1) and (f(x0), f(xk+1)) are in E(G), we obtain

(αk+1f(x0) + (1− αk+1)f(x0), αk+1f(xk+1) + (1− αk+1)Txk+1)

= (f(x0), xk+2) ∈ E(G).

By transitivity of G and since (xk+1, x0) and (x0, f(x0)) are in E(G), we obtain (xk+1, f(x0)) ∈
E(G). Again, by transitivity of G and since (xk+1, f(x0)) and (f(x0), xk+2) are in E(G), we obtain

(xk+1, xk+2) ∈ E(G).
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So, by induction, we can conclude that (xn, xn+1), (x0, xn), and (xn, Txn) are in E(G) for any

n ∈ N. 2

Theorem 3.2 — Let C be a nonempty closed convex subset of a real Hilbert space H and let

G = (V (G), E(G)) be a directed graph such that V (G) = C, E(G) is convex and G is transitive.

Suppose C has Property G. Let T : C → C be a G-nonexpansive mapping. Let f : C → C be

a G-contraction mapping with coefficient α ∈ (0, 1). Assume that there exists x0 ∈ C such that

(f(x0), Tx0) and (x0, f(x0)) are in E(G). Suppose that F (T ) 6= ∅ and F (T )×F (T ) ⊆ E(G). Let

{xn} be a sequence generated by




x0 ∈ C,

xn+1 = αnf(xn) + (1− αn)Txn, n ≥ 0,
(3)

where {αn} ⊆ (0, 1) satisfies

(i) lim
n→∞αn = 0 , (ii)

∞∑

n=0

αn = ∞ , (iii)
∞∑

n=0

|αn+1 − αn| < ∞.

If {xn} dominates PF (T )f(x0) and {xn} dominates x0, then the sequence {xn} converge strongly to

x0 = PF (T )f(x0).

PROOF : We divide the proof into five steps:

Step 1 : We show that the sequence {xn} is bounded. Let x∗ = PF (T )f(x0). From Proposition 3.1,

(xn, xn+1) ∈ E(G) for all n ∈ N. Since x∗ ∈ F (T ) and x∗ = PF (T )f(x0) is dominated by {xn},

we have (xn, x∗) ∈ E(G). From the definition of xn, we get

‖xn+1 − x∗‖ ≤ αn‖f(xn)− x∗‖+ (1− αn)‖Txn − x∗‖
≤ αn‖f(xn)− x∗‖+ (1− αn)‖xn − x∗‖
≤ αn‖f(xn)− f(x∗)‖+ αn‖f(x∗)− x∗‖+ (1− αn)‖xn − x∗‖
≤ αnα‖xn − x∗‖+ (1− αn)‖xn − x∗‖+ αn‖f(x∗)− x∗‖
= (1− αn(1− α))‖xn − x∗‖+ αn‖f(x∗)− x∗‖.

By mathematical induction, we obtain that

‖xn − x∗‖ ≤ max
{
‖x0 − x∗‖, ‖f(x∗)− x∗‖

1− α

}
,∀n ∈ N.

Therefore, {xn} is bounded and so are {Txn} and {f(xn)}.



162 WONGVISARUT KHUANGSATUNG AND ATID KANGTUNYAKARN

Step 2 : We will show that limn→∞ ‖xn+1 − xn‖ = 0. From the definition of xn and (xn, xn+1) ∈
E(G), we have

‖xn+1 − xn‖ = ‖αnf(xn) + (1− αn)Txn − αn−1f(xn−1)

− (1− αn−1)Txn−1‖
= ‖αnf(xn)− αnf(xn−1) + αnf(xn−1)− αn−1f(xn−1)

+ (1− αn)Txn − (1− αn)Txn−1 + (1− αn)Txn−1

− (1− αn−1)Txn−1‖
= ‖αn(f(xn)− f(xn−1)) + (αn − αn−1)f(xn−1)

+ (1− αn)(Txn − Txn−1) + (αn−1 − αn)Txn−1‖
≤ αn‖f(xn)− f(xn−1)‖+ |αn − αn−1|‖f(xn−1)‖

+ (1− αn)‖Txn − Txn−1‖+ |αn − αn−1|‖Txn−1‖
≤ αnα‖xn − xn−1‖+ |αn − αn−1|‖f(xn−1)‖

+ (1− αn)‖xn − xn−1‖+ |αn − αn−1|‖Txn−1‖
= (1− αn(1− α))‖xn − xn−1‖+ |αn − αn−1|‖f(xn−1)‖

+ |αn − αn−1|‖Txn−1‖. (4)

Applying Lemma 2.3, (4), and the conditions (i), (ii), (iii), we have

lim
n→∞ ‖xn+1 − xn‖ = 0. (5)

Step 3 : We show that limn→∞ ‖xn − Txn‖ = 0. For each n ∈ N, we have

‖xn − Txn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 − Txn‖
≤ ‖xn − xn+1‖+ αn‖f(xn)− Txn‖.

Because {Txn} and {f(xn)} are bounded, from the condition (i), (ii), and (5), we have

lim
n→∞ ‖xn − Txn‖ = 0. (6)

Step 4 : We show that lim
n→∞ sup 〈f(z0)− z0, xn − z0〉 ≤ 0 where z0 = PF (T )f(z0). To show

this, choose a subsequence {xnk
} of {xn} such that

lim sup
n→∞

〈f(z0)− z0, xn − z0〉 = lim
k→∞

〈f(z0)− z0, xnk
− z0〉 . (7)
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Because all the {xnk
} lie in the weakly compact set C and C has Property G, we may assume

without loss of generality that {xnk
} ⇀ ω for some ω ∈ C and (xnk

, ω) ∈ E(G). Suppose ω /∈
F (T ), then ω 6= Tω. By G-nonexpansiveness of T , (6), and the Opial’s condition, we have

lim inf
k→∞

‖xnk
− ω‖ < lim inf

k→∞
‖xnk

− Tω‖

≤ lim inf
k→∞

( ‖xnk
− Txnk

‖+ ‖Txnk
− Tω‖)

≤ lim inf
k→∞

‖xnk
− ω‖ .

This is a contradiction. Then ω ∈ F (T ). Since xnk
⇀ ω as k → ∞ and ω ∈ F (T ). By (7) and

Lemma 2.4, we have

lim sup
n→∞

〈f(z0)− z0, xn − z0〉 = lim
k→∞

〈f(z0)− z0, xnk
− z0〉

= 〈f(z0)− z0, ω − z0〉
≤ 0. (8)

Step 5 : Finally, we show that lim
n→∞xn = z0, where z0 = PF (T )f(z0). By G-nonexpansiveness

of T and (z0, xn) ∈ E(G), and Lemma 2.5, we have

‖xn+1 − z0‖2 = ‖αn(f(xn)− z0) + (1− αn)(Txn − z0)‖2

≤ ‖(1− αn)(Txn − z0)‖2 + 2αn〈f(xn)− z0, xn+1 − z0〉
≤ (1− αn)2‖xn − z0‖2 + 2αn〈f(xn)− z0, xn+1 − z0〉
= (1− αn)2‖xn − z0‖2 + 2αn〈f(xn)− f(z0), xn+1 − z0〉

+ 2αn〈f(z0)− z0, xn+1 − z0〉
≤ (1− αn)2‖xn − z0‖2 + 2αn‖f(xn)− f(z0)‖‖xn+1 − z0‖

+ 2αn〈f(z0)− z0, xn+1 − z0〉
≤ (1− αn)2‖xn − z0‖2 + 2αnα‖xn − z0‖‖xn+1 − z0‖

+ 2αn〈f(z0)− z0, xn+1 − z0〉
≤ (1− αn)2‖xn − z0‖2 + αnα‖xn − z0‖2 + αnα‖xn+1 − z0‖2

+ 2αn〈f(z0)− z0, xn+1 − z0〉.

It implies that

‖xn+1 − z0‖2 ≤ (1− αn)2 + αnα

1− αnα
‖xn − z0‖2 +

2αn

1− αnα
〈f(z0)− z0, xn+1 − z0〉
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=
(

1− 2αn(1− α)
1− αnα

)
‖xn − z0‖2 +

2αn(1− α)
1− αnα

(
αn

2(1− α)
‖xn − z0‖2.

+
1

1− α
〈f(z0)− z0, xn+1 − z0〉

)
.

From the conditions (i), (ii), (8), and Lemma 2.3, we can conclude that the sequence {xn} con-

verges strongly to z0 = PF (T )f(z0). This completes the proof. 2

4. NUMERICAL RESULTS

The purpose of this section we give a numerical example to support our some result. The following

example is given for supporting Theorem 3.2.

Example 4.1 : Let H = R and C = [0, 1] with the usual norm ‖x − y‖ = |x − y| and let

G = (V (G), E(G)) be such that V (G) = C, E(G) = {(x, y) : x, y ∈ [0, 3
5 ] such that |x−y| ≤ 1

5}.

Let f : C → C be defined by f(x) = x
9 , for all x ∈ [0, 1]. Define T : C → C by

Tx =





1
10x if x ∈ [0, 1),

8
5 if x = 1.

Solution : We observe that F (T ) = {0}. Choose x0 = 1
5 , then (x0, Tx0) ∈ E(G). It is easy to

see that E(G) is convex. Let (x, y) ∈ E(G). Then x, y ∈ [0, 3
5 ] and |x− y| ≤ 1

5 . It implies that

|Tx− Ty| ≤ 1
10
|x− y| ≤ |x− y| ≤ 1

5
.

Then, we have (Tx, Ty) ∈ E(G) and ‖Tx − Ty‖ ≤ ‖x − y‖. Thus T is G-nonexpansive. For

every n ∈ N, αn = 1
2(n+1) . We rewrite (3) as follows:

xn+1 =
(

1
2(n + 1)

) (xn

9

)
+

(
1− 1

2(n + 1)

)(xn

10

)
. (9)

Since x0 = 1
5 ∈ [0, 1

5 ], from (9), we have

x1 =
(

1
2(1)

)(x0

9

)
+

(
1− 1

2(1)

)(x0

10

)
.
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By the convexity, we have x1 ∈ [0, 1
5 ] . Since x1 ∈ [0, 1

5 ] and (9), we have

x2 =
(

1
2(2)

)(x2

9

)
+

(
1− 1

2(2)

) (x2

10

)
.

By the convexity, we have x2 ∈ [0, 1
5 ] . By continuing in this way, we have xn ∈ [0, 1

5 ], for all n ∈
N. It implies that xn ≤ 1

5 for all n ∈ N. It follows that (xn, PF (T )f(x0)) = (xn, 0) ∈ E(G). That

is. PF (T )f(x0) is dominated by {xn}. It can be observed that parameters satisfy all the conditions of

Theorem 3.2 and C = [0, 1] satisfy Property G. Hence, the sequence {xn} converges strongly to 0.

Next, we show that T is not a nonexpansive mapping. Choose x = 1 and y = 3
5 , we have

∣∣∣∣T (1)− T

(
3
5

)∣∣∣∣ =
∣∣∣∣
8
5
− 3

50

∣∣∣∣ =
77
50

>
2
5

=
∣∣∣∣1−

3
5

∣∣∣∣ .

Mathematicians know that the number π is an important mathematical constant. For the previous

decades, many researcher have been trying to approximate the value of π; see [22, 23] and the refer-

ences therein. By using our main result, we introduce the new method to approximate the value of π

as shown in the following example.

Example 4.2 : Let H = R and C = [3, 4] with the usual norm ‖x − y‖ = |x − y| and let G =

(V (G), E(G)) be such that V (G) = C, E(G) = {(x, y) : x, y ∈ [3, 18
5 ] such that |x − y| ≤ 16

5 }.

Let f : C → C be defined by f(x) = 1
5x + 4

5 (π), for all x ∈ [3, 4]. Define T : C → C by

Tx =





1
3x + 2

3 (π) if x ∈ [3, 4),

56
35 if x = 4.

Solution : We observe that F (T ) = {π}. Choose x0 = 16
5 , then (x0, Tx0) ∈ E(G). It is easy to

see that E(G) is convex. Let (x, y) ∈ E(G). Then x, y ∈ [3, 18
5 ] and |x− y| ≤ 16

5 . It implies that

|Tx− Ty| =
∣∣∣∣
1
3
x +

2
3

(π)− 1
3
y − 2

3
(π)

∣∣∣∣ ≤
1
3
|x− y| ≤ |x− y| ≤ 16

5
.

Then, we have (Tx, Ty) ∈ E(G) and ‖Tx− Ty‖ ≤ ‖x− y‖. Thus T is G-nonexpansive. For every

n ∈ N, αn = 1
2(n+1) . We rewrite (3) as follows:

xn+1 =
(

1
2(n + 1)

) (
1
5
xn +

4
5

(π)
)

+
(

1− 1
2(n + 1)

) (
1
3
xn +

2
3

(π)
)

. (10)

Since x0 = 16
5 ∈ [3, 16

5 ], from (10), we have

x1 =
(

1
2(1)

)(
1
5
x0 +

4
5

(π)
)

+
(

1− 1
2(1)

)(
1
3
x0 +

2
3

(π)
)

.
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By the convexity, we have x1 ∈ [3, 16
5 ]. Since x1 ∈ [3, 16

5 ] and (10), we have

x2 =
(

1
2(2)

) (
1
5
x1 +

4
5

(π)
)

+
(

1− 1
2(2)

) (
1
3
x1 +

2
3

(π)
)

.

By the convexity, we have x2 ∈ (3, 16
5 ] . By continuing in this way, we have xn ∈ [3, 16

5 ], for all

n ∈ N. It implies that 3 ≤ xn ≤ 16
5 for all n ∈ N. Then |xn − π| ≤ 16

5 for all n ∈ N. It follows that

(xn, PF (T )f(π)) = (xn, π) ∈ E(G). That is. PF (T )f(π) is dominated by {xn}. It can be observed

that parameters satisfy all the conditions of Theorem 3.2 and C = [3, 4] satisfy Property G. Since

F (T ) 6= ∅, then the sequence {xn} converges strongly to π.

Next, we show that T is not a nonexpansive mapping. Choose x = 4 and y = 18
5 , we have

∣∣∣∣T (4)− T

(
18
5

)∣∣∣∣ =
∣∣∣∣
56
35
−

(
1
3

(
18
5

)
+

2
3

(π)
)∣∣∣∣

≈
∣∣∣∣
56
35
−

(
1
3

(
18
5

)
+

2
3

(
22
7

))∣∣∣∣

=
178
105

>
2
5

=
∣∣∣∣4−

18
5

∣∣∣∣ .

Using the algorithm (10) and choosing x0 = 16
5 with n = 20 and n = 30, we have the numerical

result to approximate the value of π as shown in Table 1 and Figure 1.

Figure 1: The convergence of {xn} with initial values x0 = 16
5 .

(a) n=20 (b) n=30
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n = 20

n xn

0 3.200000000000000

1 3.157167945965848

2 3.146265241302610

3 3.143046347544892

4 3.142052990008907
...

...

10 3.141593185425522
...

...

16 3.141592654255843

17 3.141592653809197

18 3.141592653662115

19 3.141592653613647

20 3.141592653597665

n = 30

n xn

0 3.200000000000000

1 3.157167945965848

2 3.146265241302610

3 3.143046347544892

4 3.142052990008907
...

...

15 3.141592659742157
...

...

26 3.141592653589803

27 3.141592653589797

28 3.141592653589794

29 3.141592653589793

30 3.141592653589793

Table 1: The values of the sequences {xn} with initial value x0 = 16
5 .

5. CONCLUSION

In this work, we introduce a viscosity approximation method of G-nonexpansive mapping defined on a Hilbert

space endowed with a directed graph. We obtain a strong convergence theorem for the sequence generated by

the proposed method under suitable conditions. However, we should like remark the following:

1. In Theorem 3.2, we use the concept of a viscosity approximation method and our result is proved with

an assumption on a directed graph, which is a different result from Xu [14].

2. From Theorem 3.2, we can conclude that the sequence {xn}, in Example 4.2, converges to π.

3. In Example 4.2, the sequence {xn} converges to π as shown in the Table 1 and Figure 1.

4. In order to gain more accuracy of π, the iterative approximation is depended on the number of n as

shown in the Table 1.
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q
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r r

        for n  and i N where b and c are real 
       numbers.  

n n n n n

N

n n n n n i n n i i n
i

x E

y f x x

x x a y a y r B y

443



Then nx converges strongly to a point x where

x Q f x and Q is the unique sunny nonexpansive 
retraction of C onto 

iB i N

Let E be a real strictly convex and q uniformly 
smooth Banach space with constant qC . Let C be a nonempty 

closed and convex subset of E Let f C C be a contractive 

mapping with the constant .  Let E
iA be m

accretive operator for i N Assume that 
N
i iA is nonempty. Let nx be a sequence 

generated by the following algorithm: 

where i

n i

A
r n i iJ I r A ,for i N , and ma

for m N n n are real number sequences 

in n ir . Suppose that the above control 

sequences satisfy the following conditions: 

(i) n nn
n

(ii) n nn n

 (iii) 
q

n i
q

q
b r c

C
and n i n i

n

r r

        for n  and i N where b and c are real 
       numbers.  

Then nx converges strongly to a point x where

x Q f x and Q is the unique sunny nonexpansive 

retraction of C onto                        

  
m

i

n i

n n n n n

N
A

n n n n n i r n
i

x E

y f x x

x x a y a J y n

444



 

Received:  
Revised: 
Accepted: 

May 08, 2019 
January 20, 2020 
March 25, 2020 

 

Science and Technology 
RMUTT Journal 

Generalized Identities for third order Pell Number,  
Pell-Lucas Number and Modified Pell Number 

Mongkol Tatong1*  and  Tawan Ampawa1  

1Department of Mathematics, Faculty of Science and Technology,  
Rajamangala University of Technology Thanyaburi, Khlong Luang, Pathum Thani 12110, Thailand 

*E-mail: mongkol_t@rmutt.ac.th 

Abstract  

In this paper, we first presented the generalized Pell Number, Pell-Lucas Number and modified Pell 
Number, which are the recurrence relation by from the previous three terms. We have the Binet’s formula 
generating functions and generating functions of all three sequences. We establish some of the interesting 
properties involving of sequences those sequences. 
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1. Introduction  
We will refer to the sequence of 

occurrences starting in the recurring relationship 
from the previous second terms: Fibonacci and 
Lucas number. Because of their general 
characteristics, there are many interesting 
properties and application to almost every fields of 
science and art. 

 

Previously, the sequence mentioned 
above is a sequence of positive integers that have 
been studied for many years. Many researchers 
have therefore examined about these sequences and 
also some properties that are excellent research 
topics. These sequences are examples of a 
sequences defined by a recurrence relation of 
second terms. It is well known that the Fibonacci 
sequence  nF , Lucas sequence  nL , Fibonacci- 

Vol.10 No.1 (2020) : 96-106 
www.sci.rmutt.ac.th/stj 
Online ISSN2229-1547 



Sci. & Tech. RMUTT J. Vol.10 No.1 (2020) 97 

 

 

like  nS  and Generalized Fibonacci-Like  nT  
are defined by the following recurring relationship  

1 2n n nF F F− −= + , 
0 0F = , 

1 1F = , 

1 2n n nL L L− −= + , 
0 2L = , 

1 1L = , 

1 2n n nS S S− −= + , 
0 2S = , 

1 2S =  and 

1 2n n nT T T− −= + , 
0T m= , 

1T m= , for all 
2n  , where m  is a positive integer, respectively 

[1-2], [8].  
In a similar way, other recurrence 

sequences of important positive integers as well are 
the sequence of Pell, Pell-Lucas and modified Pell 
sequence. which those sequences are  represented 
by  nP ,  nQ  and  nq  defined by the 
following recurrence 

1 22n n nP P P− −= + , 

0 0P = ,
1 1P = ,

1 22n n nQ Q Q− −= + ,
0 2Q = , 

1 2Q =  and 
1 22n n nq q q− −= + , 

0 1q = , 

1 1q =  for all 2n  , respectively [3-5].  
 Also, the Pell, Pell-Lucas and modified 

Pell sequence expand to the negative subscript, 
which are defined by [7], [9]. 

( )
1

1

n
n n

P
P− +

=
−

, for all 1n  ,            (1.1) 

and 

( )1

n
n n

Q
Q− =

−
, for all 1n  ,                 (1.2) 

and 

( )1

n
n n

q
q− =

−
, for all 1n  .                  (1.3) 

The properties of the sequence have 
received a lot of attention. Many sequences appear 
in literature, including Pell, Pell-Lucas and 
modified Pell. It is well-known that the proof uses 
Binet's formula [6].  

Moreover, for the reasons mentioned 
above, the sequence has more interest and can be  
used with other work and has an interesting 
direction at present. Therefore, the researchers 
were inspired by the study of Pell, Pell-Lucas and 
modified Pell sequence.  

2. Main Results 
In this section, we formulate some third 

terms sum identities for Pell sequence  nP , Pell-
Lucas sequence  nQ  and modified Pell sequence 

 nq  are present Catalan’s identity, Cassini’s 
identity, d’Ocagne’s identity, Binet’s formula and 
Generating function. 

Definition 2.1: The Pell sequence   nP , The Pell – 
Lucas  nQ  and Modified Pell number  nq  are 
defined by 

1 2 33n n n nP P P P− − −= + + , for all 3n  ,   (2.1) 

with initial conditions 0oP = , 
1 1P =  and 

2 2P = , 
1 2 33n n n nQ Q Q Q− − −= + + , for all 

3n  ,                                                              (2.2) 

with initial conditions 2oQ = , 
1 2Q =  and 

2 6Q = , and 
1 2 33n n n nq q q q− − −= + +    for 

all 3n  ,                                                       (2.3) 
with initial conditions 1oq = , 

1 1q =  and 

2 3q = . 
The first few terms of  nP  are 

0,1,2,5,12,29,70  and so on, and  nQ  are 
2,2,6,14,34,82,198,478  and so on, and 
 nq  are 1,1,3,7,17,41,99,239,577  and  
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so on. Similarly, the first few terms of  nP− , 

 nQ−  and  nq−  can be obtained from the 
equation (1.1), (1.2) and (1.3),  nP−  are 1, 2,−  
5, 12, 29,70− −  and so on,  nQ− are 2,6,−  

14,34, 82,198, 478− − −  and so on, and 
 nq−  are 1,3, 7,17, 41,99, 239,− − − −  
577 and so on,  respectively. Each Pell sequence, 
Pell-Lucas sequence and modified Pell sequence 
are called Pell numbers, Pell-Lucas numbers and 
modified Pell number.  

Furthermore, we will find Binet's formula 
to allow us to show the Pell number, Pell-Lucas 
number, and Modified Pell number, which has the 
following characteristic equation:  

3 2 3 1 0x x x− − − = ,                           (2.4) 

where ,   and   are the root of the equation, 
1 2, 1 2 = + = − , 1 = −  and   . 

  Note that 2 + = , 2 2 − =  
and  = , respectively. 

Next, we will say the equation is related 
to the repetitive relationship of (2.1), (2.2) and 
(2.3) defined by Theorem 2.2. 

Theorem 2.2: (Binet’s formula) The thn  Pell 
number, the thn  Pell – Lucas number and the thn  
Modified Pell number are given by  

n n

nP
 

 

−
=

−
,          (2.5) 

and 
n n

nQ  = + ,          (2.6) 
and 

n n

nq
 

 

+
=

+
,          (2.7) 

where n is not a negative integer and , ,   are 
the roots of the characteristic equation (2.4), which 
    . 

Proof. Since equation (2.4) has three different 
roots, the number of 

nP  is defined by 

1 2 3

n n n

nP c c c  = + + , 

for some coefficients
1c , 

2c  and 
3c . Let 

0, 1n n= =  and 2n = , then solve the system 

of linear equations, we will 
1

1
c

 
=

−
, 

2

1
c

 
= −

−
 and 

3 0c = , therefore 

n n

nP
 

 

−
=

−
. 

Similarly, the number of 
nQ  is given by 

1 2 3

n n n

nQ c c c  = + + ,  
for some coefficients 

1 2,c c  and 
3c . Use the same 

method as above, then solve this linear equation, 
we obtain 

1 21c c= =  and 
3 0c = , thence 

n n

nQ  = + .  
Similarly, the number  nq  is given by 

1 2 3

n n n

nq c c c  = + + ,  
for some coefficients

1 2,c c  and 
3c . Let 

0, 1n n= =  and 2n = , we obtain 

1 2

1
c c

 
= =

+
 and 

3 0c = , thence 

n n

nq
 

 

+
=

+
.  

 The proof completed.               

Theorem 2.3: (Catalan’s identity) 
Let n  is not a negative integer. Then   

2 1 2n r

n r n r n rP P P P − +

+ − − =  ,                (2.8) 
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and 
2 2 2n r n

n r n r n rQ Q Q Q −

+ − − = − ,     (2.9) 
and 

2 2

2

n r n

n r n
r

r nq
q

q q
 −

+ − − =
− .        (2.10) 

Proof. Since Binet’s formula (2.5), we obtain 

2
n r n r n r n r

n r n r nP P P
   

   

+ + − −

+ −

− −
− = 

− −

                               
2

n n 

 

 −
− 

− 
 

                           
( )

( )

2

1 2

2

.

n r n r

r

r r

n

rP

   

 

 − +

− − −
= −

−

=

  

Similarly, by Binet’s formula (2.6), we obtain 

( ) ( )2 n r n r n r n r

n r n r nQ Q Q    + + − −

+ − − = +  +

                                ( )
2

n n − +  

 ( )
2

n r n r r r   − −= −   

 ( )2 2n r n r r r   − −= +  

     2 n r n r r r   − −−  

2 2n r n

rQ −= − . 

Similarly, by Binet’s formula (2.7), we obtain 

2
n r n r n r n r

n r n r nq q q
   

   

+ + − −

+ −

+ +
− = 

+ +

                               
2

n n 

 

 +
− 

+ 
 

                           
( ) ( )

2 2

n r n r n r n r   

   

+ − − +

+
+

=
+

 

                               
( )

2

2 n n 

 
−

+
 

                           
2 2n r n r r r

 



 

  − − +
= 

+ +
 

   
n n



 


−

+
 

2

2

n r n

rq −

=
− . 

The proof completed.                

Theorem 2.4: (Catalan’s identity or Simpson’s 
identity) Let n  is not a negative integer. Then   

2

1 1

n

n n nP P P + − − = ,                            (2.11) 
and 

 2 1

1 1 8 n

n n nQ Q Q  −

+ − − = ,                    (2.12) 
and 

2 1

1 1 2 n

n n nq q q  −

+ − − =  .                     (2.13) 

Proof. Taking r 1=   in Catalan’s identity (2.8), 

(2.9) and (2.10), the proof completed.                

Theorem 2.5: (d’Ocagne’s identity) 
Let m , n  are not a negative integer and m n . 
Then  

1 1

n

m n m n m nP P P P P+ + −− = ,                   (2.14) 

and 

1 1 2 2 m

m n m nQ Q Q Q + +− =  
                                ( )2 n m

n mQ  −

− + ,     (2.15) 

and 

( )1 1 2m n m n

m n m

n mq qq q q   −

−+ +− = − .    (2.16) 

Proof. By Binet’s formula (2.5), we have 
1 1

1 1

m m n n

m n m nP P P P
   

   

+ +

+ +

− −
− = 

− −
 

1 1m m n n   

   

+ +− −
− 

− −
                                                    

                              
m n n m   

 
=

−

−
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m n
n

m n
n  

 
 

− −−

−
=  

n

m nP −= . 
Similarly, by Binet’s formula (2.6), we obtain 

( ) ( )1 1

1 1

m m n n

m n m nQ Q Q Q    + +

+ +− = +  +

                                    
( )

( )

1 1m m

n n

 

 

+ +− +

 +
                                  

                                 ( ) = −   

                                      ( )n m m n   −  

                                 ( ) m m   = −   

                                     ( )n m n m − −−  

                                 2 2 m=  
                                     ( )2 n m

n mQ  −

− + . 

Similarly, by Binet’s formula (2.7), we obtain 
1 1

1 1

m m n n

m n m nq q q q
   

   

+ +

+ +

+ +
− = 

+ +
 

1 1m m n n   

   

+ ++ +
− 

+ +

( )( )
( )

2

n m m n     

 

− −

+
=

 ( ) m m   = −  

 
( )
( )

2

n m n m 

 

− −−

+
 

( )2 m n m

n mq  −

−= − . 

The proof completed.                

Lemma 2.6 Let m , n  are not a negative integer 
and m n . Then  

1 1
2 2

n

m n m nP P P P


+ +− = ,           

                   ( )2 m n

m nQ  −

− +    (2.17) 

 

and 

( )1 1
2

n
m n

m n m n m nP P P P q


 −

+ + −− = + .     (2.18) 

Proof. The Proof same as Theorem 2.5. 

Lemma 2.7 Let m , n  are not a negative integer 
and m n . Then  

1 1 8 m

m n m n n mQ Q Q Q P+ + −− = ,                  (2.19) 
and 

1 1 4 2 m

m n m nQ Q Q Q + +− =  
                                ( )n m

n mq  −

− + .     (2.20) 

Proof. The Proof same as Theorem 2.5. 

Lemma 2.8 Let m , n  are not a negative integer 
and m n . Then  

1 1 2 m

m n m n n mq q q q P+ + −− = ,              (2.21) 
and 

1 1 2 m

m n m nq q q q + +− = .      
                                    ( )n m

n mq  −

− +         (2.22) 

Proof. The Proof same as Theorem 2.5. 

Theorem 2.9: Let    ,n nP Q  and  nq  be 
Pell, Pell–Lucas and Modified Pell sequences, m  
and n  are not a negative integer and m n . 
Then 

1

lim n

n
n

P

P


→
−

= ,            (2.23) 

and 

1

lim n

n
n

Q

Q


→
−

= ,           (2.24) 

and 

1

lim n

n
n

q

q


→
−

=  .           (2.25) 

Proof. By Binet’s formula (2.5), we have 
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1 1

1

lim lim
n n

n

n nn n
n

P

P

 

 − −→ →
−

−
=

−
 

                  
1

lim
1 1

n

nn







  

→

 
−  
 =
 

−  
 

. 

But   , then 1



  and lim 0.

n

n



→

 
= 

 
 

Therefor 
1

lim n

n
n

P

P


→
−

= . 

Similarly,
1 1

1

lim lim
n n

n

n nn n
n

Q

Q

 

 − −→ →
−

+
=

+
               

                                  
1

lim .
1 1

n

nn








  

→

 
+  
 = =
 

+  
 

 

Similarly, 
1 1

1

lim lim
n n

n

n nn n
n

Q

Q

 

 − −→ →
−

+
=

+
 

                                   
1

lim .
1 1

n

nn








  

→

 
+  
 = =
 

+  
 

 

This completes the proof.                

Lemma 2.10: Let    ,n nP Q  and  nq  be 
Pell, Pell–Lucas and Modified Pell sequences and 
n  is not a negative integer. Then 

1

lim n

n
n

P

Q



 →
−

=
−

,           (2.26) 

and 

1

lim n

n
n

P

q

 

 →
−

+
=

−
,           (2.27) 

and 

1

lim n

n
n

Q

q

 

→
−

−
= .           (2.28) 

Proof. The Proof same as Theorem 2.9. 

   In this paper, the generating function 
for Pell, Pell-Lucas and modified Pell sequences 
are given as a result, these sequence are seen and 
the coefficients of the power series of the 
corresponding generating function. 

The generating function for Pell, Pell-
Lucas and modified Pell sequences. We can also 
find the generating function for all three sequences 
by suppose that the Pell, Pell-Lucas and modified 
Pell sequences are the coefficients of a potential 
series center at the origin, and let us consider the 
corresponding analytic    ,n nP Q  and  nq  
of the function, which the function is as follows 
Theorem. 

Theorem 2.11: Let    ,n nP Q  and  nq  be 
Pell, Pell–Lucas and Modified Pell sequences and 
n  is not a negative integer. Then the generating 
function defined by  

( ) 21 2
n

x
P x

x x
=

− −
,           (2.29) 

and 

( ) 2

2 2

1 2
n

x
Q x

x x

−
=

− −
 ,          (2.30) 

and 

( ) 2

1

1 2
n

x
q x

x x

−
=

− −
.           (2.31) 

Proof. Let n  is a not negative integer and 

( ) 2 3 4

0 1 2 3 4nP x P Px P x P x P x= + + + +  
                 .n

nP x+ + +  
Then 
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( ) 2 3

0 1 22 2 2 2nxP x P x Px P x= + +  
                      12 n

nP x ++ + +  
( )2 2 3 4

0 1 2nx P x P x Px P x= + +  
                      2n

nP x ++ + +  
( ) ( ) ( )22n n nP x xP x x P x x− − =  

( ) ( )21 2 nx x P x x− − = . 

Thus ( ) 2
0 1 2

n

n n

n

x
P x P x

x x



=

= =
− −

 . 

Similarly, we have 
( ) 2 3 4

0 1 2 3 4nQ x Q Q x Q x Q x Q x= + + + +  
                  .n

nQ x+ + +  
Then, we obtain 

( ) 2 3

0 1 22 2 2 2nxQ x Q x Q x Q x= + +  
                       + 12 n

nQ x ++ +  
( )2 2 3 4

0 1 2nx Q x Q x Q x Q x= + +  
                       2n

nQ x ++ + +  
( ) ( ) ( )22 2 2n n nQ x xQ x x Q x x− − = −  

( ) ( )21 2 1 2 2nx x Q x x− − = − . 

Thus ( ) 2
0

2 2

1 2

n

n n

n

x
Q x Q x

x x



=

−
= =

− −
 . 

Similarly, we have 
( ) 2 3 4

0 1 2 3 4nq x q q x q x q x q x= + + + +                   

+ n

nq x+ + . 
Then, we write 

( ) 2 3

0 1 22 2 2 2nxq x q x q x q x= + +  
                       12 n

nq x ++ + +  
( )2 2 3 4

0 1 2nx q x q x q x q x= + +  
                      2n

nq x ++ + +  
( ) ( ) ( )22 1n n nq x xq x x q x x− − = −  

( ) ( )21 2 1nx x q x x− − = − . 

Thus ( ) 2
0

1

1 2

n

n n

n

x
q x q x

x x



=

−
= =

− −
 . 

This completes the proof.               

From the Theorem 2.11 used to find the 
generating function. Next will be the polynomial 
of Pell, Pell–Lucas and Modified Pell sequences 
from the generating function, which using 
Maclaurin series helps to find the following 
theorem. 

Theorem 2.12: The equality 
2 3

0 1 2 321 2

x
P Px P x P x

x x
= + + +

− −
 

                           4

4 ,P x+ +                     (2.32) 
and 

2 3

0 1 2 32

2 2

1 2

x
Q Q x Q x Q x

x x

−
= + + +

− −
, 

                           4

4 ,Q x+ +                        (2.33) 
and 

2 3

0 1 2 32

1

1 2

x
q q x q x q x

x x

−
= + + +

− −
 

                           4

4q x+ + .                     (2.34) 
Proof. Since Maclaurin series, ( )f x  

( ) ( )

0

0

!

n

n

n

f
x

n



=

= . Let ( ) 21 2

x
f x

x x
=

− −
 

for all x , we obtain 

( )
( )

( )
2 22

2 2 1

1 21 2

x x
f x

x xx x

− −
 = − +

− −− −
 

( )
( )

( )

( )

( )

2

2 3
2 2

2 2 2 2 2 2

1 2 1 2

x x x
f x

x x x x

− − − −
 = − +

− − − −

                  
( )

2
2

2

1 2

x

x x
+

− −
 

( )
( )

( )

( )

( )

3

4 3
2 2

6 2 2 12 2 2

1 2 1 2

x x x x
f x

x x x x

− − − −
 = − −

− − − −
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              ( )

( )

2

3
2

6 2 2

1 2

x

x x

− −
+

− −
 

              
( )

2
2

6

1 2x x
+

− −
 

( ) ( )

( )

( )

( )

4 2

5 4
2 2

4 24 2 2 72 2 2

1 2 1 2

x x x x

x x x x
f

− − − −
+

− − − −
=  

             
( )

( )

( )

3

3 4
2 2

24 2 224

1 2 1 2

xx

x x x x

− −
+ −

− − − −
  

             ( )

( )
3

2

48 2 2

1 2

x

x x

− −
−

− −
 

and so on.  
Then 
( ) ( ) ( )0 0, 1 1, 0 4,f f f = = =

( ) ( ) ( )4
0 30, 0 288f f = =  and so on, 

2 3

2

1 4 30
0

1 2 1! 2! 3!

x
x x x

x x
= + + +

− −
 

                           4288
.

4!
x+ +  

Thus 2 3

0 1 2 321 2

x
P Px P x P x

x x
= + + +

− −
 

                                   4

4P x+ + . 

Similarly, ( ) 2

2 2

1 2

x
f x

x x

−
=

− −
 for all x , we 

obtain 

( )
( )( )

( )
2 22

2 2 2 2 2

1 21 2

x x

x x
f

x
x

x

− − −
− −

− −− −
 =

( )
( )

( )
2

2

4 2 2

1 2

x
f x

x x

− −
 =

− −
  

                  ( )( )

( )

2

3
2

2 2 2 2 2

1 2

x x

x x

− − −
+

− −
 

( )

( )
2

2

2 2 2

1 2

x

x x

−
+

− −
 

( )
( )( )

( )

3

4
2

6 2 2 2 2

1 2

x x
f x

x x

− − −
 = −

− −
 

                   ( )( )

( )
3

2

12 2 2 2 2

1 2

x x

x x

− − −
−

− −
 

                  ( )

( ) ( )

2

3 2
2 2

12 2 2

1 2 2

1

1

2x

x x x x

− −
− −

− − − −
 

( ) ( )( )

( )2

4

4

5

24 2 2 2 2

1 2

x x

x x
f

− − −

− −
=  

              ( )( )

( )

2

4
2

72 2 2 2 2

1 2

x x

x x

− − −
+

− −
 

              ( )

( )

( )

( )

3

3 4
2 2

24 2 2 48 2 2

1 2 1 2

x x

x x x x

− − −
+ +

− − − −
 

              ( )

( )
3

2

96 2 2
,

1 2

x

x x

− −
+

− −
 

and so on. 
Then 
( ) ( ) ( )0 2, 1 2, 0 12,f f f = = =

( ) ( ) ( )4
0 84, 0 816f f = =  and so on, 

2 3

2

2 2 2 12 84
2

1 2 1! 2! 3!

x
x x x

x x

−
= + + +

− −
 

                          4816
.

4!
x+ +  

Thus 
2 3

0 1 2 32

2 2

1 2

x
Q Q x Q x Q x

x x

−
= + + +

− −
 

                           4

4 .Q x+ +  
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Similarly, ( ) 2

1

1 2

x
f x

x x

−
=

− −
 for all x , we 

obtain 

( )
( )( )

( )
2 22

2 2 1 1

1 21 2
x

x x
f

x xx x

− − −
−= −

− −−


−
 

( )
( )

( )
2

2

2 2 2

1 2

x
f x

x x

− −
 =

− −
  

                 ( )( )

( )

2

3
2

2 1 2 2

1 2

x x

x x

− − −
+

− −
 

                 ( )

( )
2

2

2 1

1 2

x

x x

−
+

− −
 

( )
( )( )

( )

3

4
2

6 1 2 2

1 2

x x
f x

x x

− − −
 = −

− −
 

                   ( )( )

( )
3

2

12 1 2 2

1 2

x x

x x

− − −
−

− −
 

                   ( )

( ) ( )

2

3 2
2 2

6 2 2

1 2 2

6

1

x

x x x x

− −
− −

− − − −
 

( ) ( )( )

( )

4

4

5
2

24 1 2 2

1 2

x x

x x
f

− − −

− −
=   

             ( )( )

( )

2

4
2

72 1 2 2

1 2

x x

x x

− − −
+

− −
 

            ( )

( )

( )

( )

3

3 4
2 2

24 1 24 2 2

1 2 1 2

x x

x x x x

− − −
+ +

− − − −
  

 ( )

( )
3

2

48 2 2

1 2

x

x x

− −
+

− −
, 

and so on.  
Then  
( ) ( ) ( )0 1, 1 1, 0 6,f f f = = =

( ) ( ) ( )4
0 42, 0 408f f = =  and so on, 

2 3

2

1 1 6 42
1

1 2 1! 2! 3!

x
x x x

x x

−
= + + +

− −
 

                           4408
.

4!
x+ +  

Thus 2 3

0 1 2 32

1

1 2

x
q q x q x q x

x x

−
= + + +

− −
 

                                    4

4q x+ + . 

This completes the proof.               

Next, we will discuss the power series, 

including 
0 0

,n n

n n

n n

P x Q x
 

= =

   and 
0

n

n

n

q x


=

  in 

0x x−  but 
0 0x =  converges is always an 

interval center at 0x = . We test convergence of 
such series by complete convergence and series 

converges if 1
x


  and series diverges if 

1
x


 . The series convergences absolutely 

open interval 1 1
,

 

 
− 
 

, making the convergence 

radius equal 1


, as the following Theorem. 

Theorem 2.13: Let 
0 0

,n n

n n

n n

P x Q x
 

= =

   and 

0

n

n

n

q x


=

  are power series. Then interval of 

convergence for the given series is 1 1
,

 

 
− 
 

 

and the radius of convergence is 1


. 

Proof. By absolute convergence and Theorem 2.9, 
we have 

1

1

lim lim
n

n

nn n
n

P x
x x

P x
 

−→ →
−

= = . 

So the 
0

n

n

n

P x


=

  converges absolute if  
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1

1

lim 1
n

n

nn
n

P x

P x −→
−

 , then 1x   and 

1
x


 .  

The test value 1
x


=  or 1

x


= − , when 

replaced in series, will be 

 1 2
0 2

0

1
n

n

n

P P
P P

  



=

 
= + + + 

 
  and 

( )
0 0

1 1
1

n n
n

n n

n n

P P
 

 

= =

   
− = −   
   

   

1 2
0 2

P P
P

 
= − + − . 

 So both of diverge, therefore the interval of 
convergence for the given power series is  

1 1
,

 

 
− 
 

 and the radius of convergence is 1


. 

The 
0

n

n

n

Q x


=

  and 
0

n

n

n

q x


=

  will prove similarly, 

then the interval of convergence for the given 

power series are 1 1
,

 

 
− 
 

 and the radius of 

convergence are 1


, this completes the proof.                                                                      

                                                                             
From the theorem 2.13, found that the 

polynomial of Pell, Pell–Lucas and Modified Pell 

sequences are convergence to 1


 and there is 

scope for convergence during the opening period 
1 1

,
 

 
− 
 

. 

 
 
 

Lemma 2.14: The equality 
( ) 2 3

0 1 2 3nP x P Px P x P x= + + +    
                      4

4 ,P x+ +                          (2.35) 
and 

( ) 2 3

0 1 2 3nQ x Q Q x Q x Q x= + + +  
                  4

4 ,Q x+ +                       (2.36) 
and 

( ) 2 3

0 1 2 3nq x q q x q x q x= + + +      
                 4

4q x+ + .                         (2.37) 

for all 1 1
,x

 

 
 − 
 

. 

Then ( ) 00nP P= , ( ) 00nQ Q=  and 

( ) 00nq q= . 

Proof. Taking 0x =  in (2.35), (2.36) and (2.37).  

The proof completed.                

Furthermore, how to find ( )0nP , 
( )0nQ  and ( )0nq . We also use the equation 

(2.29), (2.30) and (2.31) in the Theorem 2.11 by 
giving x = 0, then ( ) 00nP P= , ( ) 00nQ Q=  
and ( ) 00nq q= , respectively. 

3. Conclusion 
In this article, first of all, we consider the 

generality of Pell, Pell-Lucas and modified Pell 
sequence by the result of the previous three terms. 
Then we introduced the Pell, Pell-Lucas and 
modified Pell number. Until finally, we got the 
Binet’s formula and the generating function of  
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Pell, Pell-Lucas and the modified Pell sequence. In 
addition, we also received the information some 
important identities involving the terms of these 
sequences.  
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Abstract—An alternative option pricing model is proposed, in 
which the asset prices follow the jump-diffusion model with 
stochastic volatility and stochastic intensity. The stochastic 
volatility follows the jump-diffusion. We find a formulation for 
the European-style option in terms of characteristic functions. 
The closed-form formulae of pricing for option are derived. 

Keywords— Jump-diffusion model; Stochastic volatility; 
Intensity; Characteristic functions 

I.  INTRODUCTION  
All processes in this section will be defined in a 

probability space ( ), ,Ω PF  with filtration ( )0≤ ≤
= t t T

F F  . An 
asset price model with stochastic volatility has been defined 
by Heston [1] which has the following dynamics 

      ( ),= +t t t t
SdS S dt v dWμ        

,( )= − + v
t t t tdv v dt v dWκ θ σ  

where tS  is the asset price, ∈ℜμ  is the rate of return of the 
asset, tv  is the volatility of asset returns, 0>κ  is a mean-
reverting rate, ∈ℜθ  is the long term variance, 0>σ  is the 
volatility of volatility, S

tW  and v
tW  are standard Brownian 

motions corresponding to the processes tS  and tv , 
respectively, with constant correlation ρ . In 1996, Bate [2] 
introduced the jump-diffusion by adding log normal jump tY  
to the Heston model. The model has the following form 

 ( ) −= + +S S
t t t t t t tdS S dt v dW S Y dNμ , 

where S
tN  is the Poisson process which corresponds to the 

underlying asset tS , tY  is the jump size of asset price return 
with log normal distribution and −tS  means that there is a 
jump the value of the process before the jump is used on the 
left-hand side of the formula. M. Nonthiya et al. [3] extended 
Bate’s work by adding jump in volatility. The model has the 
following equation  

( ) v v
t t t t t tdv v dt v dW Z dNκ θ σ= − + + . 

Fang [4] studies the Bates model with a stochastic jump 
intensity rate. J. Huang et al. [5] considered the double 
exponential jump model with stochastic volatility and 
stochastic intensity. In this paper, we will find a formulation 
for a European call option where the above models satisfy 
stochastic intensity which has the following equation. 

       ( )t t t td dt dW λ
λ λ λ λλ κ θ λ σ= − + . 

where  0λκ >  is a mean-reverting rate of intensity, λθ ∈ℜ  is 
the long term intensity, 0λσ >  is the volatility of intensity, a 

standard Brownian motions tW λ  corresponding to the 
processes tλ . The rest of the paper is organized as follows. In 
section 2, we briefly discuss the model descriptions for the 
option pricing. The relationship between stochastic differential 
equations and partial differential equations for the jump-
diffusion process with jump stochastic volatility and stochastic 
intensity is presented in section 3. In section 4, a formula for a 
European call option in terms of characteristic functions is 
presented. The paper is concluded in Section 5. 

II. MODEL DESCRIPTIONS 

Assume a risk-neutral probability measure M  exists. The 
asset price tS  under this measure follows a jump-diffusion 
process, tv and tλ have the following dynamics 

 ( )( ) S S
t t t t t t t tdS S r m dt v dW S Y dNλ −= − + +            (1) 

 ( ) v v
t t t t t tdv v dt v dW Z dNκ θ σ= − + +           (2) 

 ( )t t t td dt dW λ
λ λ λ λλ κ θ λ σ= − +            (3) 

where r  is the risk-free interest rate, S
tN  and v

tN  are 
independent Poisson processes  with  intensities tλ  and vλ  
respectively. tY  is the jump size of the asset price return with 
density ( )Y yφ  and [ ] := < ∞tE Y m  and tZ  is the jump size of 
the volatility with density ( )Z zφ . Assume that the jump 

processes S
tN  and v

tN  are independent of standard Brownian 

motions ,S v
t tW W  and tW λ . Brownian motions ,S v

t tW W  
independent of tW λ . 

III. PARTIAL INTEGRO-DIFFERENTIAL EQUATIONS 

Consider the process ( )(1) (2) (3), ,t t t tX X X X=  where (1) (2),t tX X  

and (3)
tX  are processes in ℜ  and satisfy the following 

equations: 
(1) (1) (2) (3) (1) (2) (3) (1)

1 1( , , , ) ( , , , )t t t t t t t tdX f X X X t dt g X X X t dW= +  
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   (1) (1)
t t tX Y dN−+             

(2) (1) (2) (3) (1) (2) (3) (2)
2 2( , , , ) ( , , , )t t t t t t t tdX f X X X t dt g X X X t dW= +  

         (2)
t tZ dN+  

(3) (1) (2) (3) (1) (2) (3) (3)
3 3( , , , ) ( , , , )t t t t t t t tdX f X X X t dt g X X X t dW= +  

where 1 2 3 1 2, ,, ,f f f g g and 3g  are all continuously 

differentiable, (1) (2),t tW W  and (3)
tW  are standard Brownian 

motions with (1) (2)[ , ] =t tCorr dW dW ρ , (1)
tN  and (2)

tN  are 
independent Poisson processes with constant intensities (1)λ  
and (2)λ  respectively. 

Since every compound Poisson process can be 
represented as an integral form of a Poisson random measure 
[4] then the last term on the right hand side of equations can 
be written as follows:  

(1)
(1) (1) (1) (1)

10 0
( ),− − −

= ℜ
= =∑∫ ∫ ∫

tNt t

s s s n n s Q
n

X Y dN X Y X qJ ds dq  

(2)
(2)

10 0
( )

tNt t

s s n R
n

Z dN Z rJ ds dr
= ℜ

= =∑∫ ∫ ∫  

where nY  are i.i.d. random variables with density ( )Y yφ  and 

QJ  is a Poisson random measure of the process 
(1)

1=
= ∑

tN

t n
n

Q Y

with intensity measure (1) ( )Y dq dtλ φ , nZ  are i.i.d. random 
variables with density ( ),Z zφ  and RJ  is a Poisson random 

measure of the process 
(2)

1=
= ∑

tN

t n
n

R Z  with intensity measure 

(2) ( )Z dr dtλ φ .  
Let 1 2 3( , , )U x x x  be a bounded real-valued function and 

twice continuously differentiable with respect to 1 2,x x  and 3x  
and 

(1) (2) (3) (1) (2) (3)
1 2 3 1 2 3, , ,( , , ) [ ( , ) | , ]T T T t t tu x x x t E U X X X X x X x X x= = = =

By Dynkin formula [5], u  is a solution of the partial integro-
differential equation (PIDE) 

  1 2 3
1 2 3

( , , , )0 ( , , , )u x x x t u x x x t
t

∂= +
∂

A  

(1)
1 2 3 1 2 3[ ( , , , ) ( , , , )] ( )Yu x y x x t u x x x t y dyλ φ

ℜ
+ + −∫  

          (2)
1 2 3 1 2 3[ ( , , , ) ( , , , )] ( )Zu x x z x t u x x x t z dzλ φ

ℜ
+ + −∫  

subject to the final condition 1 2 3 1 32( , , , ) ( , , )u x x x T U x x x= . 

The notation A  is defined by 

    1 2 3 1 2 3
1 2 3 1 2

1 2

( , , , ) ( , , , )( , , , ) u x x x t u x x x tu x x x t f f
x x

+
∂ ∂=

∂ ∂
A  

    
2

1 2 3 1 2
3 1 2

3 1 2

( , , , ) ( , , )u x x x t u x x tf g g
x x x

ρ+
∂ ∂+

∂ ∂ ∂
 

             
2 2

2 21 2 1 2
1 22 2

1 2

( , , ) ( , , )1 1
2 2

u x x t u x x tg g
x x

∂ ∂+ +
∂ ∂

 

             
2

2 1 2 3
3 2

3

( , , , )1
2

u x x x tg
x

∂+
∂

    

                 

IV. A FORMULA FOR THE PRICE OF EUROPEAN CALL OPTION 
Let C  denote the price at time t  of a European style call 

option on the current price of the underlying asset tS  with 
strike price K  and expiration time T . The terminal payoff of 
a European call option on the underlying stock tS  with strike 
price K  is max ( ,0)−TS K . This means that the holder will 
exercise his right only if >TS K  and then his gain is −TS K . 
Otherwise, if ≤TS K , then the holder will buy the underlying 
asset from the market and the value of the option is zero. 

Assume the risk-free interest rate r  is constant over the 
lifetime of the option, the price of the European call at time t  
is equal to the discounted conditional expected payoff 

( , , , ; , )t t tC S v t K Tλ  
( ) [max( ,0) | , , ]r T t

T t t te E S K S v λ− −= −M  

( ) ( | , , ) ( | , , )r T t
T T t t t T T t t t T

K K

e S P S S v dS K P S S v dSλ λ
∞ ∞

− − ⎛ ⎞
= −⎜ ⎟

⎝ ⎠
∫ ∫M M

( )

1 ( | , , )t T T t t t Tr T t
Kt

S S P S S v dS
e S

λ
∞

−

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
∫ M       

   ( ) ( | , , )r T t
T t t t T

K
Ke P S S v dSλ

∞
− −− ∫ M  

1 ( | , , )
[ | , , ]t T T t t t T

T t t t K

S S P S S v dS
E S S v

λ
λ

∞⎛ ⎞
= ⎜ ⎟

⎝ ⎠
∫ M

M

   

   ( ) ( | , , )r T t
T t t t T

K
Ke P S S v dSλ

∞
− −− ∫ M  

( )
1 2( , , , ; , ) ( , , , ; , )r T t

t t t t t t tS P S v t K T Ke P S v t K Tλ λ− −= −           (4) 
where EM  is the expectation with respect to the risk-neutral 
probability measure, ( | , , )T t t tP S S v λM  is the corresponding 
conditional density given ( , , )t t tS v λ  and 

1
1( , , , ; , ) ( | , , )

[ | , , ]t t t T T t t t T
T t t t K

P S v t K T S P S S v dS
E S S v

λ λ
λ

∞

= ∫ M
M

and 

2 ( , , , ; , ) ( | , , )t t t T t t t T
K

P S v t K T P S S v dSλ λ
∞

= ∫ M . 

Assume that the asset price tS  , the volatility tv  and  

intensity tλ  satisfy (1), (2) and (3), respectively. We will 
compute the price of a European call option with strike price 
K  and maturity T . We set ln=t tL S , i.e., = t

t
LS e . Denote 

ln=k K  the logarithm of the strike price. By the jump-
diffusion chain rule, ln tS  satisfies the SDE 

ln ( ) ln(1 )
2

S St
t t t t t t

v
d S r m dt v dW Y dNλ= − − + + + .             (5) 
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Applying Dynkin formula [5] for the price dynamics, we 
obtain the value of a European-style option, as a function of 
the stock log-return tL  denoted by 
 

( , , , ; , ) ( , , , ; , )tL k
t t t t tC L v t k T C e v t e Tλ λ≡  

     ln ln( , , , ; , )tS K
t tC e v t e Tλ=  

     ( , , , ; , ),t t tC S v t K Tλ=  
i.e., 

( )( , , , ; , ) [max( ,0) | , , ]TLr T t
t t tC l v t k T e E e K L l v v λλ λ− − == − = =M

and satisfies the following PIDE: 

0 [ ]( , , , ; , )C C l v t k T
t

λ∂= +
∂

A                  

     [ ( , , , ; , ) ( , , , ; , )] ( )YC l y v t k T C l v t k T y dyλ λ λ φ
ℜ

+ + −∫  

     [ ( , , , ; , ) ( , , , ; , )] ( )v
ZC l v z t k T C l v t k T z dzλ λ λ φ

ℜ
+ + −∫         (6)                   

Here the operator A   is defined by 
1[ ]( , , , ; , ) ( ) ( )
2

C CC l v t k T r m v v
l v

λ λ κ θ∂ ∂= − − + −
∂ ∂

A   

 
2

( ) C Cv
l vλ λκ θ λ ρσ

λ
∂ ∂+ − +
∂ ∂ ∂

 

                          
2 2

2
2 2

1 1
2 2

C Cv v
l v

σ∂ ∂+ +
∂ ∂

   

      
2

2
2

1
2

C rCλσ λ
λ

∂+ −
∂

. 

The last line of (4) becomes 

1 2
( )( , , , ; , ) ( , , , ; , ) ( , , , ; , )l k r T tC l v t k T e P l v t k T e P l v t k Tλ λ λ− −= −       

(7)   
where ( , , , ; , ) : ( , , , ; , ) , 1,2l k

j jP l v t k T P e v t e T jλ λ= = . 

The following lemma shows the relationship between 1P  and 

2P  in the option value of (7). 

Lemma 1. The functions 1P  and 2P  in the option value of (7) 
satisfy the following PIDEs 

1 1 1
1 10 [ ]( , , , ; , ) ( )SP P P

P l v t k T v v r m P
t l v

λ ρσ λ∂ ∂ ∂
= + + + + −

∂ ∂ ∂
A        

     1[( 1) ( , , , : , )] ( )y
Ye P l y v t k T y dyλ λ φ

ℜ
+ − +∫  

and subject to the boundary condition at expiration time 
=t T ; 

1( , , , ; , ) 1l kP l v T k Tλ >= .           (8) 

2P  satisfies the equation 

2
2 20 [ ]( , , , ; , )P P l v t k T rP

t
λ∂= + +

∂
A , 

and subject to the boundary condition at expiration time 
;=t T  

2 ( , , , ; , ) 1l kP l v T k Tλ >= ,             (9) 
The operator A  is defined by 

[ ]( , , , ; , )f l v t k TλA
2

2
1 1: ( ) ( ) ( )
2 2

f f f fr m v v v
l v lλ λλ κ θ κ θ λ

λ
∂ ∂ ∂ ∂= − − + − + − +
∂ ∂ ∂ ∂

                

    
2 22

2 2
2 2

1 1
2 2

f ffv v rf
l v v λρσ σ σ λ

λ
∂ ∂∂+ + + −

∂ ∂ ∂ ∂
     

    [ ( , , , ; , ) ( , , , ; , )] ( )Yf l y v t k T f l v t k T y dyλ λ λ φ
ℜ

+ + −∫        

    [ ( , , , ; , ) ( , , , ; , )] ( ) .v
Zf l v z t k T f l v t k T z dzλ λ λ φ

ℜ
+ + −∫       (10)  

Proof. We substitute (7) into (6) and separate it by assumed 
independent terms of 1P  and 2P . This gives two PIDEs for the 

risk-neutralized probability for ( , , , ; , ), 1, 2jP l v t k T jλ = :  

1 1
1

10
2

⎛ ⎞∂ ∂⎛ ⎞= + − − +⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠⎝ ⎠
SP Pr m v P

t l
λ  

   
2

1 1 1 1
12

1( ) ( ) 2
2

P P P Pv v P
v v llλ λκ θ κ θ λ ⎛ ⎞∂ ∂ ∂ ∂+ − + − + + +⎜ ⎟∂ ∂ ∂∂⎝ ⎠

 

   
2 2 2

2 21 1 1 1
12 2

1 1
2 2

P P P Pv v rP
l v v v λρσ σ σ λ

λ
⎛ ⎞∂ ∂ ∂ ∂+ + + + −⎜ ⎟∂ ∂ ∂ ∂ ∂⎝ ⎠

 

   1 1[( 1) ( , , , ; , ) ( , , , ; , )ye P l y v t k T P l y v t k Tλ λ λ
ℜ

+ − + + +∫        

   1( , , , ; , )] ( )YP l v t k T y dyλ φ−  

   1 1[ ( , , , ; , ) ( , , , ; , )] ( )v
ZP l v z t k T P l v t k T z dzλ λ λ φ

ℜ
+ + −∫        (11) 

subject to the boundary condition at the expiration time =t T
according to (8). By using the notation in (10), PIDE (11) 
becomes 

1 1 1
1 10 [ ]( , , , ; , ) ( )SP P PP l v t k T v v r m P

t l v
λ ρσ λ∂ ∂ ∂= + + + + −

∂ ∂ ∂
A           

     1[( 1) ( , , , ; , )] ( )y
Ye P l y v t k T y dyλ λ φ

ℜ
+ − +∫   

  1
1: [ ]( , , ; , )∂= +

∂
P P l v t k T
t 1A . 

For 2 ( , , ; , )P l v t k T : 

2 2 2 2
2

10 ( ) ( )
2

P P P PrP r m v v
t l v λ λλ κ θ κ θ λ

λ
∂ ∂ ∂ ∂⎛ ⎞= + + − − + − + −⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠

     
2 2 2 2

2 22 2 2 2
22 2 2

1 1 1
2 2 2

P P P Pv v v rP
l vl v λρσ σ σ λ

λ
∂ ∂ ∂ ∂+ + + + −

∂ ∂∂ ∂ ∂
 

     2 2[ ( , , , ; , ) ( , , , ; , )] ( )YP l y v t k T P l v t k T y dyλ λ λ φ
ℜ

+ + −∫  

     2 2[ ( , , , ; , ) ( , , , ; , )] ( )v
ZP l v z t k T P l v t k T z dzλ λ λ φ

ℜ
+ + −∫     

             (12) 
subject to the boundary condition at the expiration time =t T  
according to (9). Again, by using the notation in (10), PIDE 
(12) becomes 

2
2 20 [ ]( , , , ; , )P P l v t k T rP

t
λ∂= + +

∂
A  
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2
2 2: [ ]( , , , ; , )P P l v t k T

t
λ∂= +

∂
A . 

The proof is now completed. 
 

For 1, 2=j  the characteristic functions for ( , , , ; , )P l v t k Tj λ , 

with respect to the variable k  are defined by 

( , , , ; , ) : ( , , , ; , )ixk
j jf l v t x T e dP l v t k Tλ λ

∞

−∞
= − ∫ , 

with a minus sign to account for the negativity of the measure 

jdP . Note that jf  also satisfies similar PIDEs 

[ ]( , , , ; , ) 0j
j j

f
f l v t k T

t
λ

∂
+ =

∂
A ,                           (13) 

with the respective boundary conditions 

( , , , ; , ) ( , , , ; , )ixk ixl
j jf l v T x T e dP l v T k T eλ λ

∞

−∞
== − ∫  

The following lemma shows how to calculate the functions 1P  

and 2P  as they appeared in Lemma 1. 
 

Lemma 2. The functions 1P  and 2P  can be calculated by the 
inverse Fourier transforms of the characteristic function, i.e., 

0

( , , , ; , )1 1( , , , ; , ) Re
2

ixk
j

j

e f l v t x T
P l v t k T dx

ix
λ

λ
π +

−+∞ ⎡ ⎤
= + ⎢ ⎥∫

⎢ ⎥⎣ ⎦
, 

for 1, 2=j  with Re[ ]⋅  denoting the real part of a complex 
number. 
 (i) The characteristic function 1f  is given by 

1 1 1 1( , , , ; , ) exp( ( ) ( ) ( ) )f l v t x t g vh w ixlλ τ τ τ λ τ+ = + + + , 
where 

1

1

2 2
1 1

1
1 1 1 1

2
( )( 1)( )

( ( ) )

Δ

Δ
− Δ −=

+ Δ − − Δ
eh

e

τητ τσ η η
 

1 2 2( )g rix λ λ

λ

κ θκθτ τ
σ σ

+
⎛ ⎞

= − ⎜ ⎟
⎝ ⎠

 

         
1

1 1
1 1

1

( )(1 )2 ln 1 ( )
2

e τη η τ×
−Δ⎛ ⎞⎛ ⎞Δ + −⎜ ⎟⎜ ⎟− + Δ +

⎜ ⎟⎜ ⎟Δ⎝ ⎠⎝ ⎠
 

         1 ( )( 1) ( )
∞

−∞
+ −∫v

Z
zhe z dzτλ τ φ  

1

1

2 2
( 1)1

1 2
1 1

( )( 1)( ) ( 1) ( )
( ( ) )

ix y
Y

ew e y dy
e

λ

λ λ λ

ξ

ξ

τκ ξτ τ φτσ κ ξ κ ξ

∞
+

−∞

− −= + −
− + − − ∫  

1 ( 1)= + −ixη ρσ κ ,  2 2
1 1 ( 1)Δ = − +ix ixη σ  

2 2
1 2 ( 1)m ixλ λξ κ σ= − −  and T tτ = − . 

(ii) The characteristic function 2f  is given by 

2 2 2 2( , , , ; , ) exp( ( ) ( ) ( ) )f l v t x t g vh w ixl rλ τ τ τ λ τ τ+ = + + + + , 
where   

2

2

2 2
2 2

2 2
2 2 2 2

( )( 1)( )
( ( ) )

Δ− Δ −= Δ+ Δ − − Δ

eh
e

τητ τσ η η
, 

2
2

( )( ) ( 1) ( )v
Z

zhg rix e z dzττ τ λ τ φ
∞

−∞
= + −∫  

2

2

2 2
( 1)2

2 2
2 2

( )( 1)( ) ( 1) ( )
( ( ) )

ix y
Y

ew e y dy
e

λ

λ λ λ

ξ

ξ

τκ ξτ τ φτσ κ ξ κ ξ

∞
+

−∞

− −= + −
− + − − ∫  

2 = −i xη ρσ κ  , 2 2
2 2 ( 1)Δ = − −ix ixη σ  

2 2
2 2 ( 1)m ixλ λξ κ σ= − +  and T tτ = − . 

Proof. (i) To solve for the characteristic function explicitly, 
letting = −T tτ  be the time-to-go, we conjecture that the 
function 1f  is given by 

1 1 1 1( , , , ; , ) exp( ( ) ( ) ( ) )f l v t x t g vh w ixlλ τ τ τ λ τ+ = + + +     (14)         
and the boundary condition 

1 1 1(0) (0) (0) 0g w h= = = . 
This conjecture exploits the linearity of the coefficient in 
PIDE (13). Substituting (14) into (13) and after canceling the 
common factor of 1f , we get a simplified form as follows: 

1 1 1
10 ( ) ( ) ( ) ( )
2

g vh w r m v ixτ τ λ τ λ′ ′ ′= − − − + − +  

       2
1 1

1( ( ) ) ( ) ( ) ( )
2

v v h w vxλ λκ θ ρσ τ κ θ λ τ+ − + + − −  

    2 2 2 2
1 1 1

1 1( ) ( ) ( )
2 2

vixh vh w mλρσ τ σ τ σ λ τ λ+ + + −  

       ( 1)( 1) ( )Y
ix ye y dyλ φ

ℜ

++ −∫ 1( )( 1) ( )
ℜ

+ −∫v
Z

zhe z dzτλ φ . 

By separating the order ,v λ  and ordering the remaining 
terms, we can reduce it to ordinary differential equations  

2 2 2
1 1 1

1 1 1( ) ( ) ( (1 ) ) ( )
2 2 2

′ = + + − + −h h ix h ix xτ σ τ ρσ κ τ                 (15) 

1 1 1( ) ( ) ( )g h rix wλ λτ κθ τ κ θ τ′ = + +  

    1 ( )( 1) ( )
∞

−∞
+ −∫v

Z
zhe z dzτλ φ           (16)                

2
1 1 1

( 1)21( ) ( 1) ( ) ( ) ( 1) ( )
2 Y

ix yw m xi w w e y dyλ σλτ κ τ τ φ
∞

−∞

+′ = − − + + −∫      

             (17) 
Let 1 ( 1)= + −ixη ρσ κ  and substitute it into (15). We get 

2 2 1
1 1 12 2

21 1( ) ( ( 1))
2

′ = + + +h h h ix ixητ σ
σ σ

 

        
2 2

1 1
1 2

2 4 4 ( 1)1 2
2 2

⎛ ⎞+ − +
⎜ ⎟= +
⎜ ⎟
⎝ ⎠

ix ix
h

η η σ
σ

σ
 

       
2 2

1 1
1 2

2 4 4 ( 1)
2

⎛ ⎞− − +
⎜ ⎟× +
⎜ ⎟
⎝ ⎠

ix ix
h

η η σ
σ

 

     2 1 1 1 1
1 12 2

1
2

+ Δ − Δ⎛ ⎞⎛ ⎞= + +⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

h hη ησ
σ σ

, 

where 2 2
1 1 ( 1)Δ = − +ix ixη σ . 

By the method of variable separation, we have 
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1 1 1 1
1 12 2

2 =
+ Δ − Δ⎛ ⎞⎛ ⎞+ +⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠

dh d
h h

σ τ
η η

σ σ

. 

Using partial fractions, we get  

1
1 1 1 11

1 12 2

1 1 1
⎛ ⎞
⎜ ⎟

− =⎜ ⎟− Δ + ΔΔ ⎜ ⎟+ +⎜ ⎟
⎝ ⎠

dh d
h h

τη η
σ σ

. 

Integrating both sides, we obtain 
1 1

1 2

1
1 1

1 2

ln

− Δ⎛ ⎞+⎜ ⎟
= Δ +⎜ ⎟+ Δ⎜ ⎟+⎜ ⎟

⎝ ⎠

h
C

h

η
σ τη
σ

. 

Using boundary condition 1( 0) 0= =h τ , we get   

1 1

1 1

ln
⎛ ⎞− Δ= ⎜ ⎟+ Δ⎝ ⎠

C η
η

. 

Solving for 1h , we obtain 
1

1

2 2
1 1

1 2
1 1 1 1

( )( 1)( )
( ( ) )

Δ

Δ
− Δ −=

+ Δ − − Δ
eh

e

τ

τ
ητ

σ η η
. 

Similarly to 1( )w τ , we have 1( )w τ as in lemma. In order to 
solve 1( )g τ  explicitly, we substitute 1( )h τ  and 1( )w τ  into 
(16) and integrate with respect to τ  on both sides. Then we 
get 

1( )g rxiτ τ=  

       
1

1 1
1 12 2

1

( )(1 )2 ln 1 ( )
2

eλ λ

λ

τκ θ ηκθ η τ
σ σ

−Δ
+

⎛ ⎞⎛ ⎞ ⎛ ⎞Δ + −− − + Δ +⎜ ⎟⎜ ⎟ ⎜ ⎟Δ⎝ ⎠⎝ ⎠⎝ ⎠
 

1 ( )( 1) ( )
∞

−∞
+ −∫v

Z
zhe z dzτλ τ φ . 

(ii). The details of the proof are similar to case (i). Hence, we 
have 

2 2 2 2( , , , ; , ) exp( ( ) ( ) ( ) )f l v t x t g vh w ixl rλ τ τ τ λ τ τ+ = + + + + . 
where 2 2 2 2 , 2( ), ( ), ( ),g h wτ τ τ η Δ  and 2ξ  are as given in the 
Lemma.                                                                                    
 
The following theorem gives a valuation formula for a 
European call option under the asset prices follow the jump-

diffusion model with jump in stochastic volatility and 
stochastic intensity. 
 
Theorem 3. The value of a European call option of (4) is  

1 2
( )( , , , ; , ) ( , , , ; , ) ( , , , ; , )l k r T tC l v t k T e P l v t k T e P l v t k Tλ λ λ− −= −  

where 1P   and 2P  are given in Lemma 2. 
 
 

V. CONCLUSION 
In this paper we investigate the asset prices follow the jump-
diffusion model with jump in stochastic volatility and 
stochastic intensity. We obtain the closed-form of the pricing 
formulae for option. 
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ABSTRACT
In this paper, we propose a generalized viscosity explicit
method for finding zeros of the sum of two accretive opera-
tors in the framework of Banach spaces. The strong conver-
gence theoremof suchmethod is proved under some suitable
assumption on the parameters. As applications, we apply our
main result to the variational inequality problem, the convex
minimization problem and the split feasibility problem. The
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1. Introduction

The starting point of this paper, we consider initial value problem (IVP) in the
following form:

x′(t) = f
(
x(t)

)
, x(t0) = x0. (1)

In real life, many mathematical model have been formulated as this problem.
It is well known that most of ordinary differential equations (ODEs) are not
analytically solvable. Numerical methods have become a powerful method for
numerically solving time-dependent ordinary and partial differential equations,
as is required in computer simulations of physical processes such as groundwater
flow and the wave equation. One of famous method is known as implicit mid-
point method (or modified Euler’s method) (see [1–3] for more detail). Given a
time interval [t0,T], the method firstly computes the step size h = (T − t0)/N,
where N is the number of steps of h and select the mesh {tn}Nn=0 of time steps
tn ∈ [t0,T], through the formula tn = t0 + nh for n = 0, 1, . . . ,N − 1. It pro-
vides to generate a sequence {yn}Nn=0 of approximation of solution at each time
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step tn, i.e. yn ≈ x(tn). The implicit midpoint method (IMM) is given by the
following procedure:

y0 = x0,

yn+1 = yn + hf
(
yn + yn+1

2

)
, n = 0, 1, . . . ,N − 1.

(2)

It is known that if f : R
M → R

M is a Lipschitz continuous and sufficiently
smooth function, then the sequence {yn} converges to the exact solution of (1)
as h → 0 uniformly on t ∈ [t0,T]. If the function f is written as f (x) = x − g(x),
then (2) becomes

y0 = x0,

yn+1 = yn + h
[
yn + yn+1

2
− g

(
yn + yn+1

2

)]
, n = 0, 1, . . . ,N − 1

(3)

and the critical points of (1) is the fixed point problems x = g(x).
Let H be a real Hilbert space and let C be a non-empty, closed and convex

subset ofH. We denote by I the identity operator onH. Let T : C → C be a non-
linearmapping. The fixed points set ofT is denoted by F(T) := {x ∈ C : x = Tx}.
A mapping T : C → C is called non-expansive if

‖Tx − Ty‖ ≤ ‖x − y‖ ∀ x, y ∈ C.

A mapping f : C → C is called a contraction, if there exists constant θ ∈ (0, 1)
such that

‖f (x) − f (y)‖ ≤ θ‖x − y‖ ∀ x, y ∈ C.

In recent years, several types of iterative method have been constructed for fixed
point problems in various settings. One classical method, due to Mann’ iteration
[4] which is defined by x0 ∈ C and

xn+1 = αnxn + (1 − αn)Txn ∀ n ≥ 0, (4)

where T is a self-mapping on C and {αn} is a sequence in [0, 1]. It is know that
Mann’s iteration process has only weak convergence.

Motivated by IMM (2) andMann’s iteration (4), Alghamdi et al. [5] introduced
the following two algorithms for a non-expansive mapping T: for given x0 ∈ H
and

xn+1 = xn − tn
[
xn + xn+1

2
− T

(
xn + xn+1

2

)]
∀ n ≥ 0, (5)

xn+1 = (1 − tn)xn + tnT
(
xn + xn+1

2

)
∀ n ≥ 0, (6)

where {tn} ⊂ (0, 1). They proved that the above two algorithms converge weakly
to a point in F(T).
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In 2015, Xu et al. [6] applied the viscosity approximation method introduced
by Moudafi [7] to the IMM for a non-expansive mapping T. They proposed the
following viscosity implicit midpoint method: for given x0 ∈ C and

xn+1 = αnf (xn) + (1 − αn)T
(
xn + xn+1

2

)
∀ n ≥ 0, (7)

where f is a contractive mapping on C and {αn} is a sequence in (0, 1). It was
proved that the sequence {xn} generated by (7) converges strongly to a fixed point
of T.

Later, Ke and Ma [8] improved the viscosity implicit midpoint method (7) by
replacing the midpoint by any point of interval [xn, xn+1]. They introduced the
following generalized viscosity implicit method to approximating the fixed point
of a non-expansive mapping T: for given x0 ∈ C and

xn+1 = αnf (xn) + (1 − αn)T(tnxn + (1 − tn)xn+1) ∀ n ≥ 0. (8)

They also proved that the sequence {xn} generated by (8) converges strongly to a
point in F(T).

However, it is noted that the computation by implicit method is not a simple
task in general because this method need to compute at every time steps and
it can be much harder to implement. To overcome this difficulty, we consider
the method so-called an explicit midpoint method (EMM) which given by the
following finite difference scheme [9, 10]:

y0 = x0,

ȳn+1 = yn + hf (yn),

yn+1 = yn + hf
(
yn + ȳn+1

2

)
∀ n ≥ 0.

(9)

It is generally remarked that the EMM (9) calculates the system status at a future
time from the currently known system status while IMM(2) calculates the system
status involving both the current state of the system and the later one (see [9, 11]).

In 2017, Marino et al. [12] combined the generalized viscosity implicit mid-
point method (8) with the EMM (9) for solving the fixed point problem of
a quasi-non-expansive mapping T. They introduced the following generalized
viscosity explicit midpoint method: for any x1 ∈ C and

x̄n+1 = βnxn + (1 − βn)Txn,

xn+1 = αnf (xn) + (1 − αn)T(tnxn + (1 − tn)x̄n+1) ∀ n ≥ 1.
(10)

They also showed that the sequence {xn} generated by (10) converges strongly to a
fixed point ofT under certain assumptions imposed on the parameters {αn}, {βn}
and {tn}.
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On the other hand, let us consider the following variational inclusion problems:
find x∗ ∈ H such that

0 ∈ (A + B)x∗, (11)

where A : H → H is an operator, B : H → 2H is a set-valued operator and 0 is
a zero vector in H. The solutions set of (11) is denoted by (A + B)−10 := {x ∈
H : 0 ∈ (A + B)x}. This problem includes, as special cases, convex program-
ming, variational inequalities, equilibrium problem, split feasibility problem and
minimization problem. To be more precise, some concrete problems in signal
processing, image recovery, statistical regression and machine learning can be
modelled mathematically as this form (see [13–16]).

One of the most successful methods for solving problem (11) is for-
ward–backward algorithm (FBA) ([17–20]) which is given by x1 ∈ H and

xn+1 = (I + λB)−1(xn − λAxn) ∀ n ≥ 1, (12)

where λ > 0. In the context of this method, the operators (I + λB)−1 and I −
λA are often referred to as the backward and forward operators, respectively.
However, this method has only weak convergence.

In order to obtain strong convergence result, Takahashi et al. [21] (see also
[22]) proposed the following modified FBA based on Halpern’s iteration: for any
u, x1 ∈ H and

xn+1 = αnu + (1 − αn)JBλn(xn − λnAxn) ∀ n ≥ 1, (13)

where A : H → H is a monotone operator, B : H → 2H is a maximal monotone
operator and JBλn := (I + λnB)−1 is a resolvent operator of B. They proved that
the sequence {xn} generated by (13) converges strongly to a point in (A + B)−10.

López et al. [23] proposed the following modified FBA with error sequences
{an}, {bn} in q-uniformly smooth and uniformly convex Banach spaces E: for
given u, x1 ∈ E and

xn+1 = αnu + (1 − αn)(JBλn(xn − λn(Axn + an)) + bn) ∀ n ≥ 1. (14)

where JBλn := (I + λnB)−1, {λn} ⊂ (0,∞) and {αn} ⊂ (0, 1]. They proved that the
sequence {xn} generated by (14) converges strongly to a point in (A + B)−10.

In [24], Cholamjiak proposed the following new general type of FBA for
accretive operators with error {en} in Banach spaces E: for given u, x1 ∈ E and

xn+1 = αnu + ηnxn + δnJBλn(xn − λnAxn) + en ∀ n ≥ 1, (15)

where JBλn := (I + λnB)−1, {λn} ⊂ (0,∞) and {αn}, {ηn}, {δn} are sequences in
[0, 1] with αn + ηn + δn = 1. He proved that the sequence {xn} generated by (15)
converges strongly to a point in (A + B)−10 under some appropriate conditions.
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Shehu and Cai [25] extended iterative method (13) by combining the viscosity
approximation method and FBA in a uniformly smooth and uniformly convex
Banach space E: for given x1 ∈ E and

xn+1 = αnf (xn) + (1 − αn)JBλn(xn − λnAxn) ∀ n ≥ 1, (16)

where f : E → E is a contraction with a constant θ ∈ (0, 1), {λn} ⊂ (0,∞) and
{αn} ⊂ (0, 1). It was proved that the sequence {xn} generated by (16) converges
strongly to a point in (A + B)−10 under some appropriate conditions.

In 2018, Chang et al. [26] proposed the following strong convergence theorem
of a generalized viscosity implicit rules for solving the variational inclusion
problem (11) in a q-uniformly smooth and uniformly convex Banach space.

Theorem 1.1: Let E be a q-uniformly smooth and uniformly convex Banach space.
Let A : E → E be an α-isa of order q and B : E → 2E be an m-accretive operator
such that (A + B)−10 �= ∅. Let f : E → E be a θ-contractive mapping with θq ∈
(0, 1). Let {xn} be the sequence generated by x1 ∈ E and

xn+1 = αnf (xn) + (1 − αn)JBλ (I − λA)(tnxn + (1 − tn)xn+1) ∀ n ≥ 1, (17)

where JBλ := (I + λB)−1, κq is the q-uniform smoothness coefficient of E, {tn} and
{αn} are sequences in (0, 1) and λ is a positive real number satisfying the following
conditions:

(C1) limn→∞ αn = 0 and
∑∞

n=1 αn = ∞;
(C2)

∑∞
n=1 |αn+1 − αn| < ∞;

(C3) 0 < ε ≤ tn ≤ tn+1 < 1;
(C4) 0 < λ ≤ (αq/κq)1/(q−1).

Then {xn} converges strongly to x∗ = Q(A+B)−10f (x∗), where Q(A+B)−10 is a
sunny non-expansive retraction of E onto (A + B)−10.

In this paper, motivated and inspired by the works of Chang et al. [26] and
Marino et al. [12], we propose a generalized viscosity explicit method for solv-
ing the variational inclusion problem (11) in the framework of Banach spaces.
We prove its strong convergence of the proposed algorithm under some suitable
assumption on the parameters. As applications, we apply our main result to the
variational inequality problem, the convex minimization problem and the split
feasibility problem. Finally, we provide several numerical experiments to illus-
trate the behaviour of the proposed method and compare it with other methods.
The result obtained in this paper improves and extends many known results in
the literature.
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2. Basic definitions and preliminaries

In this section, we collect some preliminary results whichwill be used throughout
the paper.

Let E and E∗ be a real Banach space and the dual space of E, respectively. The
modulus of convexity of E is the function δE : (0, 2] → [0, 1] defined by

δE(ε) = inf
{
1 − ‖x + y‖

2
: x, y ∈ E, ‖x‖ = ‖y‖ = 1, ‖x − y‖ ≥ ε

}
.

Themodulus of smoothness of E is the function θE : R
+ := [0,∞) → R

+ defined
by

θE(τ ) = sup
{‖x + τy‖ + ‖x − τy‖

2
− 1 : ‖x‖ = ‖y‖ = 1

}
.

Definition 2.1: Suppose that p, q>1. A Banach space E is said to be

(1) Uniformly convex if δE(ε) > 0 for all ε ∈ (0, 2].
(2) p-Uniformly convex if there is a cp > 0 such that δE(ε) ≥ cpεp for all ε ∈

(0, 2].
(3) Uniformly smooth if limτ→0 θE(τ )/τ = 0.
(4) q-Uniformly smooth if there exists a cq > 0 such that θE(τ ) ≤ cqτ q for all

τ > 0.

If E is q-uniformly smooth, then q ≤ 2 and E is also uniformly smooth.
Further, E is p-uniformly convex (q-uniformly smooth) if and only if E∗ is q-
uniformly smooth (p-uniformly convex), where p ≥ 2 and 1 < q ≤ 2 satisfy
1/p + 1/q = 1. It is well known that a Hilbert space H is 2-uniformly smooth.
Typical examples of both uniformly convex and uniformly smooth Banach
spaces are �p and Lp spaces, where p>1. More precisely, �p and Lp spaces are
min{p, 2}-uniformly smooth for every p>1.

The generalized duality mapping Jq : E → 2E
∗
is defined by

Jq(x) = {x̄ ∈ E∗ : 〈x, x̄〉 = ‖x‖q, ‖x̄‖ = ‖x‖q−1},
where 〈·, ·〉 denotes the generalized duality pairing between elements of E and E∗.

In particular, J2 := J is called the normalized duality mapping. If E is smooth,
then Jq is single-valued, which is denoted by jq. If E: = H is a real Hilbert space,
then J = I.

Using the concept of sub-differentials, we know the following inequality:

Lemma 2.2 ([27]): Let q>1 and E be a real normed space with the generalized
duality mapping Jq. Then, for any x, y ∈ E, we have

‖x + y‖q ≤ ‖x‖q + q〈y, jq(x + y)〉, (18)

where jq(x + y) ∈ Jq(x + y).
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Definition 2.3: Let C a be non-empty, closed and convex subsets of E and Q be
a mapping of E onto C. Then Q is said to be:

(1) Sunny if Q(Qx + t(x − Qx)) = Qx for all x ∈ C and t ≥ 0.
(2) Retraction if Qx = x for all x ∈ C.
(3) A sunny non-expansive retraction ifQ is sunny, non-expansive and a retrac-

tion from E onto C.

It is known that if E: = H is a real Hilbert space, then a sunny non-expansive
retraction Q is coincident with the metric projection from E onto C. Moreover,
if E is uniformly smooth and T is a non-expansive mapping of C into itself with
F(T) �= ∅, then F(T) is a sunny non-expansive retract from E onto C (see [28]).
We know that in a uniformly smooth Banach space E, a retraction Q : E → C is
sunny and non-expansive, if and only if 〈x − Qx, jq(y − Qx)〉 ≤ 0 for all x ∈ E
and y ∈ C (see [29]).

LetA : E → 2E be a set-valued operator.We denote the domain of an operator
A byD(A) = {x ∈ E : Ax �= ∅}. Let q>1. An operator A is said to be accretive of
order q if for each x, y ∈ D(A), there exists jq(x − y) ∈ Jq(x − y) such that

〈u − v, jq(x − y)〉 ≥ 0, u ∈ Ax and v ∈ Ay.

An accretive operator A is said to be α-inverse strongly accretive (α-isa) of order
q if for each x, y ∈ D(A), there exists α > 0 and jq(x − y) ∈ Jq(x − y) such that

〈u − v, jq(x − y)〉 ≥ α‖Ax − Ay‖q, u ∈ Ax and v ∈ Ay.

In a real Hilbert space H, A : C → H is called α-inverse strongly monotone (α-
ism).

An accretive operatorA is said to bem-accretive if and only ifA is accretive and
R(I + λA) = E for all λ > 0, whereR(I + λA) is the range of I + λA (see [30]).
For an accretive operatorA, we can define amapping JAλ : R(I + λA) → D(A) by
JAλ = (I + λA)−1 for each λ > 0. Such JAλ are called the resolvents of A for λ > 0.

Lemma 2.4 ([31]): The following statements hold:

(1) If JAλ is a resolvent of A for λ > 0, then JAλ is a single valued non-expansive
mapping with F(JAλ ) = A−10, where A−10 = {x ∈ D(A) : 0 ∈ Ax}.

(2) In a real Hilbert space, an operator A is m-accretive if and only if A is maximal
monotone.

Let A : E → E be an α-isa of order q and B : E → 2E anm-accretive operator.
In what follows, we shall use the following notation:

Tλ = JBλ (I − λA) = (I + λB)−1(I − λA), λ > 0.
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Lemma 2.5 ([23]): The following statements hold:

(i) For λ > 0, F(Tλ) = (A + B)−10.
(ii) For 0 < λ ≤ s and x ∈ E, ‖x − Tλx‖ ≤ 2‖x − Tsx‖.

Lemma 2.6 ([23]): Let E be a uniformly convex and q-uniformly smooth Banach
spaces. Assume that A is a single-valued α-isa of order q in E. Let r > 0, there exists
a continuous, strictly increasing and convex function φ : R

+ → R
+ with φ(0) = 0

such that

‖Tλx − Tλy‖q ≤ ‖x − y‖q − λ(αq − λq−1κq)‖Ax − Ay‖q

− φ(‖(I − JBλ )(I − λA)x − (I − JBλ )(I − λA)y‖)
for all x, y ∈ Br := {x ∈ E : ‖x‖ ≤ r}, where κq is the q-uniform smoothness coef-
ficient of E. In particular, if 0 < λ < (αq/κq)1/(q−1), then Tλ is non-expansive.

Lemma 2.7 ([32]): Let C be a non-empty, closed and convex subset of a uniformly
smooth Banach space E. Let T : C → C be a non-expansive self-mapping such that
F(T) �= ∅ and f : C → C be a contraction with coefficient θ ∈ (0, 1). Then a net
sequence defined by zt = tf (zt) + (1 − t)Tzt , ∀ t ∈ (0, 1) converges strongly as
t → 0 to a point x∗ ∈ F(T).

Lemma 2.8 ([33]): Assume {sn} is a sequence of non-negative real numbers such
that

sn+1 ≤ (1 − δn)sn + δnτn ∀ n ≥ 1

and

sn+1 ≤ sn − ηn + θn ∀ n ≥ 1,

where {δn} is a sequence in (0, 1), {ηn} is a sequence of non-negative real numbers
and {τn}, and {θn} are real sequences such that

(i)
∑∞

n=1 δn = ∞;
(ii) limn→∞ θn = 0;
(iii) limk→∞ ηnk = 0 implies lim supk→∞ τnk ≤ 0 for any subsequence of real

numbers {nk} of {n}.

Then limn→∞ sn = 0.

3. Main result

In this section, we propose a generalized viscosity implicit rule for solving the
variational inclusion problem (11) and prove its strong convergence theorem of
the generated sequence by the proposed method.
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Theorem 3.1: Let E be a real uniformly convex and q-uniformly smooth Banach
space E. Let A : E → E be an α-isa of order q and let B : E → 2E is an m-accretive
operator. Let f : E → E be a contraction with a constant θ ∈ (0, 1). Assume that
(A + B)−10 �= ∅. For any x1 ∈ E, let {xn} be a sequence generated by
x̄n+1 = βnxn + (1 − βn)JBλn(xn − λnAxn),

xn+1 = αnf (xn) + (1 − αn)JBλn(I − λnA)(tnxn + (1 − tn)x̄n+1) ∀ n ≥ 1,
(19)

where {λn} ⊂ (0,∞), and {αn}, {βn} and {tn} are sequences in (0, 1) which satisfy
the following conditions:

(C1) limn→∞ αn = 0 and
∑∞

n=1 αn = ∞;
(C2) lim infn→∞(1 − tn)(1 − βn) > 0;
(C3) 0 < lim infn→∞ λn ≤ lim supn→∞ λn < (αq/κq)1/(q−1).

Then {xn} converges strongly to an element x∗ = Q(A+B)−1 f (x∗), where
Q(A+B)−10 is a sunny non-expansive retraction of E onto (A + B)−10.

Proof: For each n ≥ 1, put Tn := JBλn(I − λnA). Let z ∈ (A + B)−10 and by the
non-expansivity of Tn, we have

‖x̄n+1 − z‖ = ‖βn(xn − z) + (1 − βn)(Tnxn − Tnz)‖
≤ βn‖xn − z‖ + (1 − βn)‖Tnxn − Tnz‖
≤ βn‖xn − z‖ + (1 − βn)‖xn − z‖
= ‖xn − z‖.

It follows that

‖xn+1 − z‖ = ‖αn(f (xn) − z) + (1 − αn)(Tn(tnxn + (1 − tn)x̄n+1) − Tnz)‖
≤ αn‖f (xn) − z‖ + (1 − αn)‖Tn(tnxn + (1 − tn)x̄n+1) − Tnz‖
≤ αn‖f (xn) − f (z)‖ + αn‖f (z) − z‖

+ (1 − αn)‖tn(zn − z) + (1 − tn)(x̄n+1 − z)‖
≤ αnθ‖xn − z‖ + (1 − αn)(tn‖xn − z‖ + (1 − tn)‖x̄n+1 − z‖)

+ αn‖f (z) − z‖
= αnθ‖xn − z‖ + (1 − αn)tn‖xn − z‖ + (1 − αn)(1 − tn)‖xn − z‖

+ αn‖f (z) − z‖

= (1 − (1 − θ)αn)‖xn − z‖ + (1 − θ)αn
‖f (z) − z‖

1 − θ

≤ max
{
‖xn − z‖, ‖f (z) − z‖

1 − θ

}
.
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By induction, we obtain

‖xn − z‖ ≤ max
{
‖x1 − z‖, ‖f (z) − z‖

1 − θ

}
∀ n ≥ 1.

Hence {xn} is bounded. For each n ≥ 1, put zn := tnxn + (1 − tn)x̄n+1. Let x∗ =
Q(A+B)−10f (x∗). By Lemma 2.6, we have

‖Tnzn − x∗‖q = ‖JBλn(I − λnA)zn − JBλn(I − λnA)x∗‖q

≤ ‖zn − x∗‖q − λn(αq − λ
q−1
n κq)‖Azn − Ax∗‖q

− φ(‖zn − λnAzn − Tnzn + λnAx∗‖). (20)

In a similar way, we also have

‖Tnxn − x∗‖q ≤ ‖xn − x∗‖q − λn(αq − λ
q−1
n κq)‖Axn − Ax∗‖q

− φ(‖xn − λnAxn − Tnxn + λnAx∗‖).

It follows that

‖zn − x∗‖q ≤ tn‖xn − x∗‖q + (1 − tn)‖x̄n+1 − x∗‖q
≤ tn‖xn − x∗‖q + (1 − tn)

× [
βn‖xn − x∗‖q + (1 − βn)‖Tnxn − x∗‖q]

≤ tn‖xn − x∗‖q + (1 − tn)

×
[
βn‖xn − x∗‖q + (1 − βn)

(
‖xn − x∗‖q − λn(αq − λ

q−1
n κq)

×‖Axn − Ax∗‖q − φ(‖xn − λnAxn − Tnxn + λnAx∗‖)
)]

≤ ‖xn − x∗‖q − (1 − tn)(1 − βn)
(
λn(αq − λ

q−1
n κq)‖Axn − Ax∗‖q

+φ(‖xn − λnAxn − Tnxn + λnAx∗‖)
)
. (21)

Substituting (21) into (20), we get

‖Tnzn − x∗‖q ≤ ‖xn − x∗‖q − (1 − tn)(1 − βn)
(
λn(αq − λ

q−1
n κq)

× ‖Axn − Ax∗‖q + φ(‖xn − λnAxn − Tnxn + λnAx∗‖)
)

− λn(αq − λ
q−1
n κq)‖Azn − Ax∗‖q

− φ(‖zn − λnAzn − Tnzn + λnAx∗‖). (22)
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From Lemma 2.2 and (22), we have

‖xn+1 − x∗‖q
= ‖αn(f (xn) − x∗) + (1 − αn)(Tnzn − x∗)‖q
= ‖αn(f (xn) − f (x∗)) + αn(f (x∗) − x∗) + (1 − αn)(Tnzn − x∗)‖q
≤ ‖αn(f (xn) − f (x∗)) + (1 − αn)(Tnzn − x∗)‖q

+ qαn〈f (x∗) − x∗, jq(xn+1 − x∗)〉
≤ αn‖f (xn) − f (x∗)‖q + (1 − αn)‖Tnzn − x∗‖q

+ qαn〈f (x∗) − x∗, jq(xn+1 − x∗)〉
≤ αn‖f (xn) − f (x∗)‖q + (1 − αn)

[‖xn − x∗‖q − (1 − tn)(1 − βn)

× (
λn(αq − λ

q−1
n κq)‖Axn − Ax∗‖q

+ φ(‖xn − λnAxn − Tnxn + λnAx∗‖)) − λn(αq − λ
q−1
n κq)‖Azn − Ax∗‖q

− φ(‖zn − λnAzn − Tnzn + λnAx∗‖)] + qαn〈f (x∗) − x∗, jq(xn+1 − x∗)〉
≤ (

1 − (1 − θ)αn
)‖xn − x∗‖q − Kn

(
λn(αq − λ

q−1
n κq)‖Axn − Ax∗‖q

+ φ(‖xn − λnAxn − Tnxn + λnAx∗‖))
− (1 − αn)

(
λn(αq − λ

q−1
n κq)‖Azn − Ax∗‖q

+ φ(‖zn − λnAzn − Tnzn + λnAxq‖)
)

+ qαn〈f (x∗) − x∗, jq(xn+1 − x∗)〉, (23)

where Kn := (1 − αn)(1 − tn)(1 − βn). We note that lim infn→∞ Kn > 0 and
lim infn→∞ λn(αq − λ

q−1
n κq) > 0. For each n ≥ 1, we set

sn : = ‖xn − x∗‖q,
δn : = (1 − θ)αn,

τn : = q
1 − θ

〈f (x∗) − x∗, jq(xn+1 − x∗)〉,

ηn : = Kn(λn(αq − λ
q−1
n κq)‖Axn − Ax∗‖q

+ φ(‖xn − λnAxn − Tnxn + λnAx∗‖))
+ (1 − αn)(λn(αq − λ

q−1
n κq)‖Azn − Ax∗‖q

+ φ(‖zn − λnAzn − Tnzn + λnAx∗‖)),
θn : = qαn〈f (x∗) − x∗, jq(xn+1 − x∗)〉.

Then (23) reduces to the following formulae:

sn+1 ≤ (1 − δn)sn + δnτn ∀ n ≥ 1 (24)
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and

sn+1 ≤ sn − ηn + θn ∀ n ≥ 1. (25)

By (C1), we see that
∑∞

n=1 δn = ∞ and limn→∞ θn = 0. In order to complete
the proof, using Lemma 2.8, it remains to show that limk→∞ ηnk = 0 implies that
lim supk→∞ τnk ≤ 0 for any subsequence {ηnk} of {ηn}. Let {nk} be a subsequence
of {n} such that limk→∞ ηnk = 0. So by our assumptions and the properties of φ,
we obtain

lim
k→∞

‖Aznk − Ax∗‖ = lim
k→∞

‖znk − λnkAznk − Tnkznk + λnkAx
∗‖ = 0

and

lim
k→∞

‖Axnk − Ax∗‖ = lim
k→∞

‖xnk − λnkAxnk − Tnkxnk + λnkAx
∗‖ = 0.

Consequently,

lim
k→∞

‖Tnkznk − znk‖ = 0 and lim
k→∞

‖Tnkxnk − xnk‖ = 0. (26)

Since lim infn→∞ λn > 0, there is λ > 0 such that λn ≥ λ for all n ≥ 1. In
particular, λnk ≥ λ for all k ≥ 1. Then, by Lemma 2.5 (ii), we have

‖Tλxnk − xnk‖ ≤ 2‖Tnkxnk − xnk‖.

From (26), we obtain

lim
k→∞

‖Tλxnk − xnk‖ = 0. (27)

Let zt = tf (zt) + (1 − t)Tλzt , ∀t ∈ (0, 1). Then it follows from Lemma 2.7
that {zt} converges strongly to a fixed point x∗ ∈ F(Tλ) = (A + B)−10. From
Lemma 2.2, we have

‖zt − xnk‖q = ‖t(f (zt) − xnk) + (1 − t)(Tλzt − xnk)‖q
≤ (1 − t)q‖Tλzt − xnk‖q + qt〈f (zt) − xnk , jq(zt − xnk)〉
= (1 − t)q‖Tλzt − xnk‖q + qt〈f (zt) − zt , jq(zt − xnk)〉

+ qt〈zt − xnk , jq(zt − xnk)〉
≤ (1 − t)q

(‖Tλzt − Tλxnk‖ + ‖Tλxnk − xnk‖
)q

+ qt〈f (zt) − zt , jq(zt − xnk)〉 + qt‖zt − xnk‖q

≤ (1 − t)q
(‖zt − xnk‖ + ‖Tλxnk − xnk‖

)q
+ qt〈f (zt) − zt , jq(zt − xnk)〉 + qt‖zt − xnk‖q,



OPTIMIZATION 13

which implies that

〈f (zt) − zt , jq(xnk − zt)〉 ≤ (1 − t)q

qt
(‖zt − xnk‖ + ‖Tλxnk − xnk‖

)q
+ qt − 1

qt
‖zt − xnk‖q.

From (27), we obtain

lim sup
k→∞

〈f (zt) − zt , jq(xnk − zt)〉 ≤ (1 − t)q

qt
M + qt − 1

qt
M

=
(

(1 − t)q + qt − 1
qt

)
M, (28)

whereM = lim supk→∞ ‖zt − xnk‖q, t ∈ (0, 1).We see that ((1 − t)q + qt − 1)/
qt → 0 as t → 0. Since jq is norm-to-norm uniformly continuous on bounded
subsets of E and zt → x∗, we have

‖jq(xnk − zt) − jq(xnk − x∗)‖ → 0 as t → 0.

So we have

|〈f (zt) − zt , jq(xnk − zt)〉 − 〈f (x∗) − x∗, jq(xnk − x∗)〉|
= |〈f (zt) − f (x∗) + f (x∗) − x∗ + x∗ − zt , jq(xnk − zt)〉

− 〈f (x∗) − x∗, jq(xnk − x∗)〉|
= |〈f (zt) − f (x∗), jq(xnk − zt)〉 + 〈f (x∗) − x∗, jq(xnk − zt)〉

+ 〈x∗ − zt , jq(xnk − zt)〉 − 〈f (x∗) − x∗, jq(xnk − x∗)〉|
≤ |〈f (x∗) − x∗, jq(xnk − zt) − jq(xnk − x∗)〉| + |〈f (zt) − f (x∗), jq(xnk − zt)〉|

+ |〈x∗ − zt , jq(xnk − zt)〉|
≤ ‖f (x∗) − x∗‖‖jq(xnk − zt) − jq(xnk − x∗)‖

+ (1 + θ)‖zt − x∗‖‖xnk − zt‖q−1.

Hence as t → 0, we have

〈f (zt) − zt , jq(xnk − zt)〉 → 〈f (x∗) − x∗, jq(xnk − x∗)〉.
From (28), as t → 0, it follows that

lim sup
k→∞

〈f (x∗) − x∗, jq(xnk − x∗)〉 ≤ 0. (29)

On the other hand, we have

‖Tnkzn − xnk‖ ≤ ‖Tnkznk − znk‖ + ‖znk − xnk‖
≤ ‖Tnkznk − znk‖ + (1 − tnk)(1 − βnk)‖Tnkxnk − xnk‖
≤ ‖Tnkznk − znk‖ + ‖Tnkxnk − xnk‖.
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This together with (26) implies that

lim
k→∞

‖Tnkznk − xnk‖ = 0. (30)

Further, we have

‖xnk+1 − xnk‖ ≤ ‖xnk+1 − Tnkznk‖ + ‖Tnkznk − xnk‖
≤ αnk‖f (xnk) − Tnkznk‖ + ‖Tnkznk − xnk‖.

This together with (30) implies

lim
k→∞

‖xnk+1 − xnk‖ = 0. (31)

Combining (29) and (31), we get

lim sup
k→∞

〈f (x∗) − x∗, jq(xnk+1 − x∗)〉 ≤ 0. (32)

This implies that limk→∞ τnk ≤ 0. Then, by Lemma 2.8, we conclude that
limn→∞ sn = 0. Hence xn → x∗ as n → ∞. This completes the proof. �

Remark 3.2: We point out main issue on our work as follows:

(1) The method of proof of our result is very different from ones of [12, 21, 26,
34–37]. In particular, we remove the assumptions ‘

∑∞
n=1 |αn+1 − αn| < ∞’

and ‘0 < ε ≤ tn ≤ tn+1 < 1’ in Theorem 3.1 of [8, 26, 34]. Moreover, we
remove the assumption limn→∞(λn+1 − λn) = 0 in Theorem 3.1 of [37].

(2) The method of proof of our result is more simple with respect to the result
of Chang et al. [26].

From [38], we obtain the following results.

Corollary 3.3: Let E := �q (or Lq) with 1 < q ≤ 2. Let A : E → E be an α-isa of
order q and let B : E → 2E is an m-accretive operator. Let f : E → E be a contrac-
tion with a constant θ ∈ (0, 1). Assume that (A + B)−10 �= ∅. For any x1 ∈ E, let
{xn} be a sequence generated by

x̄n+1 = βnxn + (1 − βn)JBλn(xn − λnAxn),

xn+1 = αnf (xn) + (1 − αn)JBλn(I − λnA)(tnxn + (1 − tn)x̄n+1) ∀n ≥ 1, (33)

where {λn} ⊂ (0,∞), and {αn}, {βn} and {tn} are sequences in (0, 1) which satisfy
the following conditions:

(C1) limn→∞ αn = 0 and
∑∞

n=1 αn = ∞;
(C2) lim infn→∞(1 − tn)(1 − βn) > 0;
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(C3) 0 < lim infn→∞ λn ≤ lim supn→∞ λn < (αq/κq)1/(q−1), where κq =
(1 + tq−1

q )/((1 + tq)q−1) and tq is the unique solution of the equation (q −
2)tq−1 + (q − 1)tq−2 − 1 = 0, 0 < t < 1.

Then {xn} converges strongly to an element x∗ = Q(A+B)−1 f (x∗), where
Q(A+B)−10 is a sunny non-expansive retraction of E onto (A + B)−10.

Corollary 3.4: Let E := �p (or Lp) with 2 ≤ p < ∞. Let A : E → E be an α-isa
of order 2 and let B : E → 2E is an m-accretive operator. Let f : E → E be a con-
traction with a constant θ ∈ (0, 1). Assume that (A + B)−10 �= ∅. For any x1 ∈ E,
let {xn} be a sequence generated by

x̄n+1 = βnxn + (1 − βn)JBλn(xn − λnAxn),

xn+1 = αnf (xn) + (1 − αn)JBλn(I − λnA)(tnxn + (1 − tn)x̄n+1) ∀ n ≥ 1,
(34)

where {λn} ⊂ (0,∞), and {αn}, {βn} and {tn} are sequences in (0, 1) which satisfy
the following conditions:

(C1) limn→∞ αn = 0 and
∑∞

n=1 αn = ∞;
(C2) lim infn→∞(1 − tn)(1 − βn) > 0;
(C3) 0 < lim infn→∞ λn ≤ lim supn→∞ λn < 2α/(p − 1).

Then {xn} converges strongly to an element x∗ = Q(A+B)−1 f (x∗), where
Q(A+B)−10 is a sunny non-expansive retraction of E onto (A + B)−10.

Corollary 3.5: Let H be a Hilbert space H. Let A : H → H be an α-ism and let
B : H → 2H be a maximal monotone operator. Let f : H → H be a contraction
mapping with a constant θ ∈ (0, 1). Suppose that (A + B)−10 �= ∅. For any x1 ∈
H, let {xn} be a sequence generated by

x̄n+1 = βnxn + (1 − βn)JBλn(xn − λnAxn),

xn+1 = αnf (xn) + (1 − αn)JBλn(I − λnA)(tnxn + (1 − tn)x̄n+1) ∀ n ≥ 1,
(35)

where {λn} ⊂ (0, 2α), and {αn}, {βn} and {tn} are sequences in (0, 1) which satisfy
the following conditions:

(C1) limn→∞ αn = 0 and
∑∞

n=1 αn = ∞;
(C2) lim infn→∞(1 − tn)(1 − βn) > 0;
(C3) 0 < lim infn→∞ λn ≤ lim supn→∞ λn < 2α.

Then {xn} converges strongly to an element x∗ = P(A+B)−10f (x∗), where
P(A+B)−10 is a metric projection of H onto (A + B)−10.
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4. Some applications

4.1. Application to variational inequality problem

Let C be a non-empty, closed and convex subset of a real Hilbert spaceH. Let A :
C → H be a nonlinear monotone operator. The variational inequality problem
(VIP) is to find x∗ ∈ C such that

〈Ax∗, z − x∗〉 ≥ 0 ∀ z ∈ C. (36)

The set of solutions of VIP is denoted byVI(C,A). Let iC be an indicator function
of C given by

iC(x) =
{
0, if x ∈ C;
∞, if x /∈ C.

(37)

Denote NC the normal cone of C, i.e.

NC(u) = {z ∈ H : 〈z, v − u〉 ≤ 0, ∀ v ∈ C}.

It is also known that iC is proper convex and lower semi continuous function
and sub-differential ∂iC is maximal monotone operator (see [39]). We define the
resolvent operator J∂iCλ of iC for λ > 0 by

J∂iCλ (x) := (I + λ∂iC)−1(x) ∀ x ∈ H,

where

∂iC(u) = {z ∈ H : iC(v) + 〈z, v − u〉 ≤ iC(u), ∀ u ∈ H}
= {z ∈ H : 〈z, v − u〉 ≤ 0, ∀v ∈ C} = NC(u), u ∈ C.

So we have

u = J∂iCλ (x) ⇔ x − u ∈ λNC(u)

⇔ 〈x − u, v − u〉 ≤ 0 ∀ v ∈ C

⇔ u = PC(x),

where PC is the metric projection from H onto C. Further, we also have (A +
∂iC)−10 = VI(C,A) (see [37]).

If we set B = ∂iC in Theorem 3.1, then we obtain the following result.

Theorem4.1: Let A : C → H be anα-ism such that VI(C,A) �= ∅. Let f : C → C
be a contraction with a constant θ ∈ (0, 1). For any x1 ∈ C, let {xn} be a sequence
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generated by

x̄n+1 = βnxn + (1 − βn)PC(xn − λnAxn),

xn+1 = αnf (xn) + (1 − αn)PC(I − λnA)(tnxn + (1 − tn)x̄n+1) ∀ n ≥ 1,
(38)

where {λn} ⊂ (0, 2α), and {αn}, {βn} and {tn} are sequences in (0, 1) which satisfy
the following conditions:

(C1) limn→∞ αn = 0 and
∑∞

n=1 αn = ∞;
(C2) lim infn→∞(1 − tn)(1 − βn) > 0;
(C3) 0 < lim infn→∞ λn ≤ lim supn→∞ λn < 2α.

Then {xn} converges strongly to a point in VI(C,A).

4.2. Application to convexminimization problem

Let g : H → R be a convex smooth function and h : H → R be a proper convex
and lower semicontinuous function. The convex minimization problem is to find
x∗ ∈ H such that

g(x∗) + h(x∗) = min
x∈H {g(x) + h(x)}. (39)

By Fermat’s rule, it is known that the problem (39) is equivalent to the problem
of finding x∗ ∈ H such that

0 ∈ ∇g(x∗) + ∂h(x∗),

where ∇g is a gradient of g and ∂h is a subdifferential of h. It is also known if ∇g
is (1/α)-Lipschitz continuous, then it is also α-ism (see [40]). In fact, we can set
A = ∇g and B = ∂h in Theorem 3.1. So we obtain the following result.

Theorem 4.2: Let g : H → R be a convex and differentiable function with (1/α)-
Lipschitz continuous gradient ∇g and let h : H → R be a convex and lower
semicontinuous function such that g + h attains a minimizer. Let f : H → H be
a contraction with a constant θ ∈ (0, 1). For any x1 ∈ H, let {xn} be a sequence
generated by

x̄n+1 = βnxn + (1 − βn)J∂hλn
(xn − λn∇g(xn)),

xn+1 = αnf (xn) + (1 − αn)J∂hλn
(I − λn∇g)(tnxn + (1 − tn)x̄n+1) ∀ n ≥ 1,

(40)

where {λn} ⊂ (0, 2α), and {αn}, {βn} and {tn} are sequences in (0, 1) which satisfy
the following conditions:
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(C1) limn→∞ αn = 0 and
∑∞

n=1 αn = ∞;
(C2) lim infn→∞(1 − tn)(1 − βn) > 0;
(C3) 0 < lim infn→∞ λn ≤ lim supn→∞ λn < 2α.

Then {xn} converges strongly to minimizer of g+ h.

4.3. Application to split feasibility problem

Let C and Q be non-empty, closed and convex subsets of Hilbert spaces H1 and
H2, respectively. Let T : H1 → H2 be a linear bounded operator with its adjoint
T∗. The split feasibility problem (SFP) is to find

x∗ ∈ C such that Tx∗ ∈ Q. (41)

The SFP can be used to model the intensity-modulated radiation therapy (see
[41–43]). To solve the SFP (41), we can rewrite it as the following convexly

Table 1. Comparison of Algorithm (19), Algorithm (17), Algorithm (15) and
Algorithm (16) for Example 5.1.

Algorithm (19) Algorithm (17) Algorithm (16) Algorithm (15)

Case 1 No. of Iter. 34 43 44 1806
Case 2 No. of Iter. 34 43 44 803

5 10 15 20 25 30 35 40

Number of iterations

10-5

100

E
n

Algorithm (19)
Algorithm (17)
Algorithm (16)
Algorithm (15)

Figure 1. The error plotting of iterations in Case 1.
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5 10 15 20 25 30 35

Number of iterations

10-5

100

E
n

Algorithm (19)
Algorithm (17)
Algorithm (16)
Algorithm (15)

Figure 2. The error plotting of iterations in Case 2.

Table 2. Comparison of Algorithm (19), Algorithm (16) and Algorithm
(15) for Example 5.3.

Algorithm (19) Algorithm (16) Algorithm (15)

Case 1 No. of Iter. 2028 4052 12,204
CPU 0.4311 0.4707 1.4134

Case 2 No. of Iter. 3776 7547 22,718
CPU 13.8184 13.9072 41.6642

Case 3 No. of Iter. 7347 14,688 44,201
CPU 100.2134 100.3403 302.2716

constrained minimization problem:

min
x∈C

g(x),

where g(x) := 1
2‖(I − PQ)Tx‖2. Note that the function g is differentiable convex

and has a Lipschitz gradient given by∇g = T∗(I − PQ)T. Further,∇g is 1/‖T‖2-
ism, where ‖T‖2 is the spectral radius of T∗T (see [13]). Thus, we have the SFP
equivalent to the variational inclusion problem (11) with A = ∇g and B = ∂iC.
It follows that

0 ∈ ∇g(x∗) + ∂iC(x∗) ⇔ 0 ∈ x∗ + λ∂iC(x∗) − (x∗ − λ∇g(x∗))

⇔ x∗ − λ∇g(x∗) ∈ x∗ + λ∂iC(x∗)

⇔ x∗ = (I + λ∂iC)−1(x∗ − λ∇g(x∗))

⇔ x∗ = PC(x∗ − λ∇g(x∗)).
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Original signal ( N=1,024, M=512, 30 spikes )

100 200 300 400 500 600 700 800 900 1000
-1

0

1

Measured values with noise ( SNR=40 )

50 100 150 200 250 300 350 400 450 500

-10
0

10

Recovered signal by Algorithm (19) ( 2,028 iterations, CPU=0.4311 )

100 200 300 400 500 600 700 800 900 1000
-1

0

1

Recovered signal by Algorithm (16) ( 4,052 iterations, CPU=0.4707 )

100 200 300 400 500 600 700 800 900 1000
-1

0

1

Recovered signal by Algorithm (15) ( 12,204 iterations, CPU=1.4134 )

100 200 300 400 500 600 700 800 900 1000
-1

0

1

Figure 3. Comparison of recovered signal by using different algorithms in Case 1.

Theorem 4.3: Let C and Q be non-empty, closed and convex subsets of Hilbert
spaces H1 andH2, respectively. Let T : H1 → H2 be a bounded linear operator with
its adjoint T∗ andT �= 0. Let f : C → C be a contractionwith a constant θ ∈ (0, 1).
Suppose that the solution sets of SFP is non-empty. For any x1 ∈ C, let {xn} be a
sequence generated by

x̄n+1 = βnxn + (1 − βn)PC(xn − λnT∗(I − PQ)Txn),

xn+1 = αnf (xn) + (1 − αn)PC(I − λnT∗(I − PQ)T)

× (tnxn + (1 − tn)x̄n+1) ∀ n ≥ 1, (42)

where {λn} ⊂ (0, 2/‖T‖2), and {αn}, {βn} and {tn} are sequences in (0, 1) which
satisfy the following conditions:
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Figure 4. MSE versus number of iterations in Case 1.

(C1) limn→∞ αn = 0 and
∑∞

n=1 αn = ∞;
(C2) lim infn→∞(1 − tn)(1 − βn) > 0;
(C3) 0 < lim infn→∞ λn ≤ lim supn→∞ λn < 2/‖T‖2.

Then {xn} converges strongly to solution of SFP.

5. Numerical experiments

In this section, we provide numerical experiments to illustrate the behaviour
of the our Algorithm (19) and also compare it with Algorithm (17) in [26],
Algorithm (15) in [24] and Algorithm (16) in [25].

Example 5.1: We consider the example in an infinite dimensional Banach spaces
outside Hilbert spaces which is taken from [24] (see also [44]). Let E = �3 and
x = (x1, x2, x3, . . .) ∈ �3. Let A,B : �3 → �3 be defined by

Ax = 2x + (1, 1, 1, 0, 0, 0, 0, . . .) and Bx = 5x for x ∈ �3.

It is to see thatA is 1/2-isa of order 2 and B is anm-accretive operator withR(I +
λB) = �3 for all λ > 0. Moreover,

JBλ (x − λAx) = 1 − 2λ
1 + 5λ

x − λ

1 + 5λ
(1, 1, 1, 0, 0, 0, 0, . . .),

for all x ∈ �3. It is not difficult to check that (A + B)−10 = {(−1
7 ,−1

7 ,−1
7 , 0, 0, 0,

0, . . .)}.
Since, in �3, we have q = 2 and κ2 = 2.Due toα = 1

2 , thenwe can chooseλn =
1
10 for all n ∈ N. We take αn = (1/2n), βn = 1/(3(n + 1)), δn = n/(3(n + 3)),



22 P. CHOLAMJIAK ET AL.

Original signal ( N=2,048, M=1,024, 60 spikes )
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Measured values with noise ( SNR=40 )
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Recovered signal by Algorithm (19) ( 3,776 iterations, CPU=13.8184 )
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Recovered signal by Algorithm (16) ( 7,547 iterations, CPU=13.9072 )
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Recovered signal by Algorithm (15)  ( 22,718 iterations, CPU=41.6642 )
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Figure 5. Comparison of recovered signal by using different algorithms in Case 2.

ηn = 1 − (1/2n) − (n/(3(n + 3))), tn = 1
2 for all n ∈ N and f (x) = x/2 in those

algorithms. In our numerical experiments, we consider the following two cases
of starting point x1:

Case 1 : x1 = (71.23,−42.51,−1.42, 0, 0, 0, . . .);
Case 2 : x1 = (−27.53,−22.47, 4.64, 0, 0, 0, . . .).
Let u be randomly generated in �3. We choose the stopping criterion is En =

‖xn+1 − xn‖ < 10−5. The numerical results are reported in Table 1 and Figures 1
and 2.

Remark 5.2: From Table 1 and Figures 1 and 2, we see that our Algorithm (19)
has a number of iterations less than Algorithm (17) of Chang et al. [26],
Algorithm (16) of Shehu and Cai [25] and Algorithm (15) of Cholamjiak [24].
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Figure 6. MSE versus number of iterations in Case 2.

It is shown that our proposed algorithm has good convergence
behaviour.

Example 5.3: In this example, we consider the signal recovery by compressed
sensing which refers to a signal acquisition and reconstruction technique. In
signal processing, compressed sensing can be modelled as the following under
determinated linear equation system:

y = Tx + ε, (43)

where x ∈ R
N is a vector withm non-zero components to be recovered, y ∈ R

M

is the observed or measured data with noisy ε, and T : R
N → R

M(M < N) is a
bounded linear observation operator. It is know that problem (43) can be seen as
solving the following LASSO problem:

min
x∈RN

1
2
‖y − Tx‖22 subject to ‖x‖1 ≤ t, (44)

where t>0 is a given constant. In particular, ifC = {x ∈ R
N : ‖x‖1 ≤ t} andQ =

{y}, then the LASSO problem can be considered as the SFP (41).
The sparse vector x ∈ R

N is generated from uniform distribution in the inter-
val [−2, 2] withm non-zero elements. The matrix T ∈ R

M×N is generated from
a normal distribution with mean zero and one invariance. The observation y is
generated bywhiteGaussian noise with signal-to-noise ratio SNR = 40. The pro-
cess is started with t = m and starting point x1 is randomly generated inR

N . The



24 P. CHOLAMJIAK ET AL.

Original signal ( N=4,096, M=2,048, 100 spikes )
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0

1

Measured values with noise ( SNR=40 )
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-40
-20

0
20
40

Recovered signal by Algorithm (19) ( 7,347 iterations, CPU=100.2134 )

500 1000 1500 2000 2500 3000 3500 4000
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0

1

Recovered signal by Algorithm (16) ( 14,688 iterations, CPU=100.3403 )

500 1000 1500 2000 2500 3000 3500 4000
-1

0

1

Recovered signal by Algorithm (15)  ( 22,718 iterations, CPU=41.6642 )

500 1000 1500 2000 2500 3000 3500 4000
-1

0

1

Figure 7. Comparison of recovered signal by using different algorithms in Case 3.

restoration accuracy is measured by the mean squared error as follows:

En = 1
N

‖xn − x∗‖22 < 10−5, (45)

where x∗ is an estimated signal of x.
We perform numerical computations for Algorithm (19) and also compare

with Algorithm (15) and Algorithm (16). Take αn = (1/(1500(n + 5))), βn =
(1/(3(n + 10))), tn = (n/(5700(n + 1))), δn = (n/(3(n + 3))), λn = 1/‖T‖2
for all n ∈ N, f (x) = x/2 and u = (1, 1, . . . , 1) ∈ R

N .
In our numerical experiments, we consider the following three cases of N,M

andm:
Case 1 : N = 1024,M = 512 andm = 30;
Case 2 : N = 2048,M = 1024 andm = 60;
Case 3 : N = 4096,M = 2048 andm = 100.
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Figure 8. MSE versus number of iterations in Case 3.

Then the numerical results are reported in Table 2 and Figures 3–8.

Remark 5.4: FromTable 2 and Figures 3–8, we see that our Algorithm (19) has a
number of iterations and cpu time less thanAlgorithm (16) of Shehu andCai [25]
and Algorithm (15) of Cholamjiak [24]. It is shown that our algorithm highly
improves those algorithms. This is the primary advantage of our algorithm in
comparison with other algorithms.
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I. INTRODUCTION 

Let s and t be any real number with 2 0� !s t , 0!s
and 0zt  The (s, t)-Pell sequences ^ `( , )nP s t [1] is defined by the 
recurrence relation 

1 2( , ) 2 ( , ) ( , ),� � �n n nP s t sP s t tP s t  for all 2,tn         (I.1) 
with initial conditions 0 ( , ) 0 P s t  and 1( , ) 1. P s t In particular, 

if 
1
2

 s and 1, t then the classical Fibonacci sequence is 

obtained, and if 1,  s t then the classical Pell sequence is 
obtained.  The first few terms of ^ `( , )nP s t  are 0, 1, 2 ,s

2 34 , 8 4� �s t s t   and so on.  The terms of this sequence are 
called ( , )s t - Pell numbers and we denoted the thn ( , )s t - Pell 
numbers by ( , )nP s t .  The Binet’s formula for the thn ( , )s t -Pell 
numbers [2] is given by 

( , ) D E
D E
�

 
�

n n

nP s t for all ,�n              (I.2) 

where 2D  � �s s t  and 2E  � �s s t  are the roots of the 
characteristic equation 2 2 . �x sx t  We note that 2 ,D E�  s

22D E�  �s t and .DE  �t   

 Also, ( , ) �s t Pell- Lucas sequences ^ `( , )nQ s t [ 1]  is 
defined by   

1 2( , ) 2 ( , ) ( , )� � �n n nQ s t sQ s t tQ s t for all 2,tn        (I.3)    

with initial conditions 0 ( , ) 2 Q s t  and 1( , ) 2 . Q s t s  In 

particular, if 
1
2

 s and 1, t then the classical Lucas sequence 

is obtained, and if 1,  s t then the classical Pell- Lucas 

sequence is obtained.  The first few terms of  ^ `( , )nQ s t  are 
2 32, 2 , 4 2 , 8 6� �s s t s st  and so on.  The terms of this sequence 

are called ( , )s t - Pell- Lucas numbers and we denoted the thn
( , )s t - Pell- Lucas numbers by ( , ).nQ s t  It can be seen that 

1( , ) 2 ( , ) 2 ( , )� �n n nQ s t sP s t tP s t and 1( , ) ( , )� �n nQ s t P s t  

12 ( , )�ntP s t for all �n .  The Binet’s formula for the thn ( , )s t
Pell-Lucas numbers [2]  is given by 

( , ) D E �n n
nQ s t   for all ,�n              (I.4) 

where D  and E  are the roots of the characteristic equation 

which are given in (I.2). Recently, many identities for ( , )s t -Pell 
and ( , )s t -Pell-Lucas numbers have been studied and proved in 
the different ways such as induction, using Binet’s formula  and 
using matrix methods (see [1–4]).  

In this paper, we will establish some identities for      

( , )s t - Pell and ( , )s t - Pell- Lucas numbers by using matrix 
method.Firstly, we characterize all the 2 2u matrices X which 
satisfying the relation 2 2 �X sX tI .  After that we establish 
some new identities for (s, t) -Pell and (s, t) -Pell-Lucas numbers 
by using this property. Throughout this paper, for convenience 
we will use the symbol nP  and nQ  instead of ( , )nP s t and  

( , )nQ s t  respectively. 
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II. MAIN RESULTS 
 

In this section, we first characterize all the 2 2u matrices 

X  which satisfying the relation 2 2 �X sX tI  and then by 
using this property, we obtain some new identities for (s, t)-Pell 
and  (s, t) -Pell-Lucas numbers.  We begin this section with the 
following Lemma which is given in [2]. 

 
Lemma 2.1 [2] If X  is a square matrix with 2 2 , �X sX tI
then 1� �n

n nX P X tP I  for all .�n  

In the following theorem, we characterize the 2 2u  
matrices X  which satisfying the relation 2 2 . �X sX tI  
 
Theorem 2.2   Let X  be arbitrary 2 2u matrix. Then 

2 2 , �X sX tI  if and only if X  is of the form 

,
2

ª º
 « »�¬ ¼

a b
X

c s a
with det( )  �X t  

or ,O X I where ^ `, .O D E�  

Proof.  Assume that 2 2 . �X sX tI Then the minimum 

polynomial of X  must divides 2 2 .� �x sx t  Therefore, it must 

be D�x or E�x or 2 2 .� �x sx t  In the first case ,D X I  in 

the second case ,E X I and in the third case, since X  is 2 2u

matrix, its characteristic polynomial must be 2 2 ,� �x sx t  so its 

trace is 2s  and its determinant is �t . The argument reverses. 
                                                                                                 � 
 
From Theorem 2.2 and Lemma 2.1, we get the following three 
corollaries. 

Corollary 2. 3  If ,
2

ª º
 « »�¬ ¼

a b
X

c s a
 is a matrix with det( )X

 �t , then  

1

1

�

�

�ª º
 « »�¬ ¼

n n nn

n n n

aP tP bP
X

cP P aP
  for all .�n  

Proof. By Theorem 2.2, we have 2 2 . �X sX tI Then the 
result follows from Lemma 2.1.                                              � 
 

Corollary 2.4  Let  
2

,
1 0

ª º
 « »
¬ ¼

s t
A  then  

1

1

�

�

ª º
 « »
¬ ¼

n nn

n n

P tP
A

P tP
  for all .�n  

Proof.  The result follows from Theorem 2.2 and Lemma 2.1.                                                                                                                             
           � 

 

Corollary 2.5 [2]   Let  

22( )
.1

2

ª º�
« » « »
« »¬ ¼

s s t
W

s
 Then 

21 2( )
2
1 1
2 2

ª º�« »
 « »
« »
« »¬ ¼

n n
n

n n

Q s t P
W

P Q
  for all .�n  

Proof.  By Theorem 2.2, we have 2 2 . �W sW tI  Then 
the result follows from Lemma 2.1 and the identities  nQ  

12 2 .��n nsP tP         �                                                                                        

  
Let us consider the following lemma, which will be 

needed  for the results in this section. 
 

Lemma 2.6 Let 
2
1 0

ª º
 « »
¬ ¼

s t
A  and 

2 2
,

2 2
ª º

 « »�¬ ¼

s t
B

s
then 

 
1

1

�

�

ª º
  « »

¬ ¼
n nn n

n n

Q tQ
A B BA

Q tQ
for all �n and 2 24( ) . �B s t I  

 

Proof.  From Corollary 2.4, 1

1

.�

�

ª º
 « »
¬ ¼

n nn

n n

P tP
A

P tP
It is clear that 

1

1

�

�

ª º
  « »

¬ ¼
n nn n

n n

Q tQ
A B BA

Q tQ
 and 2 24( ) . �B s t I  � 

 
 
Theorem 2.7 Let , �m k with 0zm and 1.zm  Then for all 

,�n  we have 

1
0

1
0

( ) ,

( ) .

� �
� � �

 

� �
� � �

 

§ ·
 ¨ ¸

© ¹
§ ·

 ¨ ¸
© ¹

¦

¦

n
n r r n r

mn k m m r k
r

n
n r r n r

mn k m m r k
r

n
i P t P P P

r

n
ii Q t P P Q

r

 

Proof.  Note that  

1

1
0

1
0

( ) ( )

.

�
�

� �
�

 

� � �
�

 

  �

§ ·§ ·
 ¨ ¸¨ ¸¨ ¸© ¹© ¹

§ ·
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¦

¦

mn k m n k n k
m m

n
n r r n r r k

m m
r

n
n r r n r r k

m m
r

W W W P W tP I W

n
t P P W W

r

n
t P P W

r

 

Then the results follow from Corollary 2.5.  � 
 
 
Theorem 2.8 Let , �m k with 0zm and 1.zm  Then for all 

,�n  we have 
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2
2 2 2

2 1
0

2
( ) (4 4 ) ,� �

� � �
 

§ ·
�  ¨ ¸

© ¹
¦

n
n n r r n r

mn k m m r k
r

n
i s t P t Q Q P

r
 

2
2 2 2

2 1
0

2
( ) (4 4 ) ,� �

� � �
 

§ ·
�  ¨ ¸

© ¹
¦

n
n n r r n r

mn k m m r k
r

n
ii s t Q t Q Q Q

r
 

2 1
2 1 2 1 2 1

(2 1) 1
0

2 1
( ) (4 4 ) ,

�
� � � � �
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�§ ·
�  ¨ ¸

© ¹
¦
n

n n r r n r
n m k m m r k

r

n
iii s t P t Q Q Q

r
 

2 1
2 2 1 2 1

(2 1) 1
0

2 1
( ) (4 4 ) .

�
� � � �

� � � �
 

�§ ·
�  ¨ ¸

© ¹
¦
n

n n r r n r
n m k m m r k

r

n
iv s t Q t Q Q P

r
 

Proof.  From Lemma 2.6, we have  

1

1

�

�

ª º
 « »
¬ ¼

m mm

m m

Q tQ
BA

Q tQ
 and 2 24( ) . �B s t I   

Then we get that 

� �

� �

2
2 1

1

2
1

2
2 2

1
0

2
.

�

�

�
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�

 

ª º
 « »
¬ ¼

 �

§ ·
 ¨ ¸

© ¹
¦

n
n m mm k k

m m

n k
m m

n
n r r n r r k

m m
r

Q tQ
BA A A

Q tQ

Q A tQ A

n
t Q Q A

r

 

 
Since 

2 2 2 2 2( ) ( ) (4 4 ) ,�  �m n k n mn k n mn kBA A B A A s t A  the 
identities (i) and (ii) are obtained. The identities (iii) and 
(iv) are proved in a similar way.  � 
 
Theorem 2.9 Let �n  and , �m k with 0.zm  Then 

2
2 2 2

0

1
2

2 1 2 1 2 1

0

( ) 2 (4s 4 t)
2

(4s 4 t) ,
2 1

« »
« »¬ ¼

�
�

 

�« »
« »¬ ¼
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2
2 2 2

0

1
2

2 2 1 2 1

0

( ) 2 (4s 4 t)
2

(4s 4 t) .
2 1

« »
« »¬ ¼

�
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P Q Q
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Proof.  Let 1,� �H W tW we have  
20 4(s t)

.
1 0
ª º�

 « »
¬ ¼

H  Then  2 2(4 4 ) , �H s t I  

2 2(4 4 ) �r rH s t I  and 2 1 2(4 4 ) .�  �r rH s t H  

Thus 

21 2( ) 12 ( ),
1 1 2
2 2

ª º�« »
  �« »
« »
« »¬ ¼

m m
m

m m

m m

Q s t P
W P H Q I

P Q
 

and therefore 
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and 

1
2 2

2 2 2 2 1 2 1 2 1

0 0

2
2 2 2

0

1
2

2 1 2 1 2

0

1 1
2 2 12 2

1 (4s 4 t)
22

1 (4s 4 t) .
2 12

�« » « »
« » « »¬ ¼ ¬ ¼
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Thus, 
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Multiplying each side of (II.1) by kW , we get 
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we obtain the result.  � 
 

Theorem 2.10 Let , .�m n Then 
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2 1
1 1( ) ( ) ,�
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2 2 1
1 1( ) 4( )( ) ,�
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Proof.  Since det( ) (det( )) n nA A and  

det( ) det( )(det( )) , n nBA B A  the identities (i) and (ii) are 

obtained. Next, Since ( )�  m n m nBA BA A and �  m nBA  

( ) ( ),� � m n m nB A A A BA  the identities (iii)  and (iv)  follow from 
Lemma 2.6. Also, the identities (v) and (vi) are proved in the same 

fashion as above by using Corollary 2.4 and the properties 
A�  m n m nA A  and A ,� � m n m nA A  and therefore the  

proof is completed.  � 
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By Lemma 2.10 (iii) and (iv), we have 
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 by Lemma 2.10 (ii). 

If we consider the matrix multiplication ,�  m n m nX X X  
then we get the result.  � 
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By Lemma 2.10 (v) and (vi), we have 
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If we consider the matrix multiplication ,�  m n m nX X X  
then we get the result.  � 
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Abstract: Self-dual codes over finite fields and over some finite rings have been of interest and extensively
studied due to their nice algebraic structures and wide applications. Recently, characterization and
enumeration of Euclidean self-dual linear codes over the ring Fq + uFq + u2Fq with u3 = 0 have
been established. In this paper, Hermitian self-dual linear codes over Fq + uFq + u2Fq are studied
for all square prime powers q. Complete characterization and enumeration of such codes are given.
Subsequently, algebraic characterization of H-quasi-abelian codes in Fq[G] is studied, where H ≤ G
are finite abelian groups and Fq[H] is a principal ideal group algebra. General characterization and
enumeration of H-quasi-abelian codes and self-dual H-quasi-abelian codes in Fq[G] are given. For
the special case where the field characteristic is 3, an explicit formula for the number of self-dual
A × Z3-quasi-abelian codes in F3m [A × Z3 × B] is determined for all finite abelian groups A and B
such that 3 - |A| as well as their construction. Precisely, such codes can be represented in terms of
linear codes and self-dual linear codes over F3m + uF3m + u2F3m . Some illustrative examples are
provided as well.
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non-linear codes such as the Kerdock, Preparata and Goethal codes are the Gray images of linear codes
over Z4 in [7]. In general, families of linear codes and self-dual linear codes over finite chain rings are now
become of interest. In [16], the mass formula for Euclidean self-dual linear codes over Zp3 has been studied.
Characterization and enumeration of Euclidean self-dual linear codes over the ring Fq + uFq + u2Fq with
u3 = 0 have been given in [3].

Algebraically structured codes over finite fields such as cyclic codes, abelian codes and quasi-abelian
codes are another important family of linear codes that have been extensively studied for both theoretical
and practical reasons (see [2], [8], [10], [11], [12] and references therein). In [10], H-quasi-abelian codes
and self-dual H-quasi-abelian codes in Fq[G] have been studied in the case where Fq[H] is semisimple

To the best of our knowledge, Hermitian self-dual linear codes over Fq + uFq + u2Fq and non-
semisimple H-quasi-abelian codes in Fq[G] have not been well studied. The goals of this paper are to
investigate the following families of linear codes and their links. 1) Hermitian self-dual linear codes over
Fq+uFq+u2Fq where q is a square prime power. 2) H-quasi-abelian codes and self-dual H-quasi-abelian
codes in group algebras Fq[G], where H ≤ G are finite abelian groups and Fq[H] is a principal ideal group
algebra.

The paper is organized as follows. In Section 2, some results on linear codes and Euclidean self-
dual linear codes over Fq + uFq + u2Fq are recalled. In Section 3, characterization and enumeration
Hermitian self-dual linear codes of length n over Fq + uFq + u2Fq are established for all square prime
powers q together with an algorithm to determine all Hermitian self-dual codes and illustrative examples.
In Section 4, the study of H-quasi-abelian codes in Fq[G] is given, where Fq[H] is a principal ideal group
algebra. In the special case where the field characteristic is 3, the characterization and enumeration of
A× Z3-quasi-abelian codes and self-dual A× Z3-quasi-abelian codes in F3m [A× Z3 ×B] are completely
determined in terms of linear and self-dual linear codes over F3m + uF3m + u2F3m obtained in Section 3
for all finite abelian groups A and B such that 3 - |A|. Summary and remarks are given in Section 5.

2. Preliminaries

In this section, basic results on linear codes and Euclidean self-dual linear codes over rings are
recalled.

2.1. Linear codes over Fq + uFq + · · ·+ ue−1Fq

For a prime power q, denote by Fq the finite field of order q. Let Fq + uFq + · · · + ue−1Fq :=
{a0 +ua1 + · · ·+ue−1ae−1 | ai ∈ Fq for all 0 ≤ i < e} be a ring, where the addition and multiplication are
defined as in the usual polynomial ring over Fq with indeterminate u together with the condition ue = 0.
It is easily seen that Fq +uFq + · · ·+ue−1Fq is isomorphic to Fq[u]/〈ue〉 as rings. The Galois extension of
Fq +uFq + · · ·+ue−1Fq of degree m is defined to be the quotient ring (Fq +uFq + · · ·+ue−1Fq)[x]/〈f(x)〉,
where f(x) is an irreducible polynomial of degree m over Fq. It is not difficult to see that the Galois
extension of Fq + uFq + · · ·+ ue−1Fq of degree m is isomorphic to Fqm + uFqm + · · ·+ ue−1Fqm . The ring
Fq +uFq + · · ·+ue−1Fq is a finite chain ring with maximal ideal 〈u〉, nilpotency index e and residue field
Fq. In addition, if q is a square, the mapping ¯ : Fq → Fq defined by a 7→ a

√
q is a field automorphism

on Fq of order 2. Extend ¯ to be a ring automorphism of order 2 on Fq + uFq + · · ·+ ue−1Fq of the form
a0 + ua1 + · · ·+ ue−1ae−1 = a0 + ua1 + · · ·+ ue−1ae−1.

Let n be a positive integer and let R be a finite ring. The Euclidean inner product of u =
(u0, u1, . . . , un−1) and v = (v0, v1, . . . , vn−1) in Rn is defined to be

〈u,v〉E :=

n−1∑
i=0

uivi.

In the case where q is a square and R ∈ {Fq,Fq + uFq + · · ·+ ue−1Fq}, the Hermitian inner product of u
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and v in Rn is defined to be

〈u,v〉H :=

n−1∑
i=0

uivi.

A linear code C of length n over the ring R is defined to be an R-submodule of the R-module Rn. A
linear code over R is said to be free if it is a free R-module. Denote by wt(v) the Hamming weight of an
element v ∈ Rn. Precisely, wt(v) is the number of non-zero components in v. For a linear code C over
R, let wt(C) = min{wt(c) | c ∈ C} be the minimum Hamming weight of C. If R = Fq, a linear code C of
length n and dimension k over R with wt(C) = d is referred as an [n, k, d]q code. The parameters of a
linear code C of length n over R satisfies the Singleton bond [14], i.e., wt(C) ≤ n− log|R|(|C|)+1. A linear
code C is called a Maximum Distance Separable (MDS) code if the equality in the Singleton bound holds.
A matrix G over R is called a generator matrix for C if the rows of G generate all the elements of C and
none of the rows can be written as a linear combination of the others. Linear codes C1 and C2 over R are
said to be equivalent if there exists a monomial matrix P such that C2 = C1P := {cP | c ∈ C1}. Denote
by C⊥E = {v ∈ Rn | 〈u,v〉E = 0} and C⊥H = {v ∈ Rn | 〈u,v〉H = 0} the Euclidean and Hermitian duals
of C, respectively. A linear code C is said to be Euclidean (resp., Hermitian) self-orthogonal if C ⊆ C⊥E

(resp., C ⊆ C⊥H). It is called Euclidean (resp., Hermitian) self-dual if C = C⊥E (resp., C = C⊥H).

In Section 3 and the remaining parts of this section, we focus on linear and self-dual linear codes
over Fq + uFq + u2Fq. In [19], it has been shown that every linear code of length n over Fq + uFq + u2Fq
is permutation equivalent to a code C with generator matrix

G =

Ik A2 A3 A4

0 uIl uB3 uB4

0 0 u2Im u2C4

 =

 A′

uB′

u2C

 , (1)

where Ir is the identity matrix of order r, A3 = A30 +uA31, B4 = B40 +uB41, A4 = A40 +uA41 +u2A42,
and A2, B3, C4, Aij and Bij are matrices of appropriate sizes over Fq. In this case, the code C is said to
be of type {k, l,m} and it contains q3k+2l+m codewords.

For each linear code C of length n over Fq + uFq + u2Fq and i ∈ {0, 1, 2}, the ith torsion code of C
is a linear code of length n over Fq defined to be

Tori(C) =
{
v(modu) | v ∈

(
Fq + uFq + u2Fq

)n and uiv ∈ C
}
.

The code Tor0(C) is sometime called the residue code of C and denoted it by Res(C). From the definitions,
it is obvious that Res(C) = Tor0(C) ⊆ Tor1(C) ⊆ Tor2(C).

For a linear code C of length n over Fq+uFq+u2Fq with generator matrix G given in (1), the residue
code Res(C) has dimension k and generator matrix

G =
[
Ik A2 A30 A40

]
, (2)

the first torsion code Tor1(C) has dimension k + l and generator matrix[
A
B

]
=

[
Ik A2 A30 A40

0 Il B3 B40

]
, (3)

and the second torsion code Tor2(C) has dimension k + l +m and generator matrixAB
C

 =

Ik A2 A30 A40

0 Il B3 B40

0 0 Im C4

 . (4)

For 0 ≤ k ≤ n, the Gaussian coefficient is defined to be[
n
k

]
q

=
(qn − 1)(qn − q) · · · (qn − qk−1)

(qk − 1)(qk − q) · · · (qk − qk−1)
.
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Let Ne(q, n) denote the number of distinct linear codes of length n over Fq + uFq + · · · + ue−1Fq.
The number Ne(q, n) has been studied and summarized in [4]. For e = 3, we have the following result.

Proposition 2.1 ([4, Lemma 2.2]). Let q be a prime power and let n be a positive integer. Then

N3(q, n) = 1 +

3∑
t=1

∑
n≥h1≥h2≥···≥ht>ht+1=0

t∏
j=1

[
n− hj+1

hj − hj+1

]
q

qhj+1(n−hj).

2.2. Euclidean self-dual linear codes over Fq + uFq + u2Fq

Let C be a linear code of length n and type {k, l,m} over Fq+uFq+u2Fq and let h = n− (k+ l+m).
In [3], it has been shown that the Euclidean dual C⊥E of C is of type {h,m, l} and it contains q3h+2m+l

codewords. Therefore, k = h and l = m whenever C is Euclidean self-dual. Consequently, every Euclidean
self-dual code of type {k, l,m} over Fq + uFq + u2Fq has even length n = 2(k + l).

Characterization of Euclidean self-dual linear codes of even length n over Fq + uFq + u2Fq has been
established in [3].

Proposition 2.2 ([3, Proposition 1]). Let q be a prime power and let C be a linear code of length n and
type {k, l,m} over Fq + uFq + u2Fq with generator matrix G in the form of (1). Then C is Euclidean
self-dual if and only if k = h, l = m and the following conditions hold:

A′A′
T ≡ 0 (mod u3), (5)

A′B′
T ≡ 0 (mod u2), (6)

B′B′
T ≡ 0 (mod u), (7)

A′CT ≡ 0 (mod u). (8)

For a positive integer n and a prime power q, let σE(q, n) denote the number of Euclidean self-dual
linear codes of length n over Fq. Further, if q is a square prime power, let σH(q, n) denote the number of
Hermitian self-dual linear codes of length n over Fq. The following results in [21] and [22] are useful in
the enumeration of self-dual linear codes over Fq + uFq + u2Fq.

Lemma 2.3 ([21] and [22]). Let q be a prime power and let n be a positive integer. Then

σE(q, l) =



n
2−1∏
i=1

(qi + 1) if q and n are even,

2

n
2−1∏
i=1

(qi + 1) if q ≡ 1 (mod 4) and 2 | n,

2

n
2−1∏
i=1

(qi + 1) if q ≡ 3 (mod 4) and 4 | n,

0 otherwise.

(9)

If q is square, then

σH(q, n) =



n
2−1∏
i=0

(qi+
1
2 + 1) if n is even,

0 otherwise.

(10)
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The empty product is regarded as 1.

Let NEe(q, n) denote the number of distinct Euclidean self-dual linear codes of length n over Fq +
uFq + · · ·+ ue−1Fq. The value of NE3(q, n) has been completely determined in [3].

Theorem 2.4 ([3, Theorem 1]). Let q be a prime power and let n be a positive integer. Then

NE3(q, n) =



σE(q, n)

n/2∑
k=0

[n
2
k

]
q

qkn/2 if q is even and n is even,

σE(q, n)

n/2∑
k=0

[n
2
k

]
q

qk(n/2−1) if q is odd and n is even,

0 otherwise.

3. Hermitian self-dual linear codes over Fq + uFq + u2Fq

In this section, we focus on characterization and enumeration of Hermitian self-dual linear codes of
length n over Fq + uFq + u2Fq.

Throughout this section, we assume that q is a square prime power. For each positive integer n, let
NHe(q, n) denote the number of distinct Hermitian self-dual linear codes of length n over Fq + uFq +
· · ·+ue−1Fq. By extending techniques introduced in [3], the characterization and the number NH3(q, n)
of Hermitian self-dual linear codes of length n over Fq + uFq + u2Fq are established.

Let C be a linear code of length n over Fq + uFq + u2Fq of type {k, l,m} and let h = n− (k+ l+m).
Using argument similar to those in Section 2 of [3], it can be deduced that the Hermitian dual C⊥H of C
is of type {h,m, l} and it contains q3h+2m+l codewords. It follows that k = h and l = m if C is Hermitian
self-dual. Hence, every Hermitian self-dual code of type {k, l,m} over Fq + uFq + u2Fq has even length
n = 2(k + l).

For a matrix A = [aij ]s×t over Fq + uFq + u2Fq, let A := [aij ]s×t and A
† := A

T
. Characterization of

Hermitian self-dual linear codes of even length n over Fq+uFq+u2Fq is given in the following proposition.

Proposition 3.1. Let q be a square prime power and let C be a linear code of even length n and type
{k, l,m} over Fq +uFq +u2Fq with generator matrix G in the form of (1). Then C is Hermitian self-dual
if and only if k = h, l = m and the following hold:

A′A′
† ≡ 0 (mod u3), (11)

A′B′
† ≡ 0 (mod u2), (12)

B′B′
† ≡ 0 (mod u), (13)

A′C† ≡ 0 (mod u). (14)

Proof. Assume that C is Hermitian self-dual. By the above discussion, we have k = h, l = m and A′

uB′

u2C

 A′

uB′

u2C

† ≡ [0] (mod u3)

which are equivalent to the conditions (11)–(14).
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Conversely, assume that C is a linear code such that k = h, l = m and the conditions (11)–(14) hold.
From (11)–(14), it is not difficult to see that C is Hermitian self-orthogonal. Equivalently, C ⊆ C⊥H . Since
k = h and l = m, we have |C| = |C⊥H | which implies that C = C⊥H . Therefore, C is Hermitian self-dual
as desired.

Corollary 3.2. Let C be a Hermitian self-dual linear code of length n over Fq + uFq + u2Fq. Then the
following statements holds.

1) Tor1(C) is a Hermitian self-dual code of length n over Fq.

2) Tor2(C) = Res(C)⊥H .

Proof. Assume that C is of type {k, l,m} over Fq + uFq + u2Fq. Then From (11)–(13), it follows that
Tor1(C) is Hermitian self-orthogonal. Since dim(Tor1(C)) = k + l = n

2 = dim((Tor1(C))⊥H), Tor1(C)
is Hermitian self-dual. From (11)–(14), we have Tor2(C) ⊆ Res(C)⊥H . Since dim(Tor2(C)) = k + 2l =
n− k = dim((Res(C))⊥H), we have Tor2(C) = Res(C)⊥H .

Since Res(C) = Tor0(C) ⊆ Tor1(C) ⊆ Tor2(C), it can be concluded further that Res(C) is Hermitian
self-orthogonal for all Hermitian self-dual linear codes C over Fq + uFq + u2Fq.

From Corollary 3.2, a Hermitian self-dual code C of length n over Fq + uFq + u2Fq can be induced
by Hermitian self-dual linear codes of length n over Fq. For a given Hermitian self-dual code C1 of length
n over Fq, we first aim to determine the number of Hermitian self-dual linear codes C of length n over
Fq + uFq + u2Fq such that Tor1(C) = C1.

Proposition 3.3. Let q be a square prime power and let n be an even positive integer. Let C1 be a
Hermitian self-dual linear code of length n over Fq. Then, for each 0 ≤ k ≤ n

2 , there are q
kn
2 Hermitian

self-dual linear codes of length n over Fq +uFq +u2Fq corresponding to each subspace of C1 of dimension
k.

Proof. Let C1 be a Hermitian self-dual linear code of length n over Fq with dimension n
2 = k + l and

generator matrix [
A
B

]
=

[
Ik A2 A30 A40

0 Il B3 B40

]
, (15)

where the columns are grouped into blocks of sizes k, l, l and k.

Since C1 is Hermitian self-dual, we have

Ik +A2A
†
2 +A30A

†
30 +A40A

†
40 = 0, (16)

A2 +A30B
†
3 +A40B

†
40 = 0, (17)

Il +B3B
†
3 +B40B

†
40 = 0. (18)

Let H =

[
A30 A40

B3 B40

]
. From (16)–(18), it can be deduced that

H(−H†) = −HH†

= −HHT

=

[
−A30A

T
30 −A40A

T
40 −A30B

T
3 −A40B

T
40(

−A30B
T
3 −A40B

T
40

)T −B3B
T
3 −B40B

T
40

]

=

[
Ik +A2A

T
2 A2

AT2 Il

]
.
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Let J =

[
Ik −A2

−AT2 Il +AT2 A2

]
. Then H(−H†)J =

[
Ik 0
0 Il

]
which implies that H is invertible.

Let C0 be a k-dimensional Fq-subspace of C1 with generator matrix A. Since C1 is Hermitian self-
dual, it follows that C0 is Hermitian self-orthogonal. Up to permutation of the last (k + l) columns (if
necessary), its follows that C⊥H

0 has a generator matrix of the formIk A2 A30 A40

0 Il B3 B40

0 0 Il C4

 . (19)

Then A30 = −A40C
†
4 which implies that H =

[
−A40C

T
4 A40

B3 B40

]
. Since H is invertible, it follows that A40

is invertible.

Next, we determined the matrices over Fq + uFq + u2Fq satisfying conditions (11)–(14) which are
equivalent to

Ik +A2A
†
2 +A3A

†
3 +A4A

†
4 ≡ 0 (mod u3) (20)

A2 +A3B
†
3 +A4B

†
4 ≡ 0 (mod u2) (21)

Il +B3B
†
3 +B4B

†
4 ≡ 0 (mod u) (22)

A3 +A4C
†
4 ≡ 0 (mod u). (23)

The matrices A2, B3 and C4 are considered modulo u, i.e. all the entries in A2, B3 and C4 are in Fq.
The matrices A3 and B4 are considered modulo u2 while A4 is considered modulo u3. From these fact,
let A3 = A30 + uA31, B4 = B40 + uB41 and A4 = A40 + uA41 + u2A42, where A31, B41, A41 and A42 are
matrices of appropriate sizes over Fq. Therefore, we can write (20) as(

Ik +A2A
†
2 +A30A

†
30 +A40A

†
40

)
+ u

(
Ã30A

†
31 + Ã40A

†
41

)
+u2

(
A31A

†
31 +A41A

†
41 + Ã40A

†
42

)
≡ 0 (mod u3),

where X̃ := X +X†. We can also rewrite (21) as(
A2 +A30B

†
3 +A40B

†
40

)
+ u

(
A31B

†
3 +A40B

†
41 +A41B

†
40

)
≡ 0 (mod u2)

By substituting (18) into (21), we obtain that

B†41 = −A−140

(
A31B

†
3 +A41B

†
40

)
,

From (23), C4 is uniquely determined as

C4 =
(
−A−140 A30

)†
.

It is sufficient to focus on (20) because (18) is the same as (22). From (16), we have to determined the
matrices satisfying the following:

Ã30A
†
31 + Ã40A

†
41 = 0, (24)

A31A
†
31 +A41A

†
41 + Ã40A

†
42 = 0. (25)

Hence, the code C with generator matrix of the form (1) is a Hermitian self-dual linear code if and only
if conditions (24) and (25) are satisfied.
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Therefore, the number of Hermitian self-dual linear codes of length n over Fq + uFq + u2Fq whose
the 1st torsion is C1 is equal to the number of solutions of the system of matrix equations (24) and (25).

We take an arbitrary matrix A31 ∈ Mk×l(Fq) and put [gij ] = Ã30A
†
31 and [xij ] = A40A

†
41. Then

condition (24) is equivalent to

gij + xij + xji = 0.

Then −gii = xii + xii = Tr(xii) ∈ F√q for each 1 ≤ i ≤ k, where Tr : Fq → F√q is the trace map defined
by α 7→ α+ α for all α ∈ Fq. Note that |Tr−1(a)| = √q for all a ∈ F√q. Then we have xii ∈ Tr−1(−gii)
for all 1 ≤ i ≤ k, xji ∈ Fq and xij = −gij − xji for each 1 ≤ i < j ≤ k. Therefore,

A41 = (A−140 [xij ])
†.

Thus we have qkl possible choices for A31 and q
k(k−1)

2 + k
2 = q

k2

2 for A41.

For fixed matrices A31 and A41, let [hij ] = A31A
†
31 + A41A

†
41 and [yij ] = A40A

†
42. Then (25) is

equivalent to

hij + yij + yji = 0.

Using a similar argument as above, we have q
k2

2 possible choices for

A42 = (A−140 [yij ])
†.

Therefore, we have

qkl × q k2

2 × q k2

2 = qk
2+kl = qk(k+l) = q

kn
2

possible choices for the matrices A31, A41 and A42 over Fq. Therefore, the desired result follows immedi-
ately.

The number of distinct Hermitian self-dual linear codes of even length n over Fq + uFq + u2Fq can
be summarized in the following theorem.

Theorem 3.4. Let q be a square prime power and let n be a positive integer. Then the number of distinct
Hermitian self-dual linear codes of length n over Fq + uFq + u2Fq is

NH3(q, n) =


σH(q, n)

n/2∑
k=0

[n
2
k

]
q

qkn/2 if n is even,

0 otherwise.

From the proof of Theorem 3.3, we obtain not only the number of Hermitian self-dual linear codes
of length n over Fq + uFq + u2Fq but also a construction of such Hermitian self-dual linear codes. The
construction of Hermitian self-dual linear codes of length n over Fq +uFq +u2Fq induced by a Hermitian
self-dual linear code of length n over Fq in the proof of Theorem 3.3 is summarized in Algorithm 1.

Based on Algorithm 1, an illustrative example of a Hermitian self-dual linear code of length 6 over
F9 +uF9 +u2F9 constructed from a Hermitian self-dual linear code of length 6 over F9 is given as follows.

Example 3.5. Let F9 = F3[α] be the finite field of order 9, where α is a root of x2 + x+ 2 over F3. Let
C0 and C1 be linear codes of length 6 over F9 with generator matrices

[
1 0 1 α2 α5 α2

0 1 0 α 1 α

]
and

 1 0 1 α2 α5 α2

0 1 0 α 1 α

0 0 1 α5 α 1

 ,
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Algorithm 1. Construction of Hermitian self-dual linear codes of length n over Fq + uFq + u2Fq

For a given Hermitian self-dual linear code C1 of length n over Fq and its linear subcode C0 of dimension
0 ≤ k ≤ n

2
, do the following steps.

1. Define l = n
2
− k.

2. Construct a generator matrix A =
[
Ik A2 A30 A40

]
for C0, where the columns are grouped into

blocks of sizes k, l, l and k.

3. Extend A to be a generator matrix
[
Ik A2 A30 A40

0 Il B3 B40

]
for C1.

4. Set C4 = −
(
A−1

40 A30

)†.
5. Set A31 to be a k × l matrix over Fq.

6. Define [gij ] = Ã30A
†
31 and set [xij ] to be a k×k matrix over Fq such that the strictly lower triangular

elements are arbitrary in Fq, xii ∈ Tr−1(−gii), and xij = −gij −xji for all i < j. (If k = n
2
, set [gij ]

to be the k × k zero matrix over Fq.)

7. Set A41 = (A−1
40 [xij ])

†.

8. Set B41 = −
(
A−1

40

(
A31B

†
3 +A41B

†
40

))†
.

9. Define [hij ] = A31A
†
31 + A41A

†
41 and set [yij ] to be a k × k matrix over Fq such that the strictly

lower triangular elements are arbitrary in Fq, yii ∈ Tr−1(−hii), and yij = −gij − xji for all i < j.
(If k = n

2
, set [hij ] = A41A

†
41.)

10. Set A42 = (A−1
40 [yij ])

†.

11. Define C to be a linear code of length n over Fq + uFq + u2Fq with generator matrixIk A2 A30 + uA31 A40 + uA41 + u2A42

0 uIl uB3 uB40 + u2B41

0 0 u2Il u2C4

 .
The C is Hermitian self-dual by Theorem 3.3.

12. Repeat 5.− 11. with different choices of A31, A41, and A42. The Hermitian self-dual linear codes of
length n over Fq + uFq + u2Fq determined by C0 ⊆ C1 are obtained.

respectively. Then C1 is Hermitian self-dual and C0 ⊆ C1. Based on Algorithm 1, we have k = 2,

l = 1, A2 =

[
1

0

]
, A30 =

[
α2

α

]
, A40 =

[
α5 α2

1 α

]
, B3 =

[
α5
]
, and B40 =

[
α 1

]
. Then we have

C4 = −
(
A−140 A30

)†
= −

[α5 α2

1 α

]−1 [
α2

α

]† =
[
0 2

]
.

By choosing A31 =

[
1

1

]
, we have [gij ] = Ã30A

†
31 =

˜[
α2

α

] [
1 1

]
=

[
0 α

α3 2

]
. We choose x11 = 0 ∈

{0, α2, α6} = Tr−1(0) = Tr−1(−g11), x22 = 2 ∈ {2, α5, α7} = Tr−1(1) = Tr−1(−g22), x21 = 1, and

x12 = −g12 − x21 = −α − 1 = α3. It follows that [xij ] =

[
0 α3

1 2

]
and A41 = (A−140 [xij ])

† =

[
2 α

α 1

]
.

Consequently, B41 = −
(
A−140

(
A31B

†
3 +A41B

†
40

))†
=
[
α 0

]
.
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Let [hij ] = A31A
†
31 + A41A

†
41 =

[
1

1

] [
1 1

]
+

[
α4 α

α 1

][
α4 α3

α3 1

]
=

[
1 α3

α 1

]
. We choose y11 = 1 ∈

{1, α, α3} = Tr−1(2) = Tr−1(−h11), y22 = 1 ∈ {1, α, α3} = Tr−1(2) = Tr−1(−h22), y21 = 1, and

y12 = −h12 − y21 = −α3 − 1 = α. Then [yij ] =

[
1 a

1 1

]
and A42 = (A−140 [yij ])

† =

[
α3 α3

0 α5

]
.

From Algorithm 1, the matrix

Ik A2 A30 + uA31 A40 + uA41 + u2A42

0 uIl uB3 uB40 + u2B41

0 0 u2Il u2C4

 =


1 0 1 α2 + u α5 + 2u+ α3u2 α2 + αu+ α3u2

0 1 0 α+ u 1 + αu α+ u+ α5u2

0 0 u α5u αu+ αu2 u

0 0 u2 0 2u2


is a generator matrix for a Hermitian self-dual code of length 6 over F9 +uF9 +u2F9 with type {2, 1, 1}.

When k = n
2 in Theorem 3.3 (equivalently, in Algorithm 1), we have the following extension on the

parameters of Hermitian self-dual linear codes over Fq + uFq + u2Fq. Let n be an even positive integer
and let C1 = C0 be a Hermitian self-dual code of length n over Fq with parameters [n, k = n

2 , d]q and
generator matrix

A =
[
In

2
A40

]
, (26)

where A40 is a k × k invertible matrix over Fq. Based on Algorithm 1, the linear code C of length n and
type {n2 , 0, 0} over Fq + uFq + u2Fq with generator matrix

G =
[
Ik A40 + uA41 + u2A42

]
(27)

is Hermitian self-dual. Since C is a free code, wt(C) = wt(C1) = d by [18, Corollary 4.3]. Hence, the
following two theorems can be derived directly.

Theorem 3.6. Let q be a prime power and let n be an even positive integer. If there exists an [n, n2 ,
n
2 +1]q

MDS Hermitian self-dual code over Fq, then an MDS Hermitian self-dual code of length n over Fq+uFq+
u2Fq of type {n2 , 0, 0} can be constructed with minimum Hamming weight n

2 + 1.

Proof. Assume that there exists an [n, n2 ,
n
2 + 1]q MDS Hermitian self-dual code C1 over Fq with

generator matrix of the form (26). By Algorithm 1, a linear code C of length n and type {n2 , 0, 0}
over Fq + uFq + u2Fq with generator matrix of the form (27) is Hermitian self-dual. Since C is free,
we have wt(C) = wt(C1) = n

2 + 1 and logq3(|C|) = n
2 = dim(C1) by the discussion above. Hence,

wt(C) = n
2 + 1 = n− logq3(|C|) + 1 which implies that C is MDS.

Using the above theorem, numerous MDS Hermitian self-dual codes over Fq + uFq + u2Fq can be
construct based on known MDS Hermitian self-dual codes over Fq (see, for example, [13], [17], [24]).

4. Self-dual quasi-abelian codes over principal ideal group alge-
bras

In this section, the study of quasi-abelian codes over principal ideal group algebras is given. In the
special case where the field characteristic is 3 and the Sylow 3-subgroup of the underlying finite abelian
group has order 3, complete characterization and enumeration of quasi-abelian codes and self-dual quasi-
abelian codes are presented in terms linear codes and self-dual linear codes over F3m + uF3m + u2F3m

obtained in [3], [4] and Section 3.
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4.1. Group rings and quasi-abelian codes

Let R be a finite commutative ring with nonzero identity and let G be a finite abelian group. Then

R[G] =

∑
g∈G

αgY
g | αg ∈ R, g ∈ G


is a commutative ring under the addition and multiplication given for the usual polynomial ring over R
with indeterminate Y , where the indices are computed additively in G. The ring R[G] is called a group
ring of G over R. In the case where R is the finite field Fpm , the group ring Fpm [G] is called a group
algebra of G over Fpm and it is called a Principal Ideal Group Algebra (PIGA) if every ideal in Fpm [G]
is principal. The readers may refer to [15] for more details on group rings. A linear code of length |G|
over R can be viewed as an embedded R-submodule of the R-module in R[G] by indexing the |G|-tuples
by the elements in G. Given a subgroup H of G with index n = [G : H], a linear code C of length |G|
viewed as an R-submodule of R[G] is called an H-quasi-abelian code (specifically, an H-quasi-abelian code
of index n) in R[G] if C is an R[H]-module, i.e., C is closed under the multiplication by the elements in
R[H]. Such a code will be called a quasi-abelian code if H is not specified or where it is clear in the
context.

Let {g1, g2, . . . , gn} be a fixed set of representatives of the cosets of H in G. Let R := Fq[H]. Define
Φ : Fq[G]→ Rn by

Φ

(∑
h∈H

n∑
i=1

αh+giY
h+gi

)
= (α1(Y ), α2(Y ), . . . , αn(Y )),

where αi(Y ) =
∑
h∈H

αh+giY
h ∈ R for all i = 1, 2, . . . , n. It is well known that Φ is an R-module

isomorphism interpreted as follows.

Lemma 4.1 ([10, Lemma 2.1]). The map Φ induces a one-to-one correspondence between H-quasi-abelian
codes in Fq[G] and linear codes of length n over R.

We note that a group algebra Fpm [H] is semisimple if and only if the Sylow p-subgroup of H is trivial
(see [20, Chapter 2: Theorem 4.2]), and it is a PIGA if and only if he Sylow p-subgroup of H is cyclic
(see [6]). In [10], complete characterization and enumeration of H-quasi-abelian codes in Fpm [G] have
been established in the case where Fpm [H] is semisimple. Here, we focus on a more general case where
Fpm [H] is a PIGA, or equivalently, the Sylow p-subgroup of H is cyclic. Precisely, H ∼= A × Zpmi and
G ∼= A× Zps ×B, where s is a non-negative integer, A and B are finite abelian groups such that p - |A|.
General characterization is given in Subsection 4.2. In the special case where p = 3 and s = 1, complete
characterization and enumeration of A×Z3-quasi-abelian codes and self-dual A×Z3-quasi-abelian codes
in F3m [A× Z3 ×B] are given in Subsection 4.3.

4.2. A× Zps-Quasi-Abelian Codes in Fpm [A× Zps ×B]

We focus on H-quasi-abelian codes in Fpm [G], where Fpm [H] is a PIGA. Equivalently, H ∼= A×Zps
and G ∼= A× Zps × B, where s is a positive integer, A and B are finite abelian groups such that p - |A|
(see [6] and [12]).

Note that the group algebra Fpm [A] is semisimple [2] and it can be decomposed using the Discrete
Fourier Transform in [23] (see [12] and [11] for more details). For completeness, the decomposition used
in this paper are summarized as follows.

For co-prime positive integers i and j, denote by ordj(i) the multiplicative order of i modulo j. For
each a ∈ A, denote by ord(a) the additive order of a in A and the pm-cyclotomic class of A containing
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a ∈ A is defined to be the set

Spm(a) := {pmi · a | i = 0, 1, . . . } = {pmi · a | 0 ≤ i < ordord(a)(p
m)},

where pki · a :=
pmi∑
j=1

a in A. A subset {a1, a2, . . . , at} of A is called a complete set of representatives of

pm-cyclotomic classes of A if Spm(a1), Spm(a2), . . . , Spm(at) are distinct and
t⋃
i=1

Spm(ai) = A.

An idempotent in Fpm [A] is a nonzero element e such that e2 = e. It is called primitive if for
every other idempotent f , either ef = e or ef = 0. The existence of primitive idempotent elements
in Fpm [A] is proved in [5]. They are induced by the pm-cyclotomic classes of A (see [5, Proposition II.4]).
Consequently, Fpm [A] can be viewed as a direct sum of principal ideals generated by these primitive
idempotent elements.

Proposition 4.2 ([5, Corollary III.6]). Let {a1, a2, . . . , at} be a complete set of representatives of pm-
cyclotomic classes of a finite abelian group A where p - |A| and let ei be the primitive idempotent induced
by Spm(ai) for all 1 ≤ i ≤ t. Then

Fpm [A] =
t⊕
i=1

Fpm [A]ei ∼=
t∏
i=1

Fpmi ,

where mi = m · ordord(ai)(p
m).

A PIGA Fpm [A× Zps ] can be decomposed in the following theorem.

Theorem 4.3. Let s be a positive integer. Let {a1, a2, . . . , at} be a complete set of representatives of
pm-cyclotomic classes of a finite abelian group A where p - |A|. Then

Fpm [A× Zps ] ∼=
t∏
i=1

(
Fpmi + uFpmi + · · ·+ up

s−1Fpmi

)
where mi = m · ordord(ai)(p

m) for all 1 ≤ i ≤ t.

Proof. For each 1 ≤ i ≤ t, let ei be the primitive idempotent induced by Spm(ai). From Proposition 4.2,
we have

Fpm [A] ∼= Fpm [A× Zps ]ei ∼=
t∏
i=1

Fpmi , (28)

and hence,

Fpm [A× Zps ] ∼= (Fpm [A])[Zps ] ∼=
t∏
i=1

Fpmi [Zps ]. (29)

Under the ring isomorphism that fixes the elements in Fpmi and Y 1 7→ u+ 1, it is not difficult to see
that

Fpmi [Zps ] ∼= Fpmi + uFpmi + · · ·+ up
s−1Fpmi (30)

as rings. Therefore,

Fpm [A× Zps ] ∼=
t∏
i=1

(
Fpmi + uFpmi + · · ·+ up

s−1Fpmi

)
(31)

as desired.
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For each finite abelian group B of order n, every A × Zps-quasi-abelian code in Fpm [A × Zps × B]
can be viewed as a linear code of length n over Fpm [A× Zps ] by Lemma 4.1. The next corollary follows
directly from Theorem 4.3.

Corollary 4.4. Let s and m be positive integers. Let A and B be finite abelian groups such that |B| = n
and p - |A|. Then every A× Zps-quasi-abelian code C in Fpm [A× Zps ×B] can be viewed as

C ∼=
t∏
i=1

Ci,

where Ci is a linear code of length n over Fpmi + uFpmi + · · ·+ up
s−1Fpmi for all i = 1, 2, . . . , t.

The enumeration of A× Zps-quasi-abelian code in Fpm [A× Zps ×B] is given as follows.

Theorem 4.5. Let s and m be positive integers. Let A and B be finite abelian groups such that |B| = n
and the exponent of A isM and p -M . Then the number of A×Zps-quasi-abelian codes in Fpm [A×Zps×B]
is ∏

d|M

(
Nps(pm·ordd(p

m), n)
) NA(d)

ordd(pm)

,

where NA(d) is the number of elements of order d in A determined in [1] and Nps(pm·ordd(p
m), n) is the

number of linear codes of length n over Fpm·ordd(pm) + uFpm·ordd(pm) + · · · + up
s−1Fpm·ordd(pm) determined

in [4, Lemma 2.2].

Proof. From Theorem 4.3, it suffices to determine the number of linear codes of length n over the ring
Fpmi + uFpmi + · · ·+ up

s−1Fpmi for all i = 1, 2, . . . , t.

For each divisor d of M , each pm-cyclotomic class containing an element of order d has ordd(p
m)

elements and the number of such pm-cyclotomic classes is NA(d)
ordd(pm) . By Theorem 4.3, it follows that the

number of linear codes of length n over Fpm·ordd(pm) +uFpm·ordd(pm) + · · ·+up
s−1Fpm·ordd(pm) corresponding

to d is (
Nps(pm·ordd(p

m), n)
) NA(d)

ordd(pm)

.

By taking the summation over all the divisors d of M , the desired result follows.

Example 4.6. Let A ≤ H ≤ G be finite abelian groups such that A ∼= Z2 × Z4, H ∼= A × Z3, and
G ∼= H × Z4. Then the 3-cyclotomic classes of A are S3((0, 0)) = {(0, 0)}, S3((0, 2)) = {(0, 2)},
S3((1, 0)) = {(1, 0)}, S3((1, 2)) = {(1, 2)}, S3((0, 1)) = {(0, 1), (0, 3)}, and S3((1, 1)) = {(1, 1), (1, 3)}. It
follows that ordord((0,0))(3) = ordord((0,2))(3) = ordord((1,0))(3) = ordord((1,2))(3) = 1 and ordord((0,1))(3) =
ordord((1,1))(3) = 2. By Proposition 4.2, F3[A] has 4 primitive idempotents ei such that F3[A]ei ∼= F3 and
2 primitive idempotents ej such that F3[A]ej ∼= F9. Such primitive idempotents are induced by the above 6
cyclotomic classes while their explicit forms can be determined using [5, Proposition II.4]. Consequently,

F3[A] ∼= F3 × F3 × F3 × F3 × F9 × F9

and

F3[H] = F3[A× Z3] ∼= F3[Z3]× F3[Z3]× F3[Z3]× F3[Z3]× F9[Z3]× F9[Z3].

By Proposition 4.3, we have F3[Z3] ∼= F3 + uF3 + u2F3 and F9[Z3] ∼= F9 + uF9 + u2F9, where u3 = 0.
Hence,

F3[H] ∼=
4∏
i=1

(F3 + uF3 + u2F3)×
2∏
j=1

(F9 + uF9 + u2F9). (32)
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Using Corollary 4.4, every H-quasi-abelian code in F3[G] is isomorphic to a code of the form

C1 × C2 × C3 × C4 × C5 × C6,

where C1, C2, C3, and C4 are linear codes of length |Z4| = 4 over F3 + uF3 + u2F3, and C5 and C6 are
linear codes of length 4 over F9 + uF9 + u2F9.

In the next subsections, we focus on self-dual A×Zps-quasi-abelian codes in Fpm [A×Zps ×B] with
respect to both the Euclidean and Hermitian inner products.

4.3. Euclidean self-dual A× Zps-quasi-abelian codes in Fpm [A× Zps ×B]

Euclidean self-dual A×Zps -quasi-abelian codes in Fpm [A×Zps×B] is studied in terms of the following
types of pm-cyclotomic classes. A pm-cyclotomic class Spm(a) is said to be of type I if a = −a (in this
case, Spm(a) = Spm(−a)), type II if Spm(a) = Spm(−a) and a 6= −a, or type III if Spm(−a) 6= Spm(a). The
primitive idempotent e induced by Spm(a) is said to be of type λ ∈ {I, II, III} if Spm(a) is a pm-cyclotomic
class of type λ.

Rearrange the terms in the decomposition in Theorem 4.3 based on the pm-cyclotomic classes of
types I, II and III, we have the next theorem.

Theorem 4.7. Let m and s be positive integers and let A be a finite abelian group such that p - |A|.
Then

Fpm [A× Zps ] ∼=

(
rI∏
i=1

Ri

)
×

 rII∏
j=1

Sj

×
(rIII)/2∏

l=1

(Tl × Tl)

 ,

where rI, rII and rIII are the numbers of elements in a complete set of representatives of pm-cyclotomic
classes of A of types I, II, and III, respectively, Ri = Fpm + uFpm + · · ·+ up

s−1Fpm for all i = 1, 2, . . . , rI,
Sj = FpmrI+j +uFpmrI+j + · · ·+up

s−1FpmrI+j for all j = 1, 2, . . . , rII, and Tl = FpmrI+rII+l +uFpmrI+rII+l +

. . . up
s−1FpmrI+rII+l for all l = 1, 2, . . . , (rIII)/2.

Using Theorem 4.7 and the analysis similar to those in [11, Section II.D], a A × Zps -quasi-abelian
code C in Fpm [A× Zps ×B] and its Euclidean dual are given.

Proposition 4.8. Let s and m be positive integers. Let A and B be finite abelian groups such that
|B| = n and p - |A|. Then an A× Zps-quasi-abelian code in Fpm [A× Zps ×B] can be viewed as

C ∼=

(
rI∏
i=1

Bi

)
×

 rII∏
j=1

Cj

×
(rIII)/2∏

l=1

(Dl ×D′l)

 , (33)

where Bi, Cj, Dl and D′l are linear codes of length n over Ri, Sj, Tl and Tl, respectively, for all i =
1, 2, . . . , rI, j = 1, 2, . . . , rII and l = 1, 2, . . . , (rIII)/2.

Furthermore, the Euclidean dual of C in (33) is of the form

C⊥E ∼=

(
rI∏
i=1

B⊥E
i

)
×

 rII∏
j=1

C⊥H
j

×
(rIII)/2∏

l=1

(
(D′l)⊥E ×D⊥E

l

) .

The characterization of Euclidean self-dual A × Zps-quasi-abelian codes in Fpm [A × Zps × B] is
established in terms of a product of linear codes, Euclidean self-dual linear codes, and Hermitian self-
dual linear codes over Galois extensions of the ring Fpm + uFpm + · · ·+ up

s−1Fpm .
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Corollary 4.9. Let s and m be positive integers. Let A and B be finite abelian groups such that |B| = n
and p - |A|. Then a A× Zps-quasi-abelian code C in Fpm [A× Zps ×B] is Euclidean self-dual if and only
if in the decomposition (33),

i) Bi is a Euclidean self-dual linear code of length n over Ri for all i = 1, 2, . . . , rI,

ii) Cj is a Hermitian self-dual linear code of length n over Sj for all j = 1, 2, . . . , rII, and

iii) D′l = D⊥E

l is a linear code of length n over Tl for all l = 1, 2, . . . , (rIII)/2.

From Corollary 4.9, the Euclidean self-duality of A× Zps -quasi-abelian code C in Fpm [A× Zps ×B]
depends only on the structure of A× Zps and the index n = |B| but not the structure of B itself.

Given positive integers m and j, the pair (j, pm) is said to be good if j divides pmt + 1 for some
positive integer t, and bad otherwise. This notion have been introduced in [8] and [11] for the enumeration
of self-dual cyclic codes and self-dual abelian codes over finite fields and it is completely determined in
[9]. Let χ be a function defined on pairs (j, pm) as follows.

χ(j, pm) =

{
0 if (j, pm) is good,
1 otherwise.

(34)

The number of Euclidean self-dual A×Zps-quasi-abelian code C in Fpm [A×Zps×B] can be determined
as follows.

Theorem 4.10. Let s and m be positive integers. Let A and B be finite abelian groups such that |B| = n
is even and the exponent of A is M and p - M . Then the number of Euclidean self-dual A × Zps-quasi-
abelian codes in Fpm [A× Zps ×B] is

(NEps(pm, n))

∑
d|M,ordd(pm)=1

(1−χ(d,pm))NA(d)

×
∏
d|M

ordd(p
m) 6=1

(
NHps(pm·ordd(p

m), n)
)(1−χ(d,pm))

NA(d)

ordd(pm)

×
∏
d|M

(
Nps(pm·ordd(p

m), n)
)χ(d,pm)

NA(d)

2ordd(pm)

,

where NA(d) denotes the number of elements in A of order d determined in [1].

Proof. From Corollary 4.9, it suffices to determine the numbers of linear codes Bi’s, Cj ’s, and Dl’s such
that Bi and Cj are Euclidean and Hermitian self-dual, respectively.

From [12, Remark 2.5], the elements in A of the same order are partitioned into pm-cyclotomic classes
of the same type. For each divisor d of M , a pm-cyclotomic class containing an element of order d has
cardinality ordd(p

m) and the number of such pm-cyclotomic classes is NA(d)
ordd(pm) . We consider the following

3 cases.

Case 1: χ(d, pm) = 0 and ordd(3
k) = 1. By [11, Remark 2.6], every 3k-cyclotomic class of A containing

an element of order d is of type I. Since there are NA(d)
ordd(pm) such pm-cyclotomic classes, the number of

Euclidean self-dual linear codes Bi’s of length n corresponding to d is

(NEps(pm, n))
NA(d)

ordd(pm) = (NEps(pm, n))
(1−χ(d,pm))NA(d)

.

Case 2: χ(d, pm) = 0 and ordd(p
m) 6= 1. By [11, Remark 2.6], every pm-cyclotomic class of A containing

an element of order d is of type II and of even cardinality ordd(p
m). Hence, the number of Hermitian

self-dual linear codes Cj ’s of length n corresponding to d is(
NHps(pm·ordd(p

m), n)
) NA(d)

ordd(pm)

=
(
NHps(pm·ordd(p

m), n)
)(1−χ(d,pm))

NA(d)

ordd(pm)

.
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Case 3: χ(d, pm) = 1. By [11, Lemma 4.5], every pm-cyclotomic class of A containing an element of
order d is of type III. Then the number of linear codes Dl’s of length n corresponding to d is(

Nps(pm·ordd(p
m), n)

) NA(d)

2ordd(pm)

=
(
Nps(pm·ordd(p

m), n)
)χ(d,pm)

NA(d)

2ordd(pm)

.

The formula for the number of Euclidean self-dual A×Zps -quasi-abelian codes in Fpm [A×Zps×B] follows
since d runs over all divisors of M .

Remark 4.11. In general, the numbers NEps(pm, n) and NHps(pm, n) in Theorem 4.10 have not been
well studied. In the case where the field characteristic is 3, we have the following conclusions.

1. The numbers N3(3m, n), NE3(3m, n) and NH3(3m, n) have been determined in Proposition 2.1, [3,
Theorem 1] and Theorem 3.4. By Theorem 4.10, the enumeration for Euclidean self-dual A× Z3-
quasi-abelian codes in F3m [A× Z3 ×B] is completed. .

2. The construction/characterization of linear, Euclidean self-dual and Hermitian self-dual codes of
length n over F3m + uF3m + u2F3m have been given in [3], [4] and in the proof of Proposition
3.3. Hence, the construction/characterization of Euclidean self-dual A × Z3-quasi-abelian code in
F3m [A× Z3 ×B] can be obtained from Corollary 4.9.

3. Note that, if n is odd, there are no Hermitian self-dual linear codes of length n over F3m + uF3m +
u2F3m by Theorem 3.4. Hence, there are no Euclidean self-dual A × Z3-quasi-abelian codes in
F3m [A× Z3 ×B] for all abelian groups B of odd order.

Example 4.12. Let A ≤ H ≤ G be finite abelian groups such that A ∼= Z2 × Z4, H ∼= A × Z3, and
G ∼= H × Z4. Form Example 4.6, it is easily seen that the 3-cyclotomic classes S3((0, 0)) = {(0, 0)},
S3((0, 2)) = {(0, 2)}, S3((1, 0)) = {(1, 0)}, S3((1, 2)) = {(1, 2)} of A ∼= Z2 × Z4 are of type I, the 3-
cyclotomic classes S3((0, 1)) = {(0, 1), (0, 3)} and S3((1, 1)) = {(1, 1), (1, 3)} are of type II, and there are
no 3-cyclotomic classes of type III. Then rI = 4, rII = 2, and rIII = 0. In view of Theorem 4.7, (32) is
recalled as

F3[H] ∼=
4∏
i=1

(F3 + uF3 + u2F3)×
2∏
j=1

(F9 + uF9 + u2F9).

Hence, by Corollary 4.9, each Euclidean self-dual H-quasi-abelian code in F3[G] is isomorphic to a code
of the form

C1 × C2 × C3 × C4 × C5 × C6,

where C1, C2, C3, and C4 are Euclidean self-dual linear codes of length 4 over F3 + uF3 + u2F3, and C5
and C6 are Hermitian self-dual linear codes of length 4 over F9 + uF9 + u2F9.

4.4. Hermitian self-dual A× Zps-quasi-abelian codes in Fpm [A× Zps ×B]

In this subsection, we focus on the case where m is even and study Hermitian self-dual A × Zps-
quasi-abelian codes in Fpm [A× Zps ×B].

The characterization and enumeration of Hermitian self-dual A×Zps -quasi-abelian codes in Fpm [A×
Zps ×B] are given based on the decomposition of a group algebra Fpm [A×Zps ] in terms of the following
types of pm-cyclotomic classes of A. A pm-cyclotomic class Spm(a) is said to be of type I′ if Spm(a) =
Spm(−pm

2 a) or type II′ if Spm(a) 6= Spm(−pm
2 a). The primitive idempotent e induced by Spm(a) is said

to be of type λ ∈ {I′, II′} if Spm(a) is a pm-cyclotomic class of type λ.

Rearrange the terms in the decomposition in Theorem 4.3 based on the pm-cyclotomic classes of
types I′ and II′, the next theorem follows.
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Theorem 4.13. Let m be an even positive integer and let A be a finite abelian group such that p - |A|.

Fpm [A× Zps ] ∼=

 rI′∏
j=1

S

×
(rII′ )/2∏

l=1

(Tl × Tl)

 ,

where r′I and rII′ are the numbers of elements in a complete set of representatives of pm-cyclotomic classes
of A of types I′ and II′, respectively, Sj = Fpmj + uFpmj + · · · + up

s−1Fpmj for all j = 1, 2, . . . , rI′ and
Tl = F

p
mrI′+l + uF

p
krI′+l + · · ·+ up

s−1F
p
mrI′+l for all l = 1, 2, . . . , (rII′)/2.

Using Theorem 4.13 and the analysis similar to those in [12, Section II.D], the A×Zps -quasi-abelian
code C in Fpm [A× Zps ×B] and its Hermitian dual are given.

Proposition 4.14. Let s and m be positive integers such that m is even. Let A and B be finite abelian
groups such that |B| = n and p - |A|. Then an A × Zps-quasi-abelian code in Fpm [A × Zps × B] can be
viewed as

C ∼=

 rI′∏
j=1

Cj

×
(rII′ )/2∏

l=1

(Dl ×D′l)

 , (35)

where Cj, Dl and D′l are linear codes of length n over Sj, Tl and Tl, respectively, for all j = 1, 2, . . . , rI′
and l = 1, 2, . . . , (rII′)/2.

Furthermore, the Hermitian dual of C in (35) is of the form

C⊥H ∼=

 rI′∏
j=1

C⊥H
j

×
(rII′ )/2∏

l=1

(
(D′l)⊥E ×D⊥E

l

) .

The characterization of Hermitian self-dual A × Zps-quasi-abelian codes in Fpm [A × Zps × B] in
term of a product of linear codes, and Hermitian self-dual linear codes over Galois extensions of the ring
Fpm + uFpm + · · ·+ up

s−1Fpm is established.

Corollary 4.15. Let s and m be positive integers such that m is even. Let A and B be finite abelian
groups such that |B| = n and p - |A|. Then an A × Zps-quasi-abelian code in Fpm [A × Zps × B] is
Hermitian self-dual if and only if in the decomposition (35),

i) Cj is a Hermitian self-dual linear code of length n over Sj for all j = 1, 2, . . . , rI′ , and

ii) D′l = D⊥E

l is a linear code of length n over Tl for all l = 1, 2, . . . , (rII′)/2.

From Corollary 4.15, it follows that the Hermitian self-duality of A × Zps -quasi-abelian codes in
Fpm [A×Zps ×B] depends only on the structure of A×Zps and the index n = |B| but not the structure
of B itself.

Given a positive integer m and a positive integer j, the pair (j, pm) is said to be oddly good if j
divides pmt+ 1 for some odd positive integer t. This notion has been introduced in [12] for characterizing
the Hermitian self-dual abelian codes in principal ideal group algebra and completely determined in [9].

Let λ be a function defined on the pair (j, pm) as

λ(j, pm) =

{
0 if (j, pm) is oddly good,
1 otherwise.

(36)

The number of Hermitian self-dual A×Zps -quasi-abelian codes in Fpm [A×Zps×B] can be determined
as follows.
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Theorem 4.16. Let s and m be positive integers such that m is even. Let A and B be finite abelian
groups such that |B| = n is even and the exponent of A is M and p -M . Then the number of Euclidean
self-dual A× Zps-quasi-abelian codes in Fpm [A× Zps ×B] is

∏
d|M

(
NHps(pm·ordd(p

m), ps)
)(1−λ(d,pm

2 ))
NA(d)

ordd(pm) ×
∏
d|M

(
Nps(pm·ordd(p

m), ps)
)λ(d,pm

2 )
NA(d)

2ordd(pm)

,

where NA(d) denotes the number of elements of order d in A determined in [1].

Proof. By Corollary 4.15, it is enough to determine the numbers linear codes Cj ’s and Dl’s of length n
in (35) such that Cj is Hermitian self-dual. The result can be deduced using arguments similar to those
in the proof of Theorem 4.10, where [12, Lemma 3.5] is applied instead of [11, Lemma 4.5].

Remark 4.17. In general, the number NHps(pm, n) of Hermitian self-dual linear codes of length n over
Fpm + uFpm + · · · + up

s−1Fpm in Theorem 4.16 has not been well studied. In the case where the field
characteristic is 3, we have the following results.

1. The numbers N3(pm, n) and NH3(3m, n) have been determined in Proposition 2.1 and Theorem 3.4.
Hence, the complete enumeration of Hermitian self-dual A×Z3-quasi-abelian codes in F3m [A×Z3×
B] follows.

2. The construction/characterization of linear and Hermitian self-dual dual linear codes of length n
over F3m + uF3m + u2F3m have been given in [4] and in the proof of Proposition 3.3. Hence, the
construction/characterization of Hermitian self-dual A×Z3-quasi-abelian code in F3m [A×Z3×B]
can be obtained from Corollary 4.15.

3. Note that, if n is odd, there are no Hermitian self-dual linear codes of length n over F3m + uF3m +
u2F3m by Theorem 3.4. Hence, there are no Hermitian self-dual A × Z3-quasi-abelian codes in
F3m [A× Z3 ×B] for all abelian groups B of odd order.

5. Conclusion and remarks

By extending the technique used in the study of Euclidean self-dual linear codes over Fq+uFq+u2Fq
in [3], complete characterization and enumeration of Hermitian self-dual linear codes over Fq+uFq+u2Fq
have been established for all square prime powers q. An algorithm for constructions of such self-dual
codes has veen provided as well as an illustrative example. Subsequently, algebraic characterization of
H-quasi-abelian codes in Fpm [G] has been studied, where H ≤ G are finite abelian groups and the Sylow
p-subgroup of H is cyclic, or equivalently, Fpm [H] is a principal ideal group algebra. In the special
case where H ∼= A × Z3 with 3 - |A|, characterization and enumeration of H-quasi-abelian codes and
self-dual H-quasi-abelian codes in F3m [H × B] have been completely determined for all finite abelian
group B. As applications, characterization and enumeration of self-dual A × Z3-quasi-abelian codes
in F3m [A × Z3 × B] can be presented in terms of linear codes and self-dual linear codes over some
extensions of F3m + uF3m + u2F3m determined in [3], [4] and Section 3.

In general, it would be interesting to studied A× P -quasi-abelian codes and self-dual A× P -quasi-
abelian codes in Fpm [A×P×B] for all primes p and finite abelian p-groups P . For e ≥ 4, characterization
and enumeration of self-dual linear codes over Fpm +uFpm + · · ·+ue−1Fpm are other interesting problems.

Acknowledgment: The authors would like to thank the anonymous referees for their helpful com-
ments.
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บทคัดย่อ 

ในงานวิจัยนี้ได้ศึกษาผลเฉลย (𝑥, 𝑦, 𝑧) เมื่อ 𝑥, 𝑦 และ 𝑧 เป็นจ านวนเต็มที่ไม่เป็นลบของสมการ
ไดโอเฟนไทน์ 8𝑥 + 61𝑦 = 𝑧2 และ 8𝑥 + 67𝑦 = 𝑧2 โดยพบว่าสมการทั้งสองมีผลเฉลยเพียง 
ผลเฉลยเดียว คือ (𝑥, 𝑦, 𝑧) = (1,0,3) 
ค าส าคัญ:  สมการไดโอเฟนไทน์ ข้อคาดการณ์ของคาตาลาน 

ABSTRACT 
In this paper, we study solutions (𝑥, 𝑦, 𝑧) where 𝑥, 𝑦 and 𝑧 are non - negative 

integers of  Diophantine equations 8𝑥 + 61𝑦 = 𝑧2  and 8𝑥 + 67𝑦 = 𝑧2 .  We find that 
both of them have a unique solution, that is (𝑥, 𝑦, 𝑧) = (1,0,3). 
Keywords:  Diophantine equation, Catalan’s conjecture  
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1. บทน า  
สมการไดโอเฟนไทน์ เป็นสมการที่ได้ศึกษากันอย่างมากมาย และศึกษาในหลายรูปแบบ รูปแบบ

หนึ่งที่ได้ศึกษากันอย่างกว้างขวางคือ สมการที่อยู่ในรูป 𝑎𝑥 + 𝑏𝑦 = 𝑧2 เช่น 
ในปี ค.ศ. 2011 Suvarnamani [9] ได้ศึกษาผลเฉลยของสมการไดโอเฟนไทน์ 2𝑥 + 𝑝𝑦 = 𝑧2

 
เมื่อ 𝑥, 𝑦, 𝑧 เป็นจ านวนเต็มที่ไม่เป็นลบและ 𝑝 เป็นจ านวนเฉพาะ 

ในปี ค.ศ. 2012 Chotchaisthit [1] ได้ศึกษาผลเฉลยทั้งหมดที่เป็นจ านวนเต็มที่ไม่เป็นลบของ
สมการไดโอเฟนไทน์ 4

𝑥 + 𝑝𝑦 = 𝑧2 โดยที่ p เป็นจ านวนเฉพาะ และในปีเดียวกัน Sroysang [4] ได้
พิสูจน์ว่า (𝑥, 𝑦, 𝑧) = (1,0,3) เป็นผลเฉลยเดียวที่ 𝑥, 𝑦 และ 𝑧 เป็นจ านวนเต็มที่ไม่เป็นลบของสมการ
ไดโอเฟนไทน์ 8𝑥 + 19𝑦 = 𝑧2 

ในปี ค.ศ. 2013 Sroysang [5], [6] ได้แสดงว่าสมการไดโอเฟนไทน์ 2𝑥 + 3𝑦 = 𝑧2 มีเพียงสาม
ผลเฉลยคือ (0,1,2), (3,0,3) และ (4,2,5) และได้ศึกษาสมการไดโอเฟนไทน์ 7𝑥 + 8𝑦 = 𝑧2 โดยที่
 𝑥, 𝑦 และ 𝑧 เป็นจ านวนเต็มที่ไม่เป็นลบ และพบว่าสมการดังกล่าวมีผลเฉลยเพียงผลเฉลยเดียว  
นั่นคือ (𝑥, 𝑦, 𝑧) = (0,1,3) 

ในปี ค.ศ. 2014 Sroysang [8], [7] ได้แสดงให้เห็นว่า (1,0,3) เป็นผลเฉลยเดียวของสมการ 
ไดโอเฟนไทน์ 8𝑥 + 13𝑦 = 𝑧2 และ 8𝑥 + 59𝑦 = 𝑧2 เมื่อ 𝑥, 𝑦 และ 𝑧 เป็นจ านวนเต็มที่ไม่เป็นลบ 

ในงานวิจัยนี้ได้ศึกษาสมการไดโอเฟนไทน์ที่อยู่ในรูป 8𝑥 + 𝑝𝑦 = 𝑧2 เมื่อ 𝑝 เป็นจ านวนเฉพาะอีก
สองจ านวนที่อยู่ถัดจาก 59 นั่นคือ สมการ 8𝑥 + 61𝑦 = 𝑧2 และ 8𝑥 + 67𝑦 = 𝑧2 

2. ผลลัพธ์หลัก 
ทฤษฎีบท 2.1 [3] (ข้อคาดการณ์ของคาตาลาน)  
ส าหรับ 𝑎, 𝑏, 𝑥 และ 𝑦 ที่เป็นจ านวนเต็ม ซึ่ง min{𝑎, 𝑏, 𝑥, 𝑦} > 1 
สมการไดโอเฟนไทน์ 𝑎𝑥 − 𝑏𝑦 = 1 มีผลเฉลยเพียงผลเฉลยเดียวคือ (𝑎, 𝑏, 𝑥, 𝑦) = (3,2,2,3) 

ทฤษฎีบท 2.2 [4] ส าหรับ 𝑥 และ 𝑧 ที่เป็นจ านวนเต็มที่ไม่เป็นลบ 
สมการไดโอเฟนไทน์ 8𝑥 + 1 = 𝑧2 มีผลเฉลยเพียงผลเฉลยเดียว คือ (𝑥, 𝑧) = (1,3) 

ทฤษฎีบท 2.3 [2] ส าหรับ 𝑥 และ 𝑧 ที่เป็นจ านวนเต็มที่ไม่เป็นลบ 
สมการไดโอเฟนไทน์ 1 + 𝑝𝑥 = 𝑧2 โดยที่ 𝑝 เป็นจ านวนเฉพาะที่เป็นจ านวนคี่ จะมีผลเฉลยเพียงผล
เฉลยเดียวคือ (𝑝, 𝑥, 𝑧) = (3,1,2) 
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บทแทรก 2.4 สมการไดโอเฟนไทน์ 1 + 61𝑥 = 𝑧2 ไม่มีผลเฉลยที่เป็นจ านวนเต็มที่ไม่เป็นลบ 
บทพิสูจน์ โดยทฤษฎีบทที่ 2.3 เนื่องจาก 61 เป็นจ านวนเฉพาะคี่ และ 61 ≠ 3    

บทแทรก 2.5 สมการไดโอเฟนไทน์ 1 + 67𝑥 = 𝑧2 ไม่มีผลเฉลยที่เป็นจ านวนเต็มที่ไม่เป็นลบ 
บทพิสูจน์ โดยทฤษฎีบทที่ 2.3 เนื่องจาก 67 เป็นจ านวนเฉพาะคี่ และ 67 ≠ 3    

ทฤษฎีบท 2.6 ส าหรับ 𝑥, 𝑦 และ 𝑧 ที่เป็นจ านวนเต็มที่ไม่เป็นลบ 
สมการไดโอเฟนไทน์ 8𝑥+61𝑦 = 𝑧2 มีผลเฉลยเพียงผลเฉลยเดียวคือ (𝑥, 𝑦, 𝑧) = (1,0,3) 

บทพิสูจน์ ให้ 𝑥, 𝑦 และ 𝑧 เป็นจ านวนเต็มที่ไม่เป็นลบ ที่ท าให้ 8𝑥+61𝑦 = 𝑧2   (1) 
สมมติให ้𝑥 = 0 จะได้ 1 + 61𝑦 = 𝑧2       (2) 
โดยบทแทรกที ่2.4 จะได้ว่า (2) ไม่มีผลเฉลยที่เป็นจ านวนเต็มที่ไม่เป็นลบ 
สมมติให้ 𝑥 ≥ 1 เราจะพิจารณา 𝑦 เป็น 2 กรณีดังต่อไปนี้ 
กรณี 1 ถ้า 𝑦 เป็นจ านวนคี่ แล้วจะมีจ านวนเต็มที่ไม่เป็นลบ 𝑟 ที่ท าให้ 𝑦 = 2𝑟 + 1 
จาก (1) จะได้ 8𝑥+612𝑟+1 = 𝑧2 นั่นคือ 8𝑥+61(3721)𝑟 = 𝑧2 
เนื่องจาก 8𝑥+61𝑦 เป็นจ านวนคี่ จะได้ว่า 𝑧2 เป็นจ านวนคี่ นั่นคือ 𝑧 เป็นจ านวนคี่ 
ให้ 𝑧 = 2𝑞 + 1 เมื่อ 𝑞 เป็นจ านวนเต็มที่ไม่เป็นลบ 
ท าให้ได ้𝑧2 = 4𝑞(𝑞 + 1) + 1         (3) 
จะได้ว่า 𝑧2 ≡ 1 (mod 8) 
เนื่องจาก 3721 ≡ 1 (mod 8) จะได้ 3721𝑟 ≡ 1 (mod 8) 
เนื่องจาก 61 ≡ 5 (mod 8) ท าให้ได้ 61(3721𝑟) ≡ 5 (mod 8) 
ดังนั้น 8𝑥 + 61(3721𝑟) ≡ 5 (mod 8) นั่นคือ 𝑧2 ≡ 5 (mod 8) เกิดข้อขัดแย้ง 
กรณ ี2 ถ้า 𝑦 เป็นจ านวนคู่ 

กรณีย่อย 2.1 𝑦 = 0 
จาก (1) จะได้ 8𝑥 + 1 = 𝑧2        (4) 
โดยทฤษฎีบทที ่2.2 จะได้ว่า (4) มีผลเฉลยเพียงผลเฉลยเดียวคือ (𝑥, 𝑧) = (1,3) 
นั่นคือ (1) มีผลเฉลยคือ (𝑥, 𝑦, 𝑧) = (1,0,3) 

กรณีย่อย 2.2 𝑦 > 1 
ให้ 𝑦 = 2𝑠 เมื่อ 𝑠 เป็นจ านวนนับ 
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จะได้ว่า (1) สามารถเขียนเป็น 8𝑥 + 612𝑠 = 𝑧2 
นั่นคือ 23𝑥 = (𝑧 − 61𝑠)(𝑧 + 61𝑠)       (5) 
ให้ 𝑢 เป็นจ านวนเต็มที่ไม่เป็นลบ ที่ท าให้ 2𝑢 = 𝑧 − 61𝑠 และ 23𝑥−𝑢 = 𝑧 + 61𝑠  
โดยที ่3𝑥 > 2𝑢 
เราพิจารณา 23𝑥−𝑢 − 2𝑢 = (𝑧 + 61𝑠) − (𝑧 − 61𝑠) = 2(61𝑠) 
เราจะได้ 2𝑢(23𝑥−2𝑢 − 1) = 2(61𝑠)       (6) 
จาก (6) จะเป็นไปได้เพียง 1 กรณี นั่นคือ 2𝑢 = 2 และ 23𝑥−2𝑢 − 1 = 61𝑠  (7) 
นั่นคือจะได้ 𝑢 = 1 ท าให้ได้ว่า 23𝑥−2 − 1 = 61𝑠     (8) 
ถ้า 𝑠 = 1 จะได้ 23𝑥−2 = 62 ซึ่งกรณีนี้เป็นไปไม่ได้ 
ดังนั้น 𝑠 > 1 จะได้ว่า 61𝑠 > 61 
นั่นคือ 61𝑠 + 1 > 62 > 32 
จาก (8) เราจะได้ 23𝑥−2 = 61𝑠 + 1 > 25 ดังนั้น 3𝑥 − 2 > 5 
ซึ่งจะได้ว่า min{2, 61, 3𝑥 − 2, 𝑠} > 1 และโดยทฤษฎีบทที ่2.1 จะได้ว่า 
สมการ 23𝑥−2 − 61𝑠 = 1 ไม่มีผลเฉลย 

นั่นคือ (𝑥, 𝑦, 𝑧) = (1,0,3) เป็นเพียงผลเฉลยเดียวของสมการไดโอเฟนไทน์ 8𝑥+61𝑦 = 𝑧2 
โดยที่ 𝑥, 𝑦 และ 𝑧 เป็นจ านวนเต็มที่ไม่เป็นลบ       

ทฤษฎีบท 2.7 ส าหรับ 𝑥, 𝑦 และ 𝑧 ที่เป็นจ านวนเต็มที่ไม่เป็นลบ 
สมการไดโอเฟนไทน์ 8𝑥+67𝑦 = 𝑧2 มีผลเฉลยเพียงผลเฉลยเดียวคือ (𝑥, 𝑦, 𝑧) = (1,0,3) 
บทพิสูจน์ ให้ 𝑥, 𝑦 และ 𝑧 เป็นจ านวนเต็มที่ไม่เป็นลบ ที่ท าให้ 8𝑥+67𝑦 = 𝑧2   (9) 
สมมติให้ 𝑥 = 0 จะได้ 1+67𝑦 = 𝑧2       (10) 
โดยบทแทรกที ่2.5 จะได้ว่า (10) ไม่มีผลเฉลยที่เป็นจ านวนเต็มที่ไม่เป็นลบ  
สมมติให้ 𝑥 ≥ 1 
เนื่องจาก 8𝑥+67𝑦 เป็นจ านวนคี่ จะได้ว่า 𝑧2 เป็นจ านวนคี่ นั่นคือ 𝑧 เป็นจ านวนคี่ 
ให้ 𝑧 = 2𝑡 + 1 เมื่อ 𝑡 เป็นจ านวนเต็มที่ไม่เป็นลบ 
จะได้ว่า    8𝑥+67𝑦 = (2𝑡 + 1)2 
    8𝑥+67𝑦 = 4(𝑡2 + 𝑡) + 1 

67𝑦 − 1 = 4(𝑡2 + 𝑡) − 8𝑥 
67𝑦 − 1 = 4[(𝑡2 + 𝑡) − 2 ∙ 8𝑥−1] 
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ดังนั้น 67𝑦 ≡ 1 (mod 4) 
เราจะแสดงว่า 𝑦 เป็นจ านวนคู่ 
สมมติให ้𝑦 เป็นจ านวนคี่ แล้วจะมีจ านวนเต็ม 𝑘 ที่ไม่เป็นลบที่ท าให้ 𝑦 = 2𝑘 + 1 

เนื่องจาก 67 ≡ 3 (mod 4) จะได้ว่า 672 ≡ 9 (mod 4) 

ท าให้ 672 ≡ 1 (mod 4) ดังนั้น 672𝑘 ≡ 1 (mod 4) 

จะได้ว่า  672𝑘+1 ≡ 3 (mod 4) นั่นคือ 67𝑦 ≡ 3 (mod 4) จึงเกิดข้อขัดแย้ง 

ท าให้ 𝑦 เป็นจ านวนคู่ เราจะแบ่งพิจารณาออกเป็น 2 กรณ ีต่อไปนี้ 
กรณ ี1 𝑦 = 0 
จะได้ว่า 8𝑥 + 1 = 𝑧2         (11) 
โดยทฤษฎีบทที ่2.2 จะได้ว่า (11) มีผลเฉลยเพียงผลเฉลยเดียวคือ (𝑥, 𝑧) = (1,3) 
นั่นคือ สมการ 8𝑥+67𝑦 = 𝑧2 มีผลเฉลยคือ (𝑥, 𝑦, 𝑧) = (1,0,3) 
กรณ ี2 𝑦 > 1 
ให้ 𝑦 = 2𝑚 เมื่อ 𝑚 เป็นจ านวนนับ 
เราจะได้ (9) เขียนเป็น 8𝑥+672𝑚 = 𝑧2 
นั่นคือ 23𝑥 = (𝑧 − 67𝑚)(𝑧 + 67𝑚)       (12) 
ให้ 𝑢 เป็นจ านวนเต็มที่ไม่เป็นลบที่ท าให้ 2𝑢 = 𝑧 − 67𝑚 และ 23𝑥−𝑢 = 𝑧 + 67𝑚 โดยที ่3𝑥 > 2𝑢 
เราพิจารณา 23𝑥−𝑢−2𝑢 = (𝑧 + 67𝑚) − (𝑧 − 67𝑚) = 2(67𝑚) 
เราจะได้ 2𝑢(23𝑥−2𝑢 − 1) = 2(67𝑚)       (13) 
จาก (13) จะเป็นไปได้เพียง 1 กรณี นั่นคือ 2𝑢 = 2 และ 23𝑥−2𝑢 − 1 = 67𝑚 
ท าให้ 𝑢 = 1 ดังนั้น 23𝑥−2 = 67𝑚 + 1 
ถ้า 𝑚 = 1 จะได้ 23𝑥−2 = 68 ซ่ึงเป็นไปไม่ได้ 
ท าให้ 𝑚 > 1 และ 23𝑥−2 = 67𝑚 + 1 > 67 + 1 > 64 = 26 
จะได้ว่า 3𝑥 − 2 > 6 
ท าให้ min {2,67,3𝑥 − 2, 𝑚} > 1 
โดยทฤษฎีบทที ่2.1 จะได้สมการ 23𝑥−2 − 67𝑚 = 1 ไม่มีผลเฉลย 
นั่นคือ (𝑥, 𝑦, 𝑧) = (1,0,3) เป็นเพียงผลเฉลยเดียวของสมการไดโอเฟนไทน์ 8𝑥+67𝑦 = 𝑧2 
โดยที่ 𝑥, 𝑦 และ 𝑧 เป็นจ านวนเต็มที่ไม่เป็นลบ       
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3. สรุป 
ส าหรับในงานวิจัยนี้เราได้ศึกษาผลเฉลย (𝑥, 𝑦, 𝑧) เมื่อ 𝑥, 𝑦 และ 𝑧 เป็นจ านวนเต็มที่ไม่เป็นลบ

ของสมการไดโอเฟนไทน์ 8𝑥+61𝑦 = 𝑧2 และ 8𝑥+67𝑦 = 𝑧2 ซึ่งเราได้พบว่า (𝑥, 𝑦, 𝑧) = (1,0,3) 
เป็นผลเฉลยเพียงผลเฉลยเดียวของสมการไดโอเฟนไทน์ทั้งสอง 
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